Operator Theory 
Advances and Applications 
Vol. 148 



New Difference 
Schemes for Partial 
Differential Equations 



Allaberen Ashyralyev 
Pavel E. Sobolevskii 



Springer Basel AG 



Operator Theory: Advances and 

Applications 

Vol. 148 

Editor: 

I. Gohberg 



Editorial Office: 

School of Mathematical 
Sciences 

Tel Aviv University 
Ramat Aviv, Israel 

Editorial Board: 

D. Alpay (Beer-Sheva) 

J. Arazy (Haifa) 

A. Atzmon (Tel Aviv) 

J. A. Ball (Blacksburg) 

A. Ben-Artzi (Tel Aviv) 

H. Bercovici (Bloomington) 

A. Bottcher (Chemnitz) 

K. Clancey (Athens, USA) 

L. A. Coburn (Buffalo) 

K. R. Davidson (Waterloo, Ontario) 

R. G. Douglas (College Station) 

A. Dijksma (Groningen) 

H. Dym (Rehovot) 

P. A. Fuhrmann (Beer Sheva) 

S. Goldberg (College Park) 

B. Gramsch (Mainz) 

G. Heinig (Chemnitz) 

J. A. Helton (La Jolla) 

M. A. Kaashoek (Amsterdam) 



H. G. Kaper (Argonne) 

S. T. Kuroda (Tokyo) 

P. Lancaster (Calgary) 

L. E. Lerer (Haifa) 

B. Mityagin (Columbus) 

V. V. Peller (Manhattan, Kansas) 

L. Rodman (Williamsburg) 

J. Rovnyak (Charlottesville) 

D. E. Sarason (Berkeley) 

I. M. Spitkovsky (Williamsburg) 
S. Treil (Providence) 

H. Upmeier (Marburg) 

S. M. Verduyn Lunel (Leiden) 

D. Voiculescu (Berkeley) 

H. Widom (Santa Cruz) 

D. Xia (Nashville) 

D. Yafaev (Rennes) 

Honorary and Advisory 
Editorial Board: 

C. Foias (Bloomington) 

P. R. Halmos (Santa Clara) 

T. Kailath (Stanford) 

P. D. Lax (New York) 

M. S. Livsic (Beer Sheva) 




New Difference 
Schemes for Partial 
Differential Equations 



Allaberen Ashyralyev 
Pavel E. Sobolevskii 



Springer Basel AG 




Authors: 



Allaberen Ashyralyev 
Department of Mathematics 
Fatih University 
Buyukcekmece 
34900 Istanbul, Turkey 
aashyr @ fatih.edu . tr 

and 

Department of Mathematics 
International Turkmen-Turkish University 
32 Gerogly Street 
74400 Ashgabat, Turkmenistan 



Pavel E. Sobolevskii 
Department of Mathematics 
Hebrew University of Jerusalem 
Givat Ram Campus 
91904 Jerusalem 
Israel 

pavels@math.huji.ac.il 



2000 Mathematics Subject Classification 39A12, 47B39, 65M06, 65N06, 65Q05 



A CIP catalogue record for this book is available from the 
Library of Congress, Washington D.C., USA 

Bibliographic information published by Die Deutsche Bibliothek 

Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie; detailed bibliographic data is available 
in the Internet at <http://dnb.ddb.de>. 

ISBN 978-3-0348-9622- 1 ISBN 978-3-0348-7922-4 (eBook) 

DOI 10.1006/978-3-0348-7922-4 

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is concerned, 
specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting, reproduction on microfilms 
or in other ways, and storage in data banks. For any kind of use permission of the copyright owner must be obtained. 

© 2004 Springer Basel AG 

Originally published by Birkhauser Verlag in 2004 

Softcover reprint of the hardcover 1st edition 2004 

Printed on acid-free paper produced from chlorine-free pulp. TCF <*> 

Cover design: Heinz Hiltbrunner, Basel 
ISBN 3-7643-7054-8 



987654321 



www.birkhauser-science.com 




Contents 



Preface vii 

1 Linear Difference Equations 

1.1 Difference Equations of the First Order 1 

1.2 Difference Equations of the Second Order 3 

1.3 Difference Equations with Constant Coefficients 5 

2 Difference Schemes for First-Order Differential Equations 

2.1 Single-Step Exact Difference Scheme and Its Applications 11 

2.2 Taylor’s Decomposition on Two Points and Its Applications .... 31 

3 Difference Schemes for Second-Order Differential Equations 

3.1 Two-Step Exact Difference Scheme and Its Applications 37 

3.2 Taylor’s Decomposition on Three Points and Its Applications ... 77 

4 Partial Differential Equations of Parabolic Type 

4.1 A Cauchy Problem. Well-posedness 99 

4.2 Difference Schemes Generated by an Exact Difference Scheme . . . 146 

4.3 Single-Step Difference Schemes Generated 

by Taylor’s Decomposition 188 

5 Partial Differential Equations of Elliptic Type 

5.1 A Boundary- Value Problem. Well-posedness 197 

5.2 Difference Schemes Generated by an Exact Difference Scheme . . . 229 

5.3 Two-Step Difference Schemes Generated 

by Taylor’s Decomposition 291 

6 Partial Differential Equations of Hyperbolic Type 

6.1 A Cauchy Problem 313 

6.2 Difference Schemes Generated by an Exact Difference Scheme ... 317 

6.3 Two-Step Difference Schemes Generated 

by Taylor’s Decomposition 332 




VI 



Contents 



7 Uniform Difference Schemes for Perturbation Problems 



7.1 A Cauchy Problem for Parabolic Equations 343 

7.2 A Boundary- Value Problem for Elliptic Equations 364 

7.3 A Cauchy Problem for Hyperbolic Equations 387 

8 Appendix: Delay Parabolic Differential Equations 

8.1 The Initial- Value Differential Problem 393 

8.2 The Difference Schemes 400 

Comments on the Literature 411 

Bibliography 423 




Preface 



The present monograph is devoted to the construction and investigation of the 
new high order of accuracy difference schemes for approximating the solutions of 
regular and singular perturbation boundary- value problems for partial differential 
equations. The construction is based on an exact difference scheme and Taylor’s 
decomposition on two or three points. This approach permits us to extend essen- 
tially a class of problems where the theory of difference methods is applicable. 
Namely, now it is possible to investigate differential equations with variable co- 
efficients and regular and singular perturbation boundary-value problems. The 
investigation is based on new coercivity inequalities. The stability and coercive 
stability estimates in various Banach norms for solutions of the high order of ac- 
curacy difference schemes of the initial- value problem for parabolic equations and 
boundary-value problem for elliptic equations are obtained. This investigation is 
based on the theory of positive operators, theory of semigroup operators and the- 
ory of interpolation of linear operators. The stability estimates for the solutions 
of the high order of accuracy difference schemes of the initial- value problems for 
hyperbolic equations are established. This investigation is based on the spectral 
theory of self-adjoint positive definite operators in a Hilbert space. This approach 
permits us to study the stability of the simple difference schemes for various par- 
tial differential equations. The simple first and second order of accuracy difference 
schemes for delay partial differential equations are considered. The stability es- 
timates for the solutions of these difference schemes of initial- value problems for 
delay partial differential equations are established. 

Let us give a brief description of the contents of our monograph. It consists 
of eight chapters. In Chapter 1 we study first- and second-order linear difference 
equations. These equations arise in numerical analysis of the approximate solutions 
of boundary- value problems for ordinary and partial differential equations. 

Chapter 2 presents the high order of accuracy single-step difference schemes 
generated by an exact difference scheme or by Taylor’s decomposition on two 
points for the numerical solution of an initial- value problem for first-order differ- 
ential equations and for a system of first-order differential equations. In general, 
these difference schemes for the same problem are different. However, in the case of 
a homogeneous equation or a system of differential equations with independent in 
t coefficients, by using both methods we have exactly the same difference schemes. 

Chapter 3 is devoted to study of the high order of accuracy two-step difference 
schemes generated by an exact difference scheme or by Taylor’s decomposition on 
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three points for the numerical solutions of an initial- value problem and boundary- 
value problem for the second-order differential equations. 

Note that in recent years important progress has been made in the study 
of the theory of high order of accuracy difference schemes for partial differential 
equations from the viewpoint of applications of an exact difference scheme or 
of Taylor’s decomposition function on two or three points. Chapter 4 presents 
the high order of accuracy single-step difference schemes generated by an exact 
difference scheme or by Taylor’s decomposition on two points for the numerical 
solutions of the abstract Cauchy problem for differential equations of parabolic 
type 

v'(t) + A(t)v(t) = f(t) (0 <t< T),v(0) = v 0 

in an arbitrary Banach space E with linear positive operators A(t). The well- 
posedness of these difference schemes in various Banach spaces is studied. The 
stability and coercive stability estimates in Holder norms for the solutions of the 
high order of accuracy difference schemes of mixed type boundary- value problems 
for parabolic equations are obtained. 

Chapter 5 is devoted to study of the high order of accuracy two-step differ- 
ence schemes generated by an exact difference scheme or by Taylor’s decomposi- 
tion on three points for approximate solutions of the boundary- value problem for 
differential equations of elliptic type 

-v"(t) + Av(t) = f(t) (0 < t < T), v( 0) = v 0 , v(T) = v T 

in an arbitrary Banach space E with positive operator A. The well-posedness of 
these difference schemes in various Banach spaces is studied. The stability and 
coercive stability estimates in Holder norms for solutions of the high order of 
accuracy difference schemes of mixed type boundary-value problems for elliptic 
equations are obtained. 

Chapter 6 gives the high order of accuracy two-step difference schemes gener- 
ated by an exact difference scheme or by Taylor’s decomposition on three points for 
the approximate solutions of an abstract Cauchy problem for differential equations 
of hyperbolic type 

v"(t) + Av(t) = f(t) (0 < t < T),v( 0) = v 0 , v'(0) = v' 0 

in a Hilbert space H with positive definite self-adjoint operator A. The stability 
estimates of solutions of the high order of accuracy difference schemes for approx- 
imate solutions of mixed type boundary- value problems for hyperbolic equations 
are obtained. 

Chapter 7 is devoted to study of two abstract Cauchy problems 



£v'(t) + Av(t) = f(t) (0 < t < T), v(0) = v 0 , 
e 2 v”(t) + Av(t) = f(t) (0 < t < T), v( 0) = v 0 , v'(0) = v f 0 
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and the boundary- value problem 

- e 2 v"{t ) + Av(t) = f(t) (0 <t< T),v{ 0) = v 0 , v(T) = v T 

for differential equations in an arbitrary Banach space E with the positive operator 
A and an arbitrary e positive parameter multiplying the derivative term. The high 
order of accuracy single-step uniform difference schemes generated by an exact dif- 
ference scheme of the approximate solutions for differential equations of parabolic 
type with an arbitrary parameter e in the highest derivative are presented. The 
high order of accuracy two-step uniform difference schemes generated by an exact 
difference scheme of the approximate solutions for differential equations of elliptic 
and hyperbolic types with an arbitrary parameter e in the highest derivative are 
presented. The well-posedness of these difference schemes for parabolic and ellip- 
tic equations in various Banach spaces is established. The stability estimates of 
solutions of the high order of accuracy difference schemes for hyperbolic equations 
with an arbitrary e parameter in the highest derivative are obtained. 

Chapter 8 is devoted to study of the initial-value problem for delay partial 
differential equations of parabolic type. A sufficient condition for the stability of 
the solution of this initial- value problem is given. The stability estimates for solu- 
tions of the first and second order of accuracy difference schemes for approximately 
solving this initial-value problem are presented. The stability estimates in Holder 
norms for the solutions of the initial-value problem of the delay differential and 
difference equations of parabolic type are obtained. 

The monograph will be of value to professional mathematicians, as well as 
advanced students in the fields of numerical analysis, functional analysis, ordinary 
and partial differential equations. 

Finally, we wish to express our warmest thanks to Professor S.G. Krein 
(Voronezh, Russia), Professor I. Gohberg (Tel Aviv, Israel), Professor M.A. Kras- 
nosel’skii (Moscow, Russia), Professor V. Lakshmikantham (Florida, USA), Pro- 
fessor M.Z. Nashed (Florida, USA), Professor H.O. Fattorini (Los Angeles, USA), 
Professor G.M. Vainikko (Helsinki, Finland), Professor H. Amann (Zurich, 
Switzerland), Professor A. Pazy (Jerusalem, Israel) and Professor M.L. Gorbachuk 
(Kiev, Ukraine), whose interest and enthusiastic support made this work possible. 
We are immensely pleased that our book appears in this series. 




Chapter 1 

Linear Difference Equations 



In the present chapter we consider first- and second-order linear difference equa- 
tions. These equations arise in numerical analysis of approximate solutions of 
boundary-value problems for ordinary and partial differential equations. 

1.1 Difference Equations of the First Order 

The first-order linear difference equations to be studied in this chapter may be 
expressed in the form 



a k u k -i + b k u k = 1 < k < n, ( 1 . 1 ) 

where a k ,b k , and fa are known numbers , u k are unknown numbers, n is the given 
integer. We will call u k the value of grid function {u k } q at the point with index 
k. 

A solution of the first-order difference equation (1.1) is a grid function {y k }o 
that satisfies (1.1) for all A;, that is, (1.1) becomes an identity if we replace the 
unknown grid function {u k } g by {yk}o . 

The initial- value problem associated with ( 1 . 1 ) is to find a solution {u/Jq of 
the difference equation ( 1 . 1 ) satisfying the initial condition 



u 0 = p, 



(1.2) 



where p is a given number. 

To solve this problem, we must find a grid function {y k } q that not only 
satisfies the difference equation ( 1 . 1 ) but also satisfies the initial condition yo = p. 

If b k 7 ^ 0 for all fc, 1 < k < n, then the difference equation ( 1 . 1 ) is equivalent 
to the equation 

u k = q k u k -i + tp k , 1 < k < n, 



qk = 



Ok 

~b k ' 



<Pk = T- 



fa 
b k ' 



where 



(1.3) 
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Theorem 1.1.1. There exists a unique solution of the initial-value problem (1.1)- 
( 1 . 2 ) and for the solution of ( 1 . 1 ) —( 1 . 2 ) the formula 

k 

Uk = u(k,0)(p + Y,u{ k ,j)<Pj, ( 1 - 4 ) 

3 = 1 

holds. Here 

[1 = 

Proof Using formulas (1.3) and (1.5) we can obtain formula (1.4) for k = 1. 
Suppose that formula (1.4) is satisfied for k = m, 

m 

u m = u(m,0)(p + ^u(mj)<pj. 

3 = i 



Prom that and (1.3) it follows 



m 

^m+l == T = *7771+1^(^5 0)^ 4“ ^ ^ *7 tti+1 u(TYl, j^Tj 4“ ^m+l • 

3 = 1 



Using formula (1.5), we can write 

tfm+iu(ra, j) = u(m + lj),j ± m, u(m + l,ra+ 1) = 1. 



Therefore 



m 

u m+ 1 = u(m + l,0)v? + ^u(m + 1, j)<pj +u(m+ 1 ,m+ l)¥> m +i 
j=i 



771+1 

= u{m + l,0)<p + ^ w(m + 1, 

3 = 1 

So, using mathematical induction we obtain formula (1.4) for any k. This completes 
the proof of Theorem 1.1.1. 

Theorem 1.1.2. Let \qk\ < q. Then for solution Uk of the initial-value problem 
( 1 . 1 ) -( 1 . 2 ) the stability inequality 



Kl <q k \<p\ + J2 qk 



3 = 1 



holds. 
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The proof of Theorem 1.1.2 is based on formulas (1.4) and (1.5). 

Finally, note that the boundary- value problem associated with (1.1) is to find 
a solution Uk of the difference equation (1.1) and satisfying the supplementary 
condition 

auo + bu n = (p , (1.6) 

where a, b and p are given numbers. 

If a or b are equal to 0, then the condition is called a local boundary condition. 
If a ^ 0 and b ^ 0, then the condition is called a nonlocal boundary condition. 

In a similar way we can obtain an analogous result for the solution of the 
nonlocal boundary-value problem (1.1) and (1.6). 

1.2 Difference Equations of the Second Order 

The second-order linear difference equations to be studied in this chapter may be 
expressed in the form 



CLkUk -1 - c k Uk + bkUk+i = -ipk, 1 < k < n, (1.7) 

where a/-, bk, Ck and ipk are known numbers, Uk are unknown numbers, n is the 
given integer. Suppose that ^ 0 and bk ^ 0 for all k. 

The definition of a solution of a given second-order difference equation such 
as (1.7) is like the definition of a solution of a difference equation such as (1.1). 

The initial-value problem associated with (1.7) is to find a solution {uj. Jo of 
the difference equation (1.7) satisfying the initial conditions 

u 0 = p, m = i ;, (1.8) 

where p and ip are given numbers. 

To solve this problem, we must find a grid function {y/Jo that not only 
satisfies the difference equation (1.7) but also satisfies the initial conditions yo = p 
and yi = ip. 

The local boundary- value problem associated with (1.7) is to find a solution 
{life} o °f the difference equation (1.7) satisfying the boundary conditions 

+ /ii, u n = A 2 , u n _i + fi 2 , (1.9) 

where Ai,/ii, \ 2 ,H 2 are given numbers. 

The nonlocal boundary- value problem associated with (1.7) is to find a solu- 
tion {uk} o of the difference equation (1.7) satisfying the boundary conditions 

axllo + £*2^1 +PlU n + p2Un-l = + £*4^1 + fcu n + $\U n -\ = /X 2 , (1.10) 

where o;i,o;2 5 £^3?£^4 5 /3i ? /32,/?3,^4,)Ui and fi 2 are given numbers. 

Now we will consider the local boundary-value problem (1.7) and (1.9). To 
solve them by computer we will use the following method which is called the 
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modified Gauss elimination method. We seek a solution of difference equations 
(1.7) in the form 

u k = a k +iUk+i+Pk+i,0<k<n-l, ( 1 . 11 ) 

where ctk+i,Pk+i are unknown coefficients. Hence we find 

Uk — l =: oikUk + /3fc = d" /?fc+i) T fik 

= oikak+iUk+i + (afe/Jjfe+i + A), 1 < k < n - 1. 

Now putting expressions for Uk and Uk-i into equation (1.7) we have 

[afc+ifafcttfc ~ Cfe) + + [/3fc+i(ufcQ!fc - Cfc) + a,k(3k + ^fe] = 0- 

The last equation is satisfied if we select 



&k-\-l(Q'k&k Ck) 4 “ bk — 0 , 
fik+lip'kQ'k Ck) H” Ukfik H - := 0, 1 < k < Tl 1. 
From that it follows 



bk 

®k + i = 

Ck ~ OLkUk 



&+i = 



akPk + 

Cfc - OLkdk 



, 1 < k < n — 



1. 



( 1 . 12 ) 



The relations (1.12) are first-order nonlinear difference equations. For the 
solution of difference equations (1.12) we need to find aq and (3\. We can find 
them from uq = X\Ui + fi\. Thus, we have 



= Ai,/5i = /ii . 



(1.13) 



For the first step using formulas (1.12) and (1.13), we can compute ctk+i and 
/3fc+i, 1 < k < n — 1. For the second step we will find Uk, 0 < k < n. But, for this 
we need to find u n . We can find u n from u n = Aiu n _i + and u n -\ — a n u n + (3 n . 
Namely 



u n 



Ai (3 n + 02 

1 - A 2 OL n 



(1.14) 



Thus using formulas (1.11) and (1.14), we can compute Uk, 0 < k < n. 
Finally note that when we apply algorithms (1.11), (1.12), (1.13) and (1.14), to 
find a solution by computer of the boundary-value problems (1.7), (1.9), we need 



1 A2O77, 7^ 0, Ck OLkCLk ^ 0 



(1.15) 



for all k. 

Theorem 1.2.1. Let for all k 



\ck\ > \a>k\ + |/?fc|, (1-16) 

and 

|Ai|<1,|A 2 |<1. 

Then the requirements (1.15) and \ak\ < 1 for all k are satisfied . 



(1.17) 
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Proof. Prom (1.13) it follows that |aq| = |Ai| < 1. Let \ak\ < 1. We will prove that 



|<*k+l| < 1 - 



Namely 

| Ck ^ \Ck\ |^/c||^fc| ^ \^k\ \o>k\ ^ \b k \ > 0 . 

Prom that it follows Ck - OLka k 7 ^ 0 and 



K+il = 



N 

I Cfc Q;fe®/c| 



< 1 . 



Therefore, \a k \ < 1 for all fc, 1 < k < n. Prom |a n | < 1 and (1.11) it follows that 



|l-A 2 a n |>l-|A 2 |K|>l-|A 2 |>0. 



Thus Theorem 1.2.1 is proved. 
Theorem 1.2.2. Let for all k 



M > |afe| + IM> (1-18) 

and |Ai| < 1, |A 2 | < 1 . Then the requirements (1.15) and \a k \ < 1 for all 1 < k are 
satisfied. 

The proof of Theorem 1.2.2 follows the scheme of the proof of Theorem 1.2.1. 

1.3 Difference Equations with Constant Coefficients 

The second-order linear homogeneous difference equation with constant coeffi- 
cients may be written in the form 



auk-i — cuk + buk+i = 0, 1 < k < n, (1.19) 

where a, b and c are given numbers. We put o^O and b ^ 0. 

Since for constant q and positive integer k, 

aq k ~ l — cq k -f bq k+1 = q k ~ 1 (a - cq + bq 2 ), 

it is easy to find if q is a root of the equation 

a - cq + bq 2 = 0; (1.20) 

if so, then the grid function {u k } 0 = {q k } 0 is the solution of equation (1.19). 

Equation (1.20) is called the auxiliary equation associated with (1.19). The 
auxiliary equation for (1.19) is of degree 2. The key quantity is c 2 - 4 ab, which is 
known as the discriminant of the quadratic equation ( 1 . 20 ). 
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If c 2 — 4 ab is positive, there will be two real values for q and they are defined 



by 



Ql,2 



c ± y/c 2 - 4 ab 
2b ' 



( 1 . 21 ) 



Recall that given the grid functions {u\}q an d { u \} o> tf constants Ai, A 2 , not all 
zero, exist such that 

AiK}S + A 2 {u 2 fc }£ = 0 



or 

Ai u\ + \ 2 u\ = 0, 0 < k < n, 

then the grid functions {^^}q and {u\} q are said to be linearly dependent. 

If no such relation exists, the functions are said to be linearly independent. 
That is, the grid functions {u\}q and {u^}q are linearly independent when the 
last equation implies that Ai = A 2 = 0. 

It is easy to show that for any linearly independent grid functions {u\} q and 
{u^} 0 , we can determine 

•4 4 

<4-i 4-i 

such that the determinant is not equal to zero for any fc, 1 < k < n. Then it is 
easy to show that the solutions 

K}o = te fc }S,M}o-te fc }o 

are linearly independent and the general solution of (1.19) can be written at once. 
It is 

M = + c 2(?2 fc }S (1.22) 

in which ci,C 2 are arbitrary constants. 

If c 2 — 4a6 is zero, then the auxiliary equation (1.20) has repeated roots 

q = q\ = ^ 2 - It is easy to show that the grid functions {k m q k }Q , where m = 0, 1 

are linearly independent and the general solution of (1.19) is 

{Wfclo = ( c i<? fc + c 2kq k }o (1.23) 

in which ci,C 2 are arbitrary constants. 

If c 2 — 4a6 is negative, then the auxiliary equation (1.20) has two complex 

roots 



<Zi,2 = 



c ± W4ab - c 2 =re±ilfi 



2b 



where r = y^,tan ip = ^ h c c2 . It is easy to show that the grid functions 

{r k sin k(f } q , {r k cos kip } q 

are linearly independent and the general solution of (1.19) is 

{uk } 0 = {cir k sin kip + C 2 r k cosk<p} (1-24) 

in which ci,C 2 are arbitrary constants. 
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Now using the variation of parameters method we will find the general solu- 
tion of the nonhomogeneous equation 

au k -i - cu k + buk+i = <£*;, 1 < k < n - 1, (1.25) 

where a, 6, c and p k are given numbers. 

Namely, if { w k}o are linearly independent solutions of (1.25), then we 

can use them to determine the general solution of the nonhomogeneous equation 
(1.25). Suppose that 

u k = ciu k + c 2 w k (1-26) 

is a solution of (1.25). Let us see what happens if we replace both of the constants 
in (1.25) with a k and (3 kl respectively. That is, we consider 

Uk = ot k v k + f3 k w k (1.27) 

and try to determine otk and /3k so that the grid function {otkVk + /3 k Wk } o is a 
solution of the equation (1.25). Prom (1.27) it follows that 

U k +1 Uk = &k(Uk-\-l Vk) “h (3k{u)k-\-l UJ k ) (1.28) 

+(&k + 1 — otk)vk+i + (/?fc+ 1 — (3k)wk+i- 
We now choose some particular function for the expression 

(ttfc+l - ®k)Vk + 1 + (Pk+l - 0k)lVk+ 1* 

Technically, we could let this grid function be {sinfc(/?}o, {q k } q, {cosfc(p}o or any 
other suitable grid function. For simplicity we choose 

(ttfc+i - ot k )v k +i + (/3fc+i - 0 k )w k +i = 0 



or 

(a k - ak-i )vk + ((3 k ~ (3k-i)uj k = 0 . 
Then it follows from (1.28) that 



u k + 1 ~u k = a k {vk + 1 - Vk) + (3k{vo k+ i - w k ) 



(1.29) 



or 

u k - u k —i = a k -i + (y k - V k - 1 ) + f3 k -i{w k - w k ~ i). (1.30) 

It is easy to see that from (1.25) it follows that 

-a(u k - u k ~i) + (a - c + b)u k + b(u k +i - u k ) = <p k , 1 < k < n. (1.31) 



We substitute (1.27) and (1.30) into equation (1.31) to obtain 

-a[a k - i(v k - v k - 1 ) + (3 k -i{w k - w k -i)\ + (a-c + b)[a k u k + (3 k w k \ 
+b[a k (v fc+i - v k ) + (3 k {w k+ 1 - w k )\ = ifk, 
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or 

a k [av k -! -cv k + bv k + 1 ] + 0 k [aw k -i -cw k + bw k+1 ] 

+a[(a fe - a k - i)(v fe - v k - X ) + (/3 k - f3 k -i){w k - w k . i)] = ip k . 

But VkQ and wYq are solutions of the homogeneous equation (1.19), so that finally 

(ak - ak~i)(vk ~ Vk-i) + (0k ~ 0k-i)(wk ~ Wk- 1 ) = (1.32) 

Equations (1.29)and (1.32) now give us two equations that we wish to solve for 
ak — ak- 1 and 0k ~ 0k- 1 - This solution exists provided that the determinant 



Vk— 1 Wk— 1 

V k - Vk-1 W k - Wk - 1 



does not vanish. But 



Vk-l 


Wk - 1 




Vk-1 


Wk-1 


Vk - Vk-1 


Wk - Wk-1 




Vk 


Wk 



and the last determinant is not equal to zero for the linearly independent solutions 
{vaJo and {wk}o of equation (1.19). Therefore using equations (1.29)and (1.32) 
we can find ak — ak- 1 and 0k — 0k- 1 - Namely 



Oik ~ Oik - 1 



0 k - 0k - 1 = 



Wk<Pk 

a(v k -iw k - v k w k -iY 

VkVk 

a(v k -iw k - VkWk-i)' 
Hence using formula (1.4), we can find 

k 

E Wj<Pj 

a(vj-\Wj — VjWj-i) 



(1.33) 



0 k ~ 00 + ~ 

“ a 



v j *Pj 



a^j-iWj — VjWj-i)' 



(1.34) 



Thus, ak and 0k of (1.33) and (1.34) may be inserted in (1.27) to give us the 
general solution of equation (1.25) 



Uk 



k 

OioVk + 0oWk + 

3 = 1 



(w k Vj ~ VkWj)(fj 

a(vj-\Wj — VjWj-i) ’ 



(1.35) 



where ao, 0o are arbitrary constants. 
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Finally note that the method of variation of parameters can be applied to 
the solution of equation 

&k'U j k— i Ck'U’k H" bkUk -\- 1 = 1 ^ k <C n 

with dependent coefficients. Namely we have the formula 



, {WkVj -VkWjjifij 

Mfc — otoVk + Po Wk + > — 7 r- 

p? aj(vj-iWj - VjWj- 1) 

Now we will consider the initial- value problem 

auk - 1 - cu k + buk+i = Wk, 1 < k < n, u 0 = <p> u\ = (1.36) 

Recall that {vk}o and {wjJq are linearly independent solutions of (1.19), therefore 

' q k ,c 2 - Aab > 0, 

Vk = < q k , <? - Aab = 0, (1.37) 

^ r k sin hip, c 2 — 4 ab < 0 ? 

{ q k ,c 2 — Aab > 0, 
kq k ,c 2 — Aab — 0, 
r k cos c 2 - 4 ab < 0. 

Thus using formula (1.35) we have the following theorem. 

Theorem 1.3.1. There exists a unique solution of the initial-value problem (1.36) 
and for the solution of (1.36) the following formulas are satisfied: 

If c 2 - 4 ab > 0, then 

92 -qi 92 - q\ 



(1.38) 



+£ 



9192 



a(q 2 ~ 91 ) 



/ k—j k—j 
W2 — " 



9P>i- 



If c 2 — 4 ab = 0, then 



Uk 



= (1 - k)q k <p + fcg*" V + 7 

j=l 61 



fc-j+1 






If c 2 — Aab < 0, then 



Uk 



sin(l - k)p k sin kip 



r K (p + 



sm<p 



sirup 

+ ^sin(t-j > rt _ J+1 

' a sin <z? 
j=i ^ 



rV 



asm 
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Here and in future we will put 

k 

= 0,when k < 1. 

3 = 1 

Now we will consider the boundary- value problem 

auk-i - cu k - 1 + buk+i = -(fik, 1 < k < n,u 0 = pi,u n = 1 * 2 - (1.39) 

Using formulas(1.35), (1.37) and (1.38), we have the following theorem. 

Theorem 1.3.2. There exists a unique solution of the boundary-value problem (1.39) 
and for the solution of (1.39) the following formulas are satisfied: If c 2 - 4 ab > 0, 
then 



0201 n-k, 02 - 01 .. 

n V02 _ 01 JMl + ~ n 

02-01 02 - 0 " 

01 - 02 v^ 0i0a(0r j -0i~ 3 ') 

02- 0"“t a(02-0i) ] 



. QlQ.2 / fc-7 fc — 7 \ 




In the same way we can study solutions of the local and nonlocal boundary- 
value problems for equation (1.25), with boundary conditions (1.9) and (1.10), 
respectively. 




Chapter 2 

Difference Schemes for 
First-Order Differential Equations 



In the present chapter we consider the single step difference schemes generated 
by an exact difference scheme or by Taylor’s decomposition on two points for the 
numerical solution of an initial- value problem for first-order differential equations 
and systems of first-order differential equations. 

2.1 Single-Step Exact Difference Scheme and Its Applications 

We consider the initial- value problem of the form 

y'(t) + a(t)y(t) = f(t), 0 <t<T , y( 0) = y 0 (2.1) 

assuming aft) and f(t) to be such that problem (2.1) has a unique smooth solution 
defined on [0,T]. In this section we shall construct difference schemes of a high 
order of accuracy for an approximate solution of problem (2.1). On the segment 
[0,T] we consider the uniform grid space 

[0,T] r - {t k = kr,k = 0, 1, . . . ,TV,TVr = T} 

with step r > 0. Here TV is a fixed positive integer. We will discuss single-step dif- 
ference schemes for computing numerical values of the solutions. These difference 
schemes are step-by-step methods, that is, we start from the given approximate 
values of y(t k - 1) and proceed stepwise, computing approximate values of y(t k ) at 
the grid (mesh) points. 

Theorem 2.1.1. Let y{t k ) be the solution of (2.1) at the grid points t = t k . Then 
{y(t k )} o is the solution of the initial-value problem for the first-order difference 
equations 

~{y{tk) - y(tk- 1 )) + -(1 - ais)ds )y(t k - 1 ) 

r r 

= - [ tk e- a ^ d *f(s)ds, l<k<N, 2/(0) = 2/0. 
r Jtk - 1 



( 2 . 2 ) 
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Proof. For solution of (2.1) we have the formula 



y(t) = e" /o + f e~ /.* a{z)dz f(s)ds. 

Jo 



Putting t = tk and t = tk-i into the last formula, we can write 

“2/o+ t e-Ss ka ^ dz f(s)ds 



y(t k ) = e -/oM S )<S 



= e -/4 fc _i a ^ ds 



+ 



/ 

e-/o'“ 1 a ^ ds y 0 + r e-f^' 1 a ^ dz f(s)ds 

Jo 



( tk e ~ fs k a ( z ) dz f(s)ds, 

Jt k - 1 



y(tk-i) = e-^ fc_1 a(s)ds y 0 + [ ^ e-^' 1 a ^ dz f(s)ds. 

Jo 

Hence, we obtain the following relation between y(tk) and y(tk- 1 ) : 
y(tk) = a{s)ds y(tk- 1 ) + r e-/> a ^ dz f(s)ds. 

Jtk- 1 

The last relation and equality (2.2) are equivalent. Theorem 2.1.1 is proved. 

Thus, the solution y(t) of the differential problem (2.1) at the grid points 
t = tk is the solution of the difference problem (2.2). Therefore, the initial- value 
problem (2.2) is called the single-step exact difference scheme for solution of the 
initial-value problem (2.1). 

Now, we will consider the applications of this exact difference scheme. From 
(2.2) it is clear that for approximate solutions of problem (2.1) it is necessary to 
approximate the expressions 

e ~ft k _ 1 a(s)ds and 1 f tk e -i: k a(z)dzf^ dS ' 

T Jt k - 1 

Let us remark that in constructing difference schemes it is important to know 
how to construct a right-hand side p\ q that satisfies 

1 [ tk e - Il k a W d *f( s )ds - (/ k ’ q = o(T P+q ) (2.3) 

T Jtk - 1 

and is sufficiently simple. Here p and q are positive integers and we will put p> q. 
The choice formula is not unique. Using Taylor’s formula, we obtain 

- f k e-^ ka ^ dz f(s)ds (2.4) 

Jtk- 1 

p+q — 1 m 



p-rcf-i m , \ 

- e e(: -A(*fc-i)/ (A) (*fc-i) 

m = 0 A=0 ' ' 



(m + 1)! 



+ o(T P+q ), 
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I r e -tt ka(z)dz f{s)ds 

Jtk-1 



(2.5) 



p+q - 1 m 



771—0 A=0 



- X XI ( a ) ^ m - A ( tfc )^ (A) ( tfc )rUiM +0 ( rP+9 )> 



(m + 1)! 

1 f k e -f^a(z)dzf( s j ds 
T ''tk-l 



(2.6) 



/O m \ -Jt k a(z)dz , N r 2m 

= X X ( A ) 6 P2m-\{t k _i_)f {X \t k _l)- 



771 = 0 A=0 



2 2m (2 m + 1)! 



+o(r 2p ). 



Here and in this chapter we will put 



A(s) = i, * = o, 

ji(s) = + /3i-i{s)a(s), 1 <i<p + q. 



(2.7) 



Therefore, for the construction of we can put 

p+q-l 771 



771 = 0 A=0 



*!*=EE>- x(t k )f W (t k ) 



(-r) m 
’ (m + 1)!* 



(2.8) 



Moreover, for the construction of (p^ q we will also use (2.4) and (2.6). But, first 
of all let us study the approximate formulas for the expressions e - ^- 1 a ^ ds and 

~ St k _ i a(s)ds 

e k 2 that will be needed in the future for the construction of difference 

schemes of a high order of accuracy for an approximate solution of problem (2.1). 

t k 

— f a(s)ds 

Now, let us consider the approximate formulas for the expression e tk ~ 1 
constructed by Pade’s rational functions. It is clear that 

“W* = e -a(t k - i)T _ f tk g-/> .(.)*( fl ( z ) _ a(t k -i))e~ a ^ tk - 1 ^ z ~ tk ~ 1 ^dz, 

Jtk-! 

e -/4 fc _ x “W* = e ~a(t k )r + f " e -a(t*)(t*-*)( a ( tfc ) _ a (z))e _/ 4 - 1 “^^dz, 

Jt k -1 

e ~ItLi a ^ ds =e _a(t '=-i )r _ f" e -f* ka( - s)ds {a{z)-a{t k _i))e~ a(tk - h )(z ~ tk ~ l) 

Jtk-i 2 



dz. 
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Using Taylor’s formula, we obtain 

e -/4 fe -x a ^ ds = e -<tk-l)r _ T ^ tk) _ a (t k _ x )) e -^- i)T 

+ ? E S E (r) &(**) U*) - a(tfe-i))(-«(t*-i)r 

n=l ' ' '* 2=0 ' ' 

+ E ("j*) « (j) (*fc)(-a(*fc-i)) n “ i " J ' e~ a ^ tk ~ 1 ' iT + o(r p+9+1 ), 

e~ Jt +i a(s)ds = e- a ^) T + r(a(i fc ) - a(t k - i))e- a ^> T 

P+ 9-1 n +i n / \ 

+ E T^wEtij^-i) (a(t k )-a(t k ^))(a(t k )) n - 1 
n= 1 ' ' i=0 ' ' L 

- E ( n J *) « U) (^-i)(a(^)r _i “ j e-“<‘*> T + o(r^ +1 ), 



~ Jtu d(s)ds a (^fc_i) T / /, \ /, \\ a (^fc— 1 ) T 

e fc - 1 =e 2 —7 ~(a(t k ) — a (t k _i)) e 2 

P+ 9 “! /_ \n+l n / \ 
n=l ' 2=0 ' ' L 

+ E(" 7 < ) a0)(tfe)(_a(tfc - i))n ~ < " : ’ e ' a(tfc “ i)T +°(^ +9+1 )- 

i=i ' ' 

Here and in this chapter we will put 

fA(s) = l, * = 0, 

< ~ — (/) — 

{0i(s) = 0i - 1 (s) - /3i_i(s)a(s), 1 < i < p + < 7 . 



Further, using the last formulas and Pade fractions for the function e z , we 
can write 

e - a ( s ) ds _ R q p ( a (t k -i)T) - T(a(t k ) - a(t k -i))R g -i,p-i(a(tk-i)T) (2.9) 

P+9 _1 / \n+l n / \ 

+ E ( n T + !) E (Jj (a(tfc) -a(t fc _i))(-a(t fe _i)) n_l 



+ E J a (i) (*fc)(-a(*fc-i)) n - < - , j V„ + [ ? ]-i, P -[ ? ](a( 2 fc _ 1 )r) +o(r^ +1 ), 
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2 +- 1 a{s)ds = R q}P (Ta{t k )) + T(a{t k ) - a(tk-i))R q -i,p- 2 (a(t k )T) (2.10) 

P+q— 1 n _|_]_ n / \ _ 

+ S T^TTiT Xd i ) (“(**) -a(i fc _i))(a(tfc)) n_t 



^ (n + 1)! ^ W 

^1=1 V ' 2 = 4 V 



£ i % )« lj Ht k -i)(a(t k )) n - i -i 

3 = 1 V J 



^g-n+[f]-i,p-[f](ra(i fe )) +o(r p+9+1 ), 

“( s ) ds = R q p (^Ta(t k _i)) - r(a(t k ) - a(^_i))i?,_ liP _ 2 (ra(^_ i)) (2.11) 



P+9-1 / \ n +i n 

+ E $I5T £(><“> 



n=l 






(a(2 fe ) -a(i fc _i))(-a(i fc _i)) r 



+E 

3 = 1 



n — i 



a^tO+afo-i))"-*-' 



^q-n+[f]-l,p-[f](Ta(i fc _l)) 

+o(r p+9+1 ). 



Here R q , p {z) = 



Qp,q ( z ) 
( z ) 



are Pade’s approximations of the function e z near 



z = 0. They are given by the formulas 



Qp,q( z ) — 



E 



k = 0 



(p + g-fc)!g! fc /x V (p + g-fc)!p! k 

(p + q)\k\(q -k)\ { 1 ’ ^ (p + g )!fc!(p - k)\ 



Now let us consider approximate formulas for the expression 



tk 

exp{- / a(s)ds }, 



t fc _i 

2 



constructed by Pade’s rational functions. We have that 



— f a(s)ds tk 



a{tk) i + J e- a ^ tk - z \a(t k ) - a(z)). 



~ It ! a ( s ) dz 



-J t tk a(s)ds _ a(t } r 

e 2 = e 2 2 

tk 

j e -/> a(^ (a ( 2 ) _ a(2 fc _i))e _a(t ' t -i )(2 “ tfc -* ) 



dz. 
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Using Taylor’s formula, we obtain 



^ =e r(a(tk) - a(t k _i))e 



+ 



P+ 9 J 1 r n+i 






n: 

n—i 



-E( j 



(«(**) - a{t k _i))(a(t k )Y 
e -o(tfc) 5 +o(r p+9+1 ), 



ft k 1 a ( s ) ds _ a (t A )X 1 . . . , ,, -5°( t fc_l) T 

= e 2 - -T(a(tfc) - a(t fc _ i))e 



e "-3 
P+9-1 



P+ 9- 1 /_ \ n +l n / \ 

+ E 2 „«[„ + !), E (i) -.fa-iiK-fa-i))"- 



+E 



n — i 
3 



aW(t k )(-a(t k _ ° (tfc -i )5 + 0 (t p+9+1 ). 



Further, using the last formulas and Pade’s approximations of the function 
e~ z , we can write 



a(s)ds 



RqA^itk)) + ifiAtk) - a(ifc_i))-Rq-i,p-i(^a(^)) (2.12) 



P+9- 1 n +l n / \ _ 

+ E 2 »«(n+l)!E(+‘ (l ‘-i ) 



E 

3 = 1 



n — i 



a^(t k _ h )(a(t k )r-^ 



^,-n+[f ](^a(ffc)) + o(r p+9+1 ), 



■ /t' fc i a(s)ds 



= RqA 2 a (h-k)) ~ 2 T ( a (^) — a {^k-\))Rq-^,p-i{'^a{t k _i)) 



(2-13) 






(a(t k ) - a(t k _i))(-a(h-h)Y 



+E 

J = 1 



n — i 



(tk)(a(t k _ i)) n ~ i ~ j 



Rq-n+[^]-l,p-^](^ a (t k -l)) + o(r P+q+1 ). 
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Now, using formulas (2.4), (2.6), (2.9), (2.10), (2.11), (2.12) and (2.13), (p p k ' q can 
be defined by one of the following formulas: 



p+q - 1 m 



rt' q = E E A )An-rt*-M W (t 

m=0 A=0 ' 



k-l) 



(2.14) 






(m + 1 )! 

-T(a(tk) - a(tk-i))R q - m -[f]-i' P+ [iR}-i(a(tk-i)T) 



71=1 K ' ' i= 8 



J = 1 ' 



(a(*fc) - a(*fc-i))(-a(*k-i)) n i 

]-l,p-[^] i a {tk-l)T) 



P+q — 1 m 



m=0 A=0 
T m 



(2.15) 



-^q— m— [^],p+[^] ( Ta (tk)) 



(m + 1)! 

+r(a(4) - a(tfc_i))/?g_ m _[m]_ liP+ [m](a(ife)r) 



771—1 



r 77+l 






■E( j , ) a °' ) (^-i)( a (^)) n " < “ j 



(a(4) ~ a(tk-i)){a(t k )) n { 

Rq-n +[% ] — l,p— [ tj] { Ta (tk)) 



P+q — 1 m 

*•- £ £(?)*" 



771=0 A=0 

/y-771 



(2.16) 



^-m-[^],p+[^](^(^fc-l)) 



771—1 



+ £ 



(m + 1)! 

— T(a(tk) — a(£/ c _l))i?,j_ m _[m]_i ) p_|_[mj_i(TCl(£ fe _^)) 

(— r ) n+1 



^ (" + 1 ) 1 feo 



E " A(fc) 



+ E( j *) a °‘ ) (^)(-a(* fc -*)) n - i - , ‘ 

J = 1 ' 



(a{t k ) - a(t k _i))(-a{t k _i)) n i 

Rq-n+\^ ]-l,p-[f ](™(^fc_ l)) 
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p— 1 2m 



»r=£ £ 



m= 0 A=0 
_2m 




(2.17) 



2 2m (2m + 1)! 



Rq—m,p—m( ^ ^(^)) 



1 T 

+ ~ a (^k- ±))Rq-m-l,p-m-l{ 



m -*■ ^n+1 



+ £ 



2 n+1 (n + 1)! ^ 

=1 V 7 2—0 



£ ” «<‘m> 



■£( , ) a w ( h - i Mh ) r — ’ 

p— 1 2m 



(d(tk) ci(t k _i))(a{tk)) 






rf 5 = ££ T fc. 



(2.18) 



m=0 A=0 

j2m 

2 2m (2m + 1)! 



Rq-m,p-m{ ^ a (^k-^)) 



1 T 

— 2 T ( a (tk) ~ a (tk-±))Rq-m-l,p-m-l( — d(t k _l)) 



+ £^£("H 

n=l v J 2—0 x 7 



(a(ifc) — a(^fc_i))(— a(ffc_i))” -i 



+ £ " • *)« 0) (*fc)(a(* fc -i)) n " i_i 

i=i V 



Now replacing the expression e 



• It t-i a (s)ds 



^ 9 -n+[f]-l,p-[f](o a (^-i)) 



with its Pade fractions from (2.9) or 



(2.10) or (2.11) we obtain the difference schemes 



r -ujfe-i) + t 



-l 



1 Rq,p(d(tk— l)?") 



(2.19) 



+r(a(tfc) - d(t k -i))Rq-i,p-i{d(tk-i)r) 

p + q ~ l (- T )n+ 1 

\ M 'M ^ I ( a (* fc ) - a(t fc -i))(-a(^-i)) r 



£^£ I «« 

n=l V ' 2=0 x 7 L 



+ £ "■ )a (j) (^)(-a(i fc -i)) n -^ 

i=i ' 7 



X-Rq— n+[f ] — l,p— [^](®(^k— l) 7 ") 



Ufc-i = 1 < k < IV, u 0 = l/o ; 
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r 1 (u k -u k -i)+T 1 



l-R q ,p{Ta{tk))-T(a(tk)-a(tk-i))R q -\,p-i{a{t k )T) (2.20) 



p + 9- 1 T n + 1 



E 









(a(tfe) -a(i fc _i))(o(* fc )) r 



n 2 \ 



E 

j=i 



X-^<j-n+[§ ]-l,p-[f ] { Ta (tk)) 



a^(t k . 1 ){a(t k )) n - % ^ 



Uk - i = V k , 1 <k<N,u 0 = y 0 ; 



T 1 (u k -U k ^i) + T 1 



l-iWra(t fc _i)) 



(2.21) 



+ T (a(*fc) - a(^-i))^ 9 -i, P -i(™(^_i)) 



P+9-1 

■ E 



(— r ) n+1 






E (?) A(‘*) 



(a(i fc ) -a(i fc _i))(-a(t fc i)) 



n—i 



+E 

j=o 



n-z\ (J) 



aW(i fc )(-a(i fc _j } )) n - i - J ' 



Xliq-„+[|]-l,p_[f](r a (^_l)) 



Ufc_i = 1 < k < N,u 0 = y 0 . 



Let us remark that in constructing such difference schemes we can choose q by 
formulas (2.8) or (2.14) or (2.15) or (2.16) or (2.17) or (2.18). Thus, we construct 
the difference schemes of (p + g)-order of accuracy for the approximate solution of 
the initial- value problem (2.1). Finally, let us give some examples of the simplest 
difference schemes. 

In the casep + g = 1 from formulas (2.8), (2.14), (2.15), (2.19) and (2.20) it 
follows that 



b a(tk-\)uk-\ — f{tk- 1 ), 1 < k < N, uo = po 

r 

(an explicit Euler’s difference scheme of first order of accuracy for the initial-value 
problem (2.1)), and that 

Uk ~ Uk-l / lx _ n, X 1 

r 1 + ra(tk) Uk ~ l k l + ra(tk)' 

~(u k - u k - 1 ) + a(tk)u k = f(tk ), l<k<N,uo = yo 

T 

(an implicit Euler’s difference scheme of first order of accuracy for the initial- value 
problem (2.1)). 
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In the case p + q = 2 from formulas (2.18), (2.20) it follows that 



Uk - +a{t k _i)(l - ^a(t k _i))u k - 1 = (1 - ^a(t k _i))f(t k _i), 

1 < k < N, u 0 = yo 

(an explicit difference scheme of second order of accuracy for the initial-value 
problem (2.1)), and that 



Uk -u k -i If, 1 “ 2 a ( f fc-i) 

r ^ r 1 1 ~ 1 + §a(f ' “‘- 1 




1 

1 + fa(t fc _i) 



f(h- 1) 



— — ^ \ - — {uk + ufc-i) = <k< N,u 0 = yo 

T Z 2 

(a Crank-Nicolson difference scheme of second-order accuracy for the initial- value 
problem (2.1)), and that 



Uk ~ Uk - 1 + 1 
T T 



1- 



1 



1 + Ta(t k _i) + 



(-“(‘.-I)) 2 

2 



^k— 1 



l + § a (^-i) 



1 + ra(t fc _i) + 






'/(*fc-i)> 



or 



r “ fc - 1 +a(t fc _p(l+^a(t fc _pK = (l+^a( fc _i))/(t fe _i),l < k<N,u 0 = yo 

(an implicit difference scheme of second order of accuracy for the initial-value 
problem (2.1)). 

Now, we consider the initial- value problem of the form 



y'(t) + a(t)y(t) = f(t, y(t)), 0<t< T,y( 0) = y 0 (2.22) 



assuming a(t) and f(t,y(t)) to be such that problem (2.22) has a unique smooth 
solution defined on [0 ,T]. The exact difference scheme of problem (2.22) obviously 
has the form 



1 

r 



(y{tk)-y(tk- i)) + -(i 



— e 



■ f ‘^ a(s)ds )y(t k - 1 ) 



1 

r 




/> a(z)dz f ^ 1 < k < N, y( 0) = yo . 



e 



(2.23) 
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Prom (2.23) it is clear that for the approximate solution of problem (2.22) it is 
necessary to approximate the expressions 

g- /£_! a ( a ) da 



and 



- f e a ( z)dz df(s,y(s))ds. 
'T Jtk-1 



In exactly the same manner with approximate formulas for the expression 

rtk 



1 / * e -Is ka ^ dz f(s,y(s))ds, 

T Jt k - 1 



one establishes the formulas 



- f e / s tfc a( z ) dz f ( S) y(s))ds 

T Jt k -x 



(2.24) 



P+9“l m / \ r t, 

= ^2 H (r) e ~ tk - ia(Z)dZ P™-\{tk-i)h{tk-i,y{tk-i))-r-!-_ 



m = 0 A=0 



(m + 1)! 



+o(r p+ «), 



Jtk-i 



e~Is k “( z ) dz 



f(s,y(s))ds 



(2.25) 



1 m 



= X] X) ( A ) 

m=0 A=0 ' ' 

Here and in this chapter we will put 
h(s,y(s)) = f(s,y(s)), 

d x 



(— r) m 

(m + 1)! 



+ o(t p+<? ). 



f x+ i(s,y(s)) = fof(s,y(s)) 

ds^~ i d ir y f(s,y(s))fi(s,y{s)), 



+ Eti ( * ' — 



A = 0, 

0< A < p + q — 1. 



(2.26) 



Here s = t k or Now, replacing the expression by its Pade 

fractions from (2.9) or (2.10) or (2.11), for example, we can obtain the difference 
schemes 



r l (u k -Uk-i) + r 



-l 



1 Rq,p{&{tk— 



(2.27) 



+r(a(t k ) - a(t k -i))R q -i lP -i(a(tk-i)T) 
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P+Sl 1 (_ r )n+l 



E ^r> E " *<« 

71=1 V 7 7=9 X 7 



(a(t k ) - a(tk-i))(-a(tk-i)) r 



+ E( j )° 0) (*fc)(- a ( t fc-l)) n ’ Jfl 9-n+[?]-l,p-[f](Ta(tfc)) 



j=i 



«fc-i 



P+g— 1 m 

= EEl Tlfl. 



m= 0 A=0 

T m 
X- 






(m + 1)! 

-r(a(tk) - a(tk-i))R q -m-[m.}-i tP+ {m.}-i{a(tk-i)T) 



m— 1 



+ E^E(")«‘*> 

71=1 V ' 7 = 0 X 7 



(a(ifc) - a(4_i))(-a(^_i)) r 



71 — 7 



+E 



n — i 

j 






xtfq— n+[f] — l,p-[f](ra(tfc-l)) 



1 < k < N, u 0 = 2 / 0 - 



r 1 (u fc -ufc_ 1 )+r 1 



l-R q ,p(T a (t k ))-T(a(t k )-a(tk-9))R q -i, p -i{a(t k )T) (2.28) 



P+9- 1 T n+1 n /„\ „ 

- E ("jA(*fc- 1 )Ko(<fc)-a(*fc- 1 ))(a(*fc)r i 



71 — 7 



-E 



n — z 

j 



a 0) (*fc-i)(a(*d)) n * J -R q -n+[f]-i,p-[f](Ta(7 fc )) 



Uk— 1 



P+9—1 n / \ / \n+l 

= E E (i ) Pn-i(tk-i)fi(tk,u k )Y^—-y,l < k < N,u 0 = yo. 

Thus, we construct the difference schemes of (p + g)-order of accuracy for approx- 
imate solutions of the initial-value problem (2.22). We observe that the difference 
scheme (2.28) is a first-order nonlinear difference equation in Uk . Therefore we 
use an iteration formula 






1 - R q ,p(ra(tk)) - T(a(tk) - a(t k -i))Rq-i,p{a(t k )T) (2.29) 
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P+9-1 

- £ 



n= 1 



r n+l 

(n + 1)! 




A(*fc— i) 



£ 

j=0 



n — i 



a b) (t k -i){a{t k )) n * 



U k - 1 



p+q— 1 n 



n=0 7=0 



- ££ ? 






71+1 



(n + 1)! ’ 



1 < k < N, iff = y 0 , m = 1, 2, • • • , u° k = y 0 - 



But what about a criterion for stopping the iteration? We can use the criterion 
of closeness of consecutive terms to terminate the iterative procedure of (2.29). If 
there exists M for them 

u f- U M-l =o(rP+ ,) 

for any fc, 1 < k < N. Then we will put Uk = ujf for any fc, 1 < k < N. 

Now, we consider the initial-value problem of the first-order linear system 
of ordinary differential equations. Let y(t) be an m-dimensional column unknown 
vector function of t and f(t) a column vector whose components are known func- 
tions of t. Further suppose that A(t) is defined by 



A(t) = 



a n (t) 

®ml if) 



^1 m(t) 






be an m x m matrix function of t. Then the initial- value problem 



y'(t) + A(t)y(t) = f(t ), 0 < t < T, y( 0) = y 0 



(2.30) 



represents an initial- value problem for a system of m linear ordinary differential 
equations 



[ ftVii 1 ) + a n(t)yi(t) H b a lm (t)y m (t) = fi(t), 



\ ®' rn ^ (^)2/l if) “b ' ’ ’ d" U mm (t)l/ m (t) — fruit) 



in the m unknown yi(t), . . . , y m if) functions. Let 

/ yi(tk) \ 



y(tk ) = 



(2.31) 



\ y m (tk) / 
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be a solution y(t) of problem (2.30) at the mesh points t = tk- Then the exact 
difference scheme of problem (2.30) obviously has the form 



~{y(tk) - y(tk- 0 ) + -(/ - u(t k ,t k -i))y{tk-i) 

T T 

= - [ u(t, s)f(s)ds, 1 < k < N, y( 0) = y 0 , 

T Jt k _i 



(2.32) 



where I is the m x m unit matrix. Here u(t , s) is the m x m matrix of functions 
of t and s. It will be defined as a solution of the problems 



du(t , s) 
ds 

du(t , s) 
dt 



= u(t, s)A(s), 0 < s <t < T, 7i(t, t) = J, 

= —A(t)u(t, s), 0 < s < t < T, w(s, s) = I. 



It is easy to show that 

u(t,s) = e" A(A)(t - s) 

and 



- J u(t, z)[A(z) — A( A)]e A ( x ^ z dz , 



«(i,s) = e- A(A)(t " s) + J e- A ( A ^*- 2 )[A(A) - J 4(«)]u(«, s)dz 
for any A, s < A < t. Hence we can write 

u{t k ,t k -!) = e~ A ^ r 

- f k u{t k ,z)[A{z)-A{t k - l )]e- A ^-^- t ^dz, 

Jtk - 0 

u(t k ,t k - 1 ) = e ~ A{ - tk)T 



+ 



rtk 

Jt k - 1 



0 -A(t fc )(tfc-s) 



4(tk) - A(z)]u(z,t k -i)dz, 



u{tk,t k -i) = e 2 



[ u{t k ,z)[A{z)-A{t k _i) 

Jtk - 1 



e 2 dz. 



(2.33) 

(2.34) 



(2.35) 



(2.36) 



(2.37) 



From (2.32) it follows that for an approximate solution of problem (2.30) it is 
necessary to approximate the expressions u(t k ,t k - i) and 
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Using Taylor’s formula, we obtain 



1 [ tk 
T 4-! 



u(t k ,s)f(s)ds 



(2.38) 



p+g-1 m 



m= 0 A=0 



ee: u(t k) tk-\)B m -x(tk-i)f w (tk-i) 



(m + 1)! 



+o(r p+q ), 

1 /*** 

- / u(t k ,s)f(s)ds 

T Jt k . i 



(2.39) 



p+g— 1 m 



m= 0 A=0 



= e e r p- x(t k )f w (tk) 



(-ry 



(m + 1)! 



+ o(r p+ «), 



i r tk 

- / u(t k ,s)f(s)ds 

^ ~ ''tk - 1 



(2.40) 



p— 1 2m 



= EE 







_2m 



m =OA=o y u(tfe >^-i^ 2ro - A ^-i) /(A) ^-i)22-(2m + l)! 



where 



+o(r 2p ), 

'B^s) = 1, i = 0, 

5j(s) = B^is) + Bi-i(s)A(s), 1 <i <p + q. 



(2.41) 



Now, we study approximate formulas for the expressions u(tk,tk- i) and 
u(tk,t k _i). Using Taylor’s formula and formulas (2.35), (2.36) and (2.37), we 
obtain 

u(t k , tk -i) = e~ A ^ T - r{A{t k ) - A(t k -i))e~ A{tk - l)T 



P+q— 1 / \ n _|_i n 



“ (n -f 1)! ' \i 

a=l v ’ i = o x 






+E 

J=1 



n — i 




k )(-A{t k - 1 )) n ~ i ~ j 



-A(tk-i)r _j_ q^P+9+1 ^ 



«(ik,ife-i) - e“' 4(tfc)T + r(4(* fc ) - 

p+i; 1 T »+i 

' “(^fc)-^!))^))' 






-E 

j = 1 



n — i 




k -y){A{t k )) n -^ 



- A ^ r +o(r p+ « +1 ), 
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u(tk,t k - i) = e A(tfc 2 )t -T(A( tk) - A(t k _i))e A{tk 2 )t 

P+9-1 /_ \n+l n / \ 

+ E 7?twE " W‘> 

n=l ^ + i=0 ' ' 



)(-A(t k _ i ))"-*-*' e A(tfc -i )T + o(r p+g+1 ), 



|Bi(s) 1, _ * °> (2.42) 

Further, using the last formulas and Pade fractions for the function e -z , we 
can write 



u{tk) tk— l) — Rq,p{A(tk— 1)9”) T(A(tk) A(tk—l))Rq—l,p—l{A(tk—l)T) (2.43) 

+ ? E Ssfjw (AM-Aitk-M-Mtk-i))"-* 

n= 1 ^ ' i=0 ' ' 

+ E ( n A^ (t k )(-A(t k -i)) n ~ i ~ j R q - n+m - hp - m (A(t k ^)T) 

+o(r p+9+1 ), 

u(t k ,tk- i) = Rq,p( T A(t k )) + r(A(tk) — A(t k -i))Rq-i,p-i(A(t k )T) (2.44) 

P +9— 1 n + 1 n / \ ^ 

+ E ! b «m (^(i fc )-^(^-i))(^)) n_< 

n= 1 ' '* 2=0 ' ' 

-E ("J*) A^(t k ^)(A(t k )r-^ R q „ n+m - hp - m (rA(t k )) 

+o(r p+9+1 ), 

u(tk,tk-i) = R q , P (TA(t k _ i)) - T(A(t k ) - A(t k _i))R q - hp -i{TA{t k _i)) (2.45) 

P+9— 1 / \n+l n / \ 

+ E SiwEw)^) 

n=l ' ’ 2=0 ' ' 

+ E (V) ^-„ +[t ]-i,p-[f](rA(i fc _i)) 

+o(r p+9+1 ). 
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Now, we consider the approximate formulas for the expression u(tk,t k _i) con- 
structed by Pade’s rational functions. We have that 

u{t k ,t k _ h ) = e ~ A + J* k e- A ^~*\A{t k ) - A(z))u(z,t k _,)dz , 



u{tk j 



i ) = e 2 



u(ifc, 2 r)(A( 2 :) - i4(i fc _i))e tk ~i^dz. 



Using Taylor’s formula, we obtain 






P+q-l r „ +1 n 

^ 2 n+1 (n + 1)! ^ 

n=l v ’ i=0 



T E (") ( Mtk ) - A(t k _ l 2 ))(A(t k )Y 



k -i)(A(t k )) n ~ i ~ i e~ Mtk)i +o(r p+9+1 ), 



u(t k ,t k _i) = e A{tk ~i )2 -^T{A(t k )-A(t k _i))e * A{tk ~h )T 



P+<7 — 1 / \n-(-l ,L / \ 






Therefore, using the last formulas and Pade’s approximations of the function e _z , 
we can write 

u {tk,tk- \) — Rq,p{~^A(tk)) + —r(A(tk) — A(t k _i))R q -i, p -i(—A(tk)) (2.46) 



P+9^ 1 r n+ 1 



+ E ^ (B + i) ! E( < J^fa-i) (A(t k )-A(t k _,))(A(t k )) 



k-±)( A (tk)) n 1 3 R q -n+l%\-l,p-[%}{-^A(t k )) 



+o(r p+9+1 ), 
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u(tk,t k _i) — R q ^p(^A(t k _i)) ^ r (A{tk ) ^(^fc-i))-Rg-i,p-i(2^(^fe-^)) (2-47) 



P+ 9 — 1 / \n+l n / \ 

n=l v 7 2=0 x 7 L 

+£("70 

j=i ' 



(A(t k )-A(t k _ h ))(-A(t k ,)Y 



■R 9 — «+ [a]_i,p_[«](— . 4 (i fc _i)) 



+o(r p+9+1 ). 

Finally, replacing the expression u(t k ,t k - 1 ) by its Pade approximations from (2.43) 
or (2.44) or (2.45) (neglecting the last terms, respectively) and the expression 

1 f tk 

- / u(t k ,s)f(s)ds 

^ Jtk-i 

by the expression from (2.39) or by the expressions from (2.38) and (2.40) first 
one replacing the expressions u(t k ,t k - i) and u(t kl t k _± ) by its Pade approxima- 
tions from (2.41) or (2.42) or (2.43) or (2.46) or (2.47) (neglecting the last terms, 
respectively) we obtain the difference schemes of (p + #)-order of accuracy for an 
approximate solution of the initial-value problem (2.30) 



r 1 (u k -u k - i) +t 



I ~ Rq,p(A(tk-l)T) 



(2.48) 



+T(A(t k ) ~ A(t fe _i))i? 9 _i jP _i(^(tfe_i)r) 

(A(t k ) - Aitk^i-Aitk-^Y 



P+9- 1 / *n+l » 

2=1 V 7 2=0 



+ E { j ) A^{t k ){-A{t k ^)r-^R^ n+[ sl _i, p _[ f] (A(i fc _i)r) 

= l d’ q A <k<N,u 0 = j/o ; 



\Uk - 1 



r 1 (u k -u k -i) + t 1 



I - R q , p (r A(t k )) 



(2.49) 



- T(A(t k ) - A(tk-l))Rq-l,p-l(A(t k )T) 
P+i ; 1 T n+1 



- E 



=i ( n+1 ) ! ^ 



E ( i *(**-!) 



(A(t k ) - A(t k -i))(A(t k )) r 
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E 

3 = 1 



n — i 




: fc-l)(-4(*fc))" * J R q - n +{%]-l,p-[%](T A(tk)) 
= Vfc 9 ,! <k<N,u 0 = yo ; 



«fc-i 



r ^Ufc-Ufc-^ + r 



-l 



I-R q , p (rA{t k _ h )) (2.50) 



n=l V ' 2=0 X 7 



+E 

J = 1 



ra — z 
J 




/c)(-^(^-|)) n 1 JR q-n+[%]-l,p-[%]{TA(t k _i)) 



= <Pk' q A <k<N,uo = Vo. 



Uk— 1 



Here, we can choose of <p% q which can be defined by one of the following formulas: 
p+q — 1 m 



<p P k q 



m = 0 A=0 



E E ? ) 5 m _ A (tfc)/ (A) (t fc ) 



(-TP 

(to + 1)!’ 



or 






p+<?— 1 m 

E E(T) 

m=0 A=0 



a 






(TO + 1)! 

-T(A(tk) - A(t k -l))R q -m-lf]-l,p+[f]-l(A(tk-l)T) 

+ e^e("H> 

n=l v 7 1=0 x 7 



f ],p+[f ](^( i fc- 1 ) r ) 



(A(t fc )- J 4(t fe _ 1 ))(-^(tfc_ 1 )r 



+E 

J = 1 



n — i 
3 




kK-Afa-J)"-*-* 



Rq-n+[%]-l,p-[%](A(tk-l)T) 



f W {t k - 1), 



or 



p+q — 1 m 






(to + 1)! 



-^q-m-[^'],p+[^]( rj 4(^/c)) 



m=0 A=0 

+r(A(tk ) - i4(ife_i))iZ 9 _ m _[m.]_i >p+ [m]_i(A(ffc)T) 



m— 1 



r n+l 



+ E(^E (”)«.«-) 

n=l v 7 i=0 



(A(t fc ) - AOfc-OKACtfc)) 1 - 
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■E 

3 = 1 




or 



n — % 
3 



p+q — 1 m 



k-\ )(A(tk)) n 1 3 # g -n+[f]-i,p-[f]( r A(t k )) 



f W {t k - 1), 



= E E T )Bm-x(tk-l) 



{m + 1)! 



Rq-m-[f ],p+[f ] (T 1 )) 



771—0 A=0 

~ T (A(tk) ~ ^4(l fe _i))-R g - m _[m]_ liP+ [m]_ 1 (r.4(l fe _i)) 

771—1 



77=1 V 7 1=0 









j=i 



n — * 










or 



p-l 2m , v 

= E E ( A j B2m - X ^k-\) >y2 mO, 

771=0 A=0 ' 7 



2 771 



2 2m (2m + 1)! 



Rq—m,p—m( ^ 



1 T 

+ 2 ' r ( J 4 (^fc) - ■ A{t k _i))Rq- rn -i^p- m -i(—A(t k )) 



m ~ 1 T n+ 1 



+ E 



^ 2”+‘(n + l)!£j V* 









-E 

j=i 



n — i 




k _x){A(t k )) n 1 3 R q - n+ [^]- ljP -[^]{-A(t k )) 






or 






771=0 A=0 

1 



2 2m (2m + 1)! 



Rq-m,p-m( ^A(t k _l )) 






2 T (A(t k ) A (t k _ i ))i? 9 -m-i,p-m-i ( 2 A(t k _ i )) 






+E 

i = i 



n — i 




k)(A(t k _x)) n 1 ■ 7 i?q_ n+ [a]_i i p_[a](-.4(i fe _i)) 



f {X) (h_x). 
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Note that using the exact difference scheme, we can extend our discussion to con- 
struct the difference schemes of an arbitrary high order of accuracy for approxi- 
mate solutions of the initial- value problem for the first-order nonlinear system of 
ordinary differential equations 

y'(t) + A(t)y(t) = f(t, y(t)), 0 <t<T, y{ 0) = y 0 . 

It is left to the reader. 



2.2 Taylor’s Decomposition on Two Points and Its Applications 

We consider again the initial-value problem (2.1). Utilization of Taylor’s decom- 
position on two points in the construction of the single-step difference schemes of 
a high order of accuracy for approximate solutions of problem (2.1) is based on 
the following theorem. 

Theorem 2.2.1. Let the function v(t)( 0 <t<T) have a (p + q + 1 )-th continuous 
derivative and tk-i,tk G [0 ,T] r . Then the following relation holds: 



v(tk) - v(tk- 1 ) + ^2 a J v(j) (^)' r? - Pi v( ' j) (^-1 + 



(2.51) 



3 = 1 



J = 1 



(-i) p 
(p + q) 



ftk 

y / (h - s) q ( 

Jtk-i 



s - t k -i) p v( p+q+1 \s)ds, 



where 



(2.52) 



(aj = f° r an y jA<j<p, 

\/?j = f° r an y i , 1 <3<y- 

Proof . Using the formula for integration by parts, we obtain the representation 

rtk 



[ (tk- s) q (s-t k -i) 

Jtk - 1 



_ \P v (p+q+ 1) 



( s)ds 



p+q 



= 53(-i)^ (( t fc - s) q ( s - tk^r+^v^is)}^. 

7=0 

We will calculate the expressions 

(-iy +q - j [(tk - s) q ( s - t k -,y\ {p+q - 3) \ s=tk , 



and 

(~i) p+q - j l(t k - s) q (s - t fc -i) p ] (p+, - j) 



1 Prof. V.L. Makarov (Ukraine) told me about this proof. 
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If j > V + I? then P + q — j < g — 1. Therefore 



[(tfc _ s y {s _ tk _ l)P] (p+9-j) u=tk = 0 



If 0 < j < p, then 



(-i r +q - j i(tk - s^s - t fc _!f] (p+9 - j) | s=tfc 

(-1 (P + g-j) 1 ( (tfc - S f)^-3-i) {{s - t fc -l) P )«| s= t 

“ iKp + Q-J- 1 ) 1 



p+q-j 

_iy+q-j ^ 



(p + g - j )! g! 

*!(p + 9- j-*)! (i + *-p)! 



x( _l)p+ 9 -i-i (tfc _ s) ^-p_P_(( s _ 



^-. (p + g-i)! )q p[ J 

’ (p-j)!g! ^ J j! 



(-l)P j (p + g)!(p + g- j)! 

(p + g)! (p - i)b'! 



plr- 7 = (-l) p (p + g)!aj. 



(-l) p+, - , ‘ [(** - s) q (s - t k -,yf +q - j) | a=tfc = (-l) p (p + q)\aj. 
If j > Q + 1, then p + q — j < p — 1. Therefore 



(_l)P+9-J [( tfc - s)«( S - tfc-l) P ] (P+9 - j) U=t fc _ x = 0. 



If 0 < j < q, then 



(-D»+’-’ [«* - «)«<« - i,_i 












(p + g~ j)! g ! 

i!(p + g - j - *)! {j + i ~ p)! 



x( _l)p+9-i-< (tfe - s )^-p_Z_(( s _ « fc _ 1 )P-*|, =tfc _ 1 
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= (- 



i \p+q-.i ^ 



i) 



q-jPl T j 

0 ! 



(-I)p i (p + q)\(p + q- j)'.q\ j 
{p + q)\ 



(-l)P(p + <?)!&, 



So, 

(-1)^- [(i fc - s)«(s - t fc -i) p ] (p+9 - j) !,=**_, = (-1 Y(P + q)Wj. 
Theorem 2.2.1 is proved. 

Note that relation (2.51) is called Taylor’s decomposition of function v(t) on 
two points. 

Now, we will consider applications of Taylor’s decomposition of function on 
two points. From (2.51) it is clear that for the approximate solution of problem 
(2.1) it is necessary to find for any j, 1 < j < p and ^ for any j, 
1 < j < Using the equation 



y’(t) = -a(t)y(t) + f(t), 



we obtain 

y {j \t) = aj(t)y(t) + (2.53) 

where 

r ai(t) = -a{t),fi{t) = f(t), 

< aj (t) = df^t) - dj-i{t)d(t), fj(t) = fjliit) + dj-i(t)f(t), (2.54) 

for any j, 2 <j<p. 

Replacing y^(t) by (2.53) and neglecting the last term, we obtain the single-step 
difference schemes of (p + q)-order of accuracy for the approximate solution of 
problem (2.1) 

_ v q 

u k U k -1 + ^ ajaj ( tk ) T 3-i Uk _^p jaj ( tk _ 1 } T 3-i Uk _ i (2.55) 

T j = i j=i 

v q 

<P k q = <k< N,u 0 = 2/0- 

3 = 1 3 = 1 

Now let us give some examples for the constructed difference schemes. 

In the case p + q = 1 from formulas (2.52), (2.54) and (2.55) it follows that 

— — + d(t k -i)u k -i = /(tk_i), 1 < k < N, u 0 = y 0 

T 

(an explicit Euler’s difference scheme of first order of accuracy for the initial-value 
problem (2.1)), and that 



— — + a(t k )u k = f(t k ), l<k<N,u 0 = yo 
r 

(an implicit Euler’s difference scheme of first order of accuracy for the initial-value 
problem (2.1)). 
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In the case p + q = 2 from formulas (2.52), (2.54) and (2.55) it follows that 
h (a(tk~ i) + 1) — a 2 (tk-i)))uk~i 

r Z 

= f(tk- 1) + ^(/ (,) (tfc- 1) - a(ife_i)/(ffe_i)),l < k < N,u 0 = y 0 

(an explicit difference scheme of second order of accuracy for the initial-value 
problem (2.1)); and that 

— — ^ + ^(a(tk)uk + a(t k -i)u k - i) = \(f(t k ) + f(tk- i)),l < k < N, u 0 = y 0 

(a Crank-Nicolson difference scheme of second order accuracy); and that 

b ( a(tk ) + + & 2 (£fc)))^fc 

r Z 

= f(tk) - ^(/ W (*fc) - a{t k )f(t k )),l <k< N,u 0 = y 0 

(an implicit difference scheme of second order of accuracy for the initial-value 
problem (2.1)). 

Now, we consider again the initial- value problem (2.22). Using the equation 
y\t) = - a(t)y(t ) + f(t,y(t)), 

we obtain 

y^\t) = aj(t)y(t) + fj(t,y(t)), (2.56) 

where (see formula (2.26)) 

h(t,y{t)) = f(t,y(t)), A = 1, 

f x+1 (t,y(t)) = -§^f(t,y{t)) 

+ J2i=i ^ j dt ®-i d i y f{t,y{t))fi{t,y{t)), °- X - p 

Replacing y^\t) by (2.56) and neglecting the last term, we obtain the single-step 
difference schemes of (p + g)-order of accuracy for an approximate solution of 
problem (2.22) 

_ v q 

Uk Mfc ~ X + ^2a j aj(tk)T J ~ 1 u k -'^2/3ja j (t k -i)T :, ~ 1 Uk-i (2.57) 

T i = i 3=1 

P 

= p^ q {u k ,u k -i),p^ q (uk,u k -i) = 

3 = 1 

q 

+ Yfofi ( tk - 1 ' Uk - 1 } rJ ~ 1 ' 1 - k - N ' u ° = y °' 

3 = 1 
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Now, we consider again the initial- value problem (2.30). Using the equation 

yf(t) = —A(t)y(t) + f(t), 

we obtain 

y b) (t) = Aj(t)y(t) + Fj(t), 

where 

'Ai(t) = -A{t),F i(t) = f(t), 

< Aj(t) = Af\(t) - Aj-i(t)A(t),Fj(t) = + Aj-i(t)f(t), (2.58) 

for any j,2< j <p. 

Replacing y^\t) by (2.58) and neglecting the last term, we obtain the single-step 
difference schemes of ( p + g)-order of accuracy for an approximate solution of 
problem (2.30) 



Uk — - + ^2 a 3 A i( tk ) TJ l Uk-i= W™, (2.59) 

T 3=1 3=1 

p q 

+Y^PjFj(tk-i)r J ~ 1 ,l <k<N,u 0 = y 0 . 

j=i 3=1 

Note that using Taylor’s decomposition on two points, we can extend our discus- 
sion to construct the difference schemes of an arbitrary high order of accuracy 
for approximate solutions of the initial- value problem for the first order nonlinear 
system of ordinary differential equations 

y'(t) + A(t)y(t) = f(t, y(t)), 0 <t<T, y{ 0) = y 0 . 

It is left to the reader. 

Finally, in this chapter we consider two types of arbitrary high order of 
accuracy difference schemes generated by an exact difference scheme or Taylor’s 
decomposition on two points for the numerical solutions of an initial- value problem 
for differential equations and systems of differential equations. They are different 
types of difference schemes for the same problem. Nevertheless, in the case of 
a homogeneous equation or system of differential equations with independent in 
t coefficients using the two types of methods above, we have exactly the same 
difference schemes. 




Chapter 3 

Difference Schemes for 

Second- Order Differential Equations 



In the present chapter we consider the two-step difference schemes generated by 
an exact difference scheme or by Taylor’s decomposition on three points for the 
numerical solutions of an initial- value problem and a boundary- value problem for 
second-order differential equations. 



3.1 Two-Step Exact Difference Scheme and Its Applications 

We consider the initial- value problem of the form 

y"(t) +a(t)y(t) = /(*), 0 < t < T,y( 0) = y 0 ,y'( 0) = y' 0 (3.1) 

assuming aft) and f(t) to be such that problem (3.1) has a unique smooth solution 
defined on [0, T]. For the construction of difference schemes we consider again the 
uniform grid space 



[0,T] r = {t k = kr, fc = 0, 1, . . . , iV, Nr = T}. 



The construction of two-step difference schemes of an arbitrary high order of ac- 
curacy for approximate solutions of the initial-value problem (3.1) is based on the 
following theorem. 



Theorem 3 . 1 . 1 . Let y(t k ) be a solution of problem (3.1) at the grid points t — t k . 
Then {y{tk)}o is the solution of the initial-value problem for the following second- 
order difference equations: 



(y{t k +i) - 2y(tk) + y(tk-i)) 





I 2 (s,t k )dsl 1 {t k ff k - 1 ) - l)y(t k -i) 
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■y r l k y r l k + i 

+(2 / r 2 {t k ,s)ds-~ I 2 (s,t k )ds)y(t k ) 

T Jtk-i T Jt k 

1 f tk 

+(- / r 2 (t k ,s)dsl(t k+ i,t k ) - l)y(tk+i) 

T Jt k - 1 

ftk ptk + 1 ptk + i 

/ r 2 (t k ,s)ds / r\tk,z) / I 2 (s,z)dsf(z)dz (3.2) 

Jt k - 1 c/tfc ^ 



rtk+i r l k pz 

+ / I 2 (s,t k )ds / I ~ 1 (t k ,z) / I 2 (s,z)dsf(z)dz 

Jtk Jtk - 1 Jtk-1 

1 < k < N - 1, 2/(0) = 2/o, 

— (2/(t) — 2/(0)) = [/ _1 (r,0)i6(0)- f l 2 (s,0)ds + -(/ -1 (r,0) - l)]y(0) 
T T J 0 T 

+7 _1 (r,0)- [ l 2 (s,0)dsy'(0) + - f I~ 1 (t,z) ! I 2 (s, z)dsf(z)dz. 
T JO T JO Jz 



Here 



where 



I(t,s) = e i r b{x)dx ,r 1 (t,8) 



I(t,s) 



1(8, t), 



(3.3) 



6(f) = 6 r (f) + ifei(i), 

&r(0 - (*) - K^) = a(t), 

{ 2b r (t)bi(t) + V r (t) = 0. 

Proof. Using the relations (3.3) we can obviously write the equivalent initial- value 
problem for a system of first-order linear differential equations 

(y'(t) +ib(t)y(t) = v(t),y( 0) = y o ,y'(0) = y' 0 , 

\v (t) - ib(t)v(t) = f(t). 

Integrating these, we at once obtain 

( y(t) = e~ z Jo b W dX y 0 + J* e~ l Js b ^ dX v(s)ds, 



(3.4) 



That is, 



(v(t) = e l Jo b ( x ) dX VQ + f* e l lz b ( x ^ dx f(z)dz. 

y(t) = r 1 (t,0)y(0)+ [ r 1 (t,s)l(s,0)dsv(0) 

Jo 

+ [ / _1 (f,s) [ I(s, z)f(z)dzds, 

Jo Jo 
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so, using the condition y (0) + ib(0)y(0) = v(0), we obtain 

y(t) = r\t, 0) + ib{0) [ r 1 (t,s)I{s,0)ds y 0 

Jo 

+ [ I- 1 (t,s)I(s,0)dsy' o + f 7 _1 (t,s) f I(s,z)f(z)dzds. 

Jo Jo Jo 

By the definition of /(£, s) and interchanging the order of integration, we obtain 

y(t) = I~ 1 (t, 0) 1 + ib(0) f l 2 (s,0)ds y 0 + 7 _1 (£, 0) [ l 2 (s,0)dsy f 0 (3.5) 

Jo J Jo 

I 2 (s , z)dsf(z)dz = u(t) + v(t) + g(t). 

Putting t = 4+ i, t = tk and t — 4- i into the formula for u(t), we can write 



u(t k ) = I (4,0) 1 + ife(0) J l 2 (s,0)ds y Q , 



u(4+i) = J 1 (4+i,0) |^1 + ib(0) J l 2 (s,0)ds y 0 

r r rtk+i 1 “ 

1 (ifc+ 1 , (ifc, o) l + ib(0)y I 2 (s,0)ds + J l 2 (s,0)ds y 0 



= 1 1 (t k +i,t k ) u(t k ) + I 1 (t k ,0)ib(0) J / 2 (s,0)dsj/oj , 
u(t k -i) = / _ + fc _i,0) l + ib(0)J / 2 (s,0)dsj y 0 

= J0fc,i fc _i)/ -1 (tfe,0) 1 + *6(0) f l 2 {s,0)ds- f l 2 (s,0)ds y 0 

Jo J t k — i 

= I(tk,tk-i) u(tk) - l~ 1 (t k ,0)ib(0) j l 2 (s,0)dsyo ■ 

Jik-i 

Hence, we obtain the following relation between w(4+i),^(4) and w(4-i) : 



I (s,0)ds (/(4 + i, 4)u(4 + i) - u(t k )) = I 1 (4,0)i6(0)i/o, 



l 2 (s,0)ds ( u(t k )-I 1 (t k ,t k -i)u(t k -i)) = I 1 {t k ,0)ib(0)y 0 . 
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Therefore 



/ I 2 (s,0)ds(I(tk+ut k )u(t k +i) - u{tk)) 

Jtk-l 
ptk- 1- 1 

= l 2 (s,0)ds{u(t k ) - r l {t k ,t k -\)u(tk-i)). (3.6) 

Jt k 

In a similar manner, using the definition of /(£, s) and the formula for v(t), we get 
[ I 2 (s,0)ds(l(t k+ i,t k )v{t k+1 )-v(t k )) (3.7) 

Jtk- 1 
rtk+i 

= / l 2 (s,0)ds(v(t k ) - r l (t k ,t k -i)v(t k -x)). 

Jtk 

Now, putting t = 4+ 1 , t = tk and t = tk-i into the formula for g(t) and using the 
definition of J(£,s), we get 

f I 2 (s,0)ds(I{t k +i,t k )g(t k+1 ) -g(t k )) 

Jt k - 1 

rtk+i 

- / l 2 (s,0)ds(g(t k ) - / -1 (ik,ifc-i)0(fk-i)) 

Jtk 

rtk ( ftk+ 1 /**fc+i 

= I 2 (s,0)d$\I{t k+1 ,t k ) J -1 (£ fe+ u z) I 2 (s,z)dsf{z)dz 

Jtk - 1 \ «/o 

-J r'itkyz)^ I 2 (s,z)dsf(z)dzj 

rtk+i ( ftk rtk 

- / / 2 (s,0)ds[ / I~ l {t k ,z) / I 2 (s,z)dsf{z)dz 

Jtk WO « 2 

-/ _1 (ifc,*fc-l)^ J _1 (£fc_l,z)^ J 2 (s,z)ds/(z)dz^ 

/•tfc /*^fc /^fc+1 

= / l 2 (s,0)ds / / _1 (£ fe ,z) / I 2 (s,z)dsf(z)dz 

Jtk- 1 •'O 

+ / I~ 1 (t k , z) / I 2 (s,z)dsf(z)dz 

Jtk Jz 

-J r'iti^z)^ I 2 (s,z)dsf(z)dz 
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rtk+i ftk ftk 

/ l 2 (s, 0 )ds / I~ l (tk,z) / I 2 (s,z)dsf(z)dz 

Jtk Jo J z 

- j r l (t k ,z) I 2 (s,z)dsf(z)dz 

+ f I~ l {t k ,z) f I 2 (s,z)dsf(z)dz 

Jt k - 1 Jz 

ftk ftk rtk + i 

/ l 2 (s, 0 )ds / I~ 1 (tk,z) / I 2 (s,z)dsf(z)dz 

Jtk - 1 *^0 Jtk 

ftk+1 ptk+1 

+ / / I 2 (s,z)dsf(z)dz 

Jt k Jz 

ftk + 1 ftk ptk 

/ l 2 (s, 0 )ds / / I 2 (s,z)dsf(z)dz 

Jtk Jo Jtk - 1 

+ f / _ 1 (£fc,z) f I 2 (s,z)dsf(z)dz 
Jo 



Now, using the identity 

/*£/c+i 



we obtain 



/ / 2 (s,0)ds / I 2 (s,z)ds— / l 2 (s,0)ds / I 2 (s,z)ds, 

Jtk - 1 ‘'tfc Jtk-1 

ftk 

/ / 2 (s,0)ds(/(^+i,^)ff(ifc+i) - 5(ifc)) 

Jtk-i 
ftk + 1 

- / / 2 (s,0)ds(g(i fe ) - 

Jt k 

ftk ftk + 1 ftk + 1 

= / l 2 (s,0)ds / / I 2 (s,z)dsf(z)dz 

Jtk- 1 Jtk J Z 

ftk + 1 ftk fZ 

+ / 7 2 (s,0)g!s / / I 2 (s,z)dsf(z)dz. 

Jtk Jtk- 1 Jtk- 1 

So, using the last formula and the identities (3.6) and (3.7) we obtain the following 
relation between y(£fc+i),l/(£fc) and y(tk-i): 

[ I 2 {s,0)ds{I(t k+ i,t k )y(t k +i) - y(t k )) 

Jtk-1 

ftk + 1 

- / l 2 (s,0)ds(y(t k ) - J -1 (£fc,i fc _i)i/(£ fc _i)) 

Ju 
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ptk r l k + 1 r l k + 1 

= / l 2 (s,0)ds / / I 2 (s,z)dsf(z)dz 

Jtk-1 Jtk J z 

ptk-\-l 

+ / l 2 (s,0)ds / I~ l {t k ,z) / I 2 (s, z)dsf(z)dz. 

Jtk Jtk-i Jtk-i 



Since I 2 (tk, 0) 7 ^ 0 it follows that 



L 



I 2 (tk,s)ds(I(t k +i,t k )y(tk+i) - y{tk )) 



«fc-i 

^fc+i 



/•tfc+i 

- / I 2 (s,t k )ds(y(t k ) - Z fc _! )y(Z fe _i)) 

Jt k 

= f I~ 2 (t k ,s)ds f r\t k ,z) f I 2 {s,z)dsf(z)dz 

Jt k - 1 

+ f I 2 (s,t k )ds f I ~ l {t k ,z) f I 2 (s, z)dsf(z)dz, 

Jtk Jtk- 1 Jtk-1 

l<k<N-l. 

From this it follows (3.2) for any /c, 1 < k < N - 1. The identity (3.2) in the case 
k = 1 follows from (3.5). Theorem 3.1.1 is proved. 

Let us note that the initial-value problem (3.2) is called the two-step exact 
difference scheme for the solution of the initial-value problem (3.1). 

Note that for b(t) we have a system of first-order nonlinear differential equa- 
tions of Riccati type (3.3). Therefore for the smooth a(t ) there exist smooth so- 
lutions of this system defined on the segment [0,T]. We will choose one of these 
smooth solutions b(t) = b r (t) + ibi(t), 0 < t < T. 

Now, we will consider the applications of this exact difference scheme. From 
(3.2) it is clear that for the approximate solutions of problem (3.1) it is necessary 
to approximate the expressions 

\ rtk+i ^ ptk 

/ I (^,^/c)ds, - I I (tfc, s)ds, I (tkj tk—i ), I(th+i , tfc) 

T Jt k T Jt k - 1 



and 



rtk+i ptk+i rtk pz 

/ J -1 (£ fc ,z) / I 2 (s,z)dsf(z)dz , / r l (t k ,z) / I 2 (s,z)dsf(z)dz. 

Jtk J Z Jtk— 1 Jtk — 1 

Let us remark that in constructing difference schemes it is important to know how 
to construct a right-hand side ip™ that satisfies 

1 ptk ptk+i ptk+i 

— [ I~ 2 (t k ,s)ds I~ l {t k ,z) / I 2 (s, z)dsf(z)dz (3.8) 

Jtk-i Jtk Jz 



+ 



ptk+1 ptk pz 

/ I 2 (s,t k -i)ds / I 2 (s,z)dsf(z)dz\- = o(r p+q ) 

Jtk Jtk-1 Jtk-1 
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and is sufficiently simple. The choice formula p p ^ q is not unique. Using Taylor’s 
formula, with respect to the function 



r 1 




I 2 {s, z)dsf(z) 



on the variable z, we obtain 



i ptk + 1 

~2 / / I 2 (s,z)dsf(z)dz 



p+q m 



m= 1 A=0 



=ee r A(ife+i)/ (A) (ifc+i) 



(-1 ) m T 



m—m — 1 



(m + 1)! 



+ o(r p+q ), (3.9) 



where 



0o(tk+i) = o, jSi (tfc+i) = -I{tk+l,tk), 02 (tk+l) = 0, 

/?m(ifc+i) = - £ 2> j d m - 2 - x \t k+ i)f3x(tk+i), 3 <m<p + q. ^ 3 ' 10 ^ 



Using Taylor’s formula, with respect to the function 

r\t k ,z) f I 2 (s, z)dsf(z) 

Jt k - 1 

on the variable z, we obtain 
1 f tk 



± ( k r\t k ,z) f I 2 (s, 

Jtk-l Jtk — 1 



z)dsf(z)dz 



(3.11) 



p+q m 



m= 1 A=0 



-EE a -a(4-i)/ (A) (^-i) 



j.m—1 



(m + 1)! 



+ o(r p+q ), 



where 



(0o(tk-l) = o, /?! (tfe-l) = I 1 {tk,tk-l),/32(tk-l) = 0, 



Pm{tk-i) = - £ 2 j « (m 2 X \tk-i)P\{tk-i), 3 <m<p + q. 



Moreover, for the construction of p% q we will use (3.9) and (3.11). But, first of all 
let us study the approximate formulas for the expressions 

\ rtk+i j rtk 

I~ 1 {t k ,t k -i),I(tk+i,tk),- I 2 {s,t k )ds,~ I~ 2 (t k ,s)ds, 

T Jtk T J tk-i 
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that will be needed for the construction of difference schemes of a high order of 
accuracy for the approximate solution of problem (3.1). First, let us consider the 
approximate formulas for the expression 



iW '" 

constructed by Pade’s rational functions. It is clear that 



b (s)ds _ -ib{t k )r 



+ i 



f tk -ift* 

/ e ‘fc- 1 

Jtk-i 



b{z)dz 



(b(t k ) - b(s))e i( - s ~ tk)b{tk) ds. 



Using Taylor’s formula, with respect to the function 

e -< / ‘*- 1 Kz)dz (b(t k ) - b{s))e i{s ~ tk)b(tk) 
on the variable s, we obtain 

e -< / **- 1 b{z)dz = e~ ibitk)T + *r(6(i fc ) - b(t k - i))e _<t(tfc)T 



m T n+i 
l 






+ E f A ) 

/z= 0 



(b(t k ) - b(t k - 1 ))(ib(t k )) x e~ ib(tk)T 



+c n (t k - 1 )(b(t k ) - bih-^e-^) + o(r m+2 ) 



= e~ ib ^ T +iT(b(t k )-b(t k - 1 ))e 



-ib(t k )r 



m— 1 



r n + 1 



+ E E (a) Cn-x{t k -i)m) - b{t k ^))(ib{tk)) X e- ib ^ T 



£ ( A ) b^-»\t k -,)(ib{tk)Ye- ib ^ T + o(r 

i»— n 'v / 



m+2\ 



/i=0 



m > 2 , 

-*/4 fc _ 1 »(*)<«* = c -i6(t*)r + j r (6( tfc ) - 6(i fe -i))e- ii,(tfc)T 






+ J-b'(t k - 1 )e- ib ^ T + o(T :i ), 

b ^ dz = e ~ib(tk)r + o(j 2^ 
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where 



( co(tk— 1 ) — 1 ) — ib(tk— 1)5 1 ) — 



l) 



m 



E \A 

A=0 \A 



x (m A) (f fc _i)cA(i/c-i),l < m. 



Further, using the last formulas and Pade fractions for the function e 2 (see Chap- 
ter 2), we can write 

r\tk,tk-l) — R[m.^ m -[m.] + i{iTb(tk)) (3.13) 

+iT(b(t k ) - 6(tfc-i))i?[m]_ 1)m _[m](iT6(tfc)) 
m — 1 n _|_i n / \ 

+ S ^ S ( ” ) Cn-x(tk-i){b(t k ) - b(t k -i)){ib(t k )) x 

n=l ^ A=0 ' ' 

m n+1 n / \ 

x f?[m^]_l m _ n _[m^n](lTh(tfc)) + jN, ^ K ) 

n= 1 ^ ^ A = 1 ' ' 

x S (») +o( , r m+2 )» 

fj=0 

m > 2 , 

ir 2 

I 1 {tk,tk- 1 ) = R a ,2-<7{irb(tk)) + iT(b(t k ) - b(t k -i)) + — b'{t k -i) 
+o(r 3 ),cr = 0,1,2, 

7 _1 (tfe, tfe_i) = R x ,i- x (iTb{t k )) + o(t 2 ), x = 0, 1. 

Second, let us consider the approximate formulas for the expression 

I(t k+ utk)=e i ^ +1 Ks)ds 

constructed using Pade’s rational functions. We have that 

e </4 fe+1 b(s)ds = e ib(t k )r + i f k+1 e i/> +1 b{z)dz ^ _ ^t k ))e i{s - tk)b{tk) ds. 

Jt k 

Using Taylor’s formula, we obtain 

e * S ** +1 b{s)ds = e ibitk)T + iT(b(t k+ 1 ) - b{t k ))e iTb{tk) 



+£ 



,(-l) n r n+ i 
* (n + 1)! 




Cn-\(tk+i)[{b{tk+i) ~ b(t k ))(ib(t k )) X e lb< ' tk)T 
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A— 1 



(i = 0 



+ E J b^(t k+1 )(ib(t k )r\e ib ^ T + c n (t k+1 )(b(t k+1 ) - b(t k ))e ib ^ T ) 



+o( T m+2 ) = e lb ^ T + iT{b{t k+1 ) - b(t k ))e lTb <**> 



7 E_ 1 ( — '\\ n T n +^ n fri\ 

+ E * ( n + i)! E (a) Cn-\(t k +i){b{t k+1 ) - b(t k )){ib{u c )) V b(tfc)T 
+ E Z ( n + i)i E(aJ c "- a( ^ +i) 

n - 1 V ' A=1 V 7 

X E (») b^(t k+1 )(ib(t k )r]e lb ^ T + 0(T m+2 ),m > 2, 

m=o '^ 7 

e l/ ‘* +1 6(s)ds - e ib (tk)r + i T (b(t k+ i) - 6(4))e" 6(tfc) - ^f/(i fc+1 )e <b(tfc)T + o(r 3 ), 



where 



JJ^ + 1 b(s)ds = e ib(t k )T + 0 ( r 2^ 



co{tk+i) = l,ci(ifc+i) = —ib(t k+ i),C2(t k+ i) = —a(t k+ i), 

c m+2 (t k + i) = - £ [ ™ 1 a (m-A ) (ifc+i)c\(tfc + i), 1 < m. 



A=0 



A 



Further, using the last formulas and Pade fractions for the function e 2 , we can 
write 

J(£ fc+ i,£ fc ) = i? [ m] )m _[m] + i(-ri6(tfe)) (3.14) 

+ir{b{t k+ 1) - ]{~iTb(t k )) 

™~} (I N jn r n+1 n / \ 

+ E 1 f + 1' ) I E ( a ) Cn-x(t k +i)(b(t k+1 ) - b(t k ))(ib(t k )) x 

n=l ^ ^ '* A=0 ' 7 

/_2\n r n+l / n \ _ 

+ E* ( n + lV E ( A ) C n -A(^ + l) 

71=1 V '' A=1 V 7 

x E (u) b (A_M) (ifc+l)(*K^)) M ^[21^],m-n-[^](-* r K^)) + o(r m+2 ), 

/x=0 ^ 7 

m > 2 , 

ir 2 

I(t k+ i,t k ) = R a)2 -a{-Tib(t k )) + ir(b{t k+ i) - b(t k )) - — &'(ifc+i) + o(r 3 ), 

or = 0, 1,2, 

/(i fc+ i,f fc ) = R Xt i-x(-Tib(t k )) + o(r 2 ),x = 0, 1. 
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In the sequel we denote that if n < 0 (m < 0), then 

~ -^0 ,m+n(^)(-^n,m(^) = ^m+n,o(^)))^ TU ^ 0. 

Third, let us consider approximate formulas for the expression 

l ptk+l 

lt k 

Using Taylor’s formula, we can write 

l ptk+l 

' tk n = 0 

r2/ 



i rt k +i 

rL ^ 



tk)ds. 



rU c+i m 

/ I 2 (s,t k )ds = 

J t k n 

where d n (s) = D n (s)I 2 (s,t k ), 



( n + 1)! 



d n (t k ) + o(T m+1 ), 



(3.15) 



D n (s) = 0,n < 0, 

D 0 (s) = 1, D n+ i(s) = D’ n (s) + 2ib(s)D n (s),0< n. 



Fourth, let us consider approximate formulas for the expression 



1 

r 



rtk 

Jtk-l 



I z {t k ,s)ds. 



Using Taylor’s formula, we can write 



1 

r 



r^k 

Jt k -i 



(-i r 



1 2 (t k , S )ds-Y^ (n+1)! 

n = 0 v ' 



d„{t k ) + o(r m+1 ), 



(3.16) 



where d n (s) = D n (s)I~ 2 (s,t k ). Note that d n (t k ) = d n (t k ) for any n. 

Now, using formulas (3.9), (3.10), (3.11), (3.12), (3.13), (3.14), (3.15), (3.16) 
and neglecting the last small terms o(r p+q ), tp^ 9 can be defined by the formula 






P+q — 3 m / 

EEI 

m = 1 A=0 x 



f w (t k+ 1) 



(m + 1)! 



p+q—m — 3 



(-1 )v 

n (« + l)! 

n = 0 






p+g-3 m ✓ x 1 

m=l A=0 x / v ' 

t-l ')P+‘3 r P+<?-3 

X q _ m _ 1 ^|^P+g-m-2(tfc)B^ l + L 9 A ’ (ife+i) 
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p+q— 3 m 

+ E E 

m = 1 A=0 
(_X)P+9-1 t P+9-2 

{p + q- m)\ 

p+q — 3 m 

+ E E 

m=l A=0 
(_1)p+9 t p+9-i 

+ ^ - m + 1)! 

p+g-2 







fc+i ) 



A; J ^^(m + l)! 

l 







+ £ 



(p + q- 2 



A;-' ^^(m + l)! 

d p+9 _ m (^)^ + _T m ’ 0 (ifc + i) 

2 p+g-3 



^ V A 

— n x 



A=0 




(_1)P+9-2 t ; 

(P + 9-1)! 



E 

n — 0 



(_l)n T r 



>71,2 — 71 

(n + l)r Ttv ‘" c '^ ,+ * 



P+9-1 

E 

A=0 



+ E (, +r i 



dn(ifc)BX _ -2-A(**+l) 

(_1)p+9-i t p+9-2 

(p + q) ] - 




y (-l) n r n 

71=0 



X £ ( n + 1)1 rf "(^)- B p+ g -l-A(^+l) 



P+9 

E 

A=0 



+ + <7 

V A 




fc+l) 



(_l)P+9 r P+9- 1 



"(p + g + l)! 



p+9—3 tti 

+ E E 

771=1 A=0 
p+q— tti— 3 n 




-i) 



-771—1 



(m + 1)! 



E 



71=0 
p+q— 3 tti 



(n + 1)! 






+ E E(T)/ W fe-.) 1 



771=1 A = 0 
t P+9-3 

(p + q-m- 1)! 

p+q— 3 tti 

+ E E 

771=1 A=0 

q-p+q— 2 



A ) J K " K ~ 1J (m + 1)! 
d p+9 _ m _ 2 (^)5^ A - m - 2 ’ 2 (^_ 1 ) 
1 




' m 
A 



fe-i 



(p + q- m)\ 



(m + 1)! 

d p+q - m -+ k )B^- m -^(t k ^) 
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p+q — 3 m 

+ E E 

m = 1 A=0 



(m + 1)! 



X (p + g _ TO + m ’°(*fc-l) 



p+g-2 

+ E 



P + 9-2 
A 



(p + q- 1)! 






P+9-1 

+ E 



p + q - 1 
A 



t P+9~2 

1 ( P + 9)! 






+E ( ! T) 



5 0 nj '(« fc+1 ) = O.B^'fo+i) = S 2 nJ Wi) = 0, 

TYl — 2 ( ny) 9 \ 

s m+fc+i) = - E ( A j a (m - 2 - A) (t fc+ i)5"’ J (i fc+ i), 3 < m <p + g, 

Ik+i,k = -^fc+i.fc = T ib(tk)), x = 0, 1, 

tfc+l,fc = Rcr,2-a(-rib(t k )) + iT(b(t k+ 1) - 6(t fe )) - 

cr = 0,1,2, 

^fc+l>fc = ^q-[i^],p-m-n+[2iia]( _T ^(^)) + * T (^(^fc+l) _ &(*k)) 

X -^q-l-[21±i],p-l-m-n+[21±21]( _ " r ^(^)) 



p+g— ra— n— 2 

+ E 

€=i 






« + l)! SW c «- A(tfc+l) 



X^fc+l) ^(^k))(^(^fc)) A -R g -i-[" 1 +"+4] ;P _i_ m _ n _g + [»"+"+<](~'?'^(^k)) 



+ § * (€ + i)l S W Cf_i<l ‘ +,) 
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A— 1 



T. (^I^j R q _l_[ rn + n + ^ ] p _ m _ n _^ r n + n + ^ (-Tib(tk)), 

j > 3, 



fi — 0 



and 



[ B+(t k ^) = 0 ,B+(t k ^) = J^_ v B+(t k ^) = 0, 

_ m—2 ( m _ o\ _ 

B% j (t k - 1) = -£ ( ^ j a( m_2_A )(^_i)S" J (i fc _i), 3 <m<p + q, 



J k f - 1 = 1, = i?x,i-x(T*6(< fc )), x = 0, 1, 



Jk’k-l = Ra,2-a(Tib(t k )) + ir(b{t k ) ~ b{t k - 1)) + i 



.T 2 b'(t k - 1) 



,a = 0,1,2, 



J ki -1 = Rq-^lp-m-n+^fiTbitk)) + *r(6(tfc) - ft(tfc-l)) 

p+q—m—n—2 ^ +1 £ 






*(b(tk) — b(tk—l))(ib(tk))^R q _i_[m±n±£^p_i_ m _ n ^ I [ m +^+£ ] {i T b(tk)) 



p+q-m-n - 1 £ +1 £ 






A— 1 



-[ m+ 2 n + ? ].P- m -«-g+[ ’" + 2 n + 4 ]^ r6 ( ffc )), J ~ 3 ' 



/i— 0 

Applying the identity d n (tk) = d n (tk) for any n, we can write 
p+q—3 m 



vr = E E 



p+q-m-3 „ +m _! 

^ , i M dn(tk) 



A / (m + l)! (n + 1)! 

m=l A=0 x 7 ' ' n=0 v ’ 



(3.17) 



x((_i)m + n j gn,P+ 9 -m-n (tfc+i ) / ( A ) ( ife+i ) + 



p+q—3 m 

+ E E 



1 



rP+q-3 



Ay (m + 1)! (p + q - m - 1)! 



p+q—m- 



-2 (tk) 



m=l A=0 

x((-l)^B^_T m “ 2 ’ 2 (^ + i)/ (A) (i/c + i) + B^r~ 2 ’ 2 (tk-i)f w (t k -i)) 



p+q—3 m 

+ E E 

m = 1 A=0 



1 



r P+9-2 



Ay (m + 1)! (p + q — m)! 



'P+g — m 



-i(tk) 
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fm\ 1 TP+?- 1 



771- 

p+g — 3 m 

+ £ £ 



i dp+q—m (t k ) 



m=1 £^V A 7 (m + l)!(p + qf-m + l)! 

x((-l)P + 9S^ + _ 9 A “ m ’ 0 (4+i)/ (A) (^ + i) + C + _T m '°(i fc -i)/ (A) (i fe -i)) 



P+9-2 

+ £ 

A=0 



X 2 ^ r p+<?-3+n 



/p + g-2\ 1 

V A / (p + q-l)\ (n + l)! 



dnitk) 



-p+q- 

V A J {p + qV- ^ (« + !)! 



+ £>T l )^E£^> 



A=0 






-£( p r) 



rP+9-l 



A=0 



V A J (p + q + 1)! 



do{tk) 



x((-iy + w° p ° q _ x (t k+l )fW(t k+1 ) + B p ° + V,(t fc -i)/ (A) fe-i)). 

Now, using formulas (3.13), (3.14), (3.15) and (3.16), we can write 

1 (\ f tk+1 




r z V r 



-! /p+q - 2 

= ?(£ 

\ m=0 



tk 



I 2 (s,t k )dsl 1 {t k ,t k -i) - 1^ (3.18) 



dm(^fc)[^?q— [?r],p+l — m+[^] (il"6(tfe) 



(m + 1)! 

+ir{b(t k ) - 6(tfc_i))f? 9 _i_[m] iP _ m+ [m](ir6(tfc)) 



p+q-m-i ^_ n+1 



+• £ 



X] (a) ^-^fc-i)^) - 5(^-i))(*5(ifc)) ; 

a=o ' z 



^ (n + 1)! ^ 

n=l v ' A=0 

\ A ^ ( Tl\ 

x^q_i_[^],p_ m _ n+[ Hiii](«r6(t/ c )) + i X, ( n+ X (^aJ ^ n -\{h- 1) 



p+£- m ^_„ +1 



A— 1 



fi=0 

n-P+q- 1 



£ 6( A -^(t fe _ 1 )(i6(t fc ))^ g _ ( ™^ ]p _ m _ r 



,(ir6(t fc ))] 



+ 7— — q^+?-i(ffc)[#a,2-a(™6(f fc )) +iT(b(t k ) - b(t k -i)) + i 1 —# {t k - X )\ 



(p + g)! 



rP+Q 



+ 



(P + 9 + 1)! 



dp-\-q(t k ^) Rx,i— xiTibitky 4 “ 



T p+q+l 



(p + q + 2)! 

a = 0, l,2,x = 0, 1; 



dp+ q +i(t k ) — 1) + o(r p+<? ), 
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[ tk r 2 (t k ,s)dsl(t k+1 ,t k )- 1) (3.19) 

r ^ Jtk-1 



p+q-2 



1 r 1 y 

-?<E 



(— l) m r” 



m = 0 



(m + 1)! 



■d m (t k )[R q -[m. ],p-m+[f ]+i(-Ti 6 (tfc)) + iT(b(t k+ i) - b(tk)) 



+ 



p+g-m-1 ^_^ nr „ + i n ~ 

xR q -l- mp -rn+m{-iTb{t k ))+ » ( n + lV SZ( A ) C »-Afa+ 1) 

n=l V + A=0 V 7 

x( 6 (tfc+i) _ ^(ifc))(^(ifc)) A ^ 9 _i_[Hi±L>] i p_ m _„ + [2ii±2.](-^(i/c)) 

+ E 4 (n + 1)! 

77=1 v 7 A=1 7 

m=o 

(_1 \p+g-l r p+g-l r 2 

' , , Vj rfp+q-l(4)[^a,2-a(-TiK^))+M^+l)-K^))-^ & (*fc+l)] 

(P + #)! ^ 

(_l)P+3 r P+9 

H t ; ; ~ ~ d'p+qtyk) R>< ,i— >c{ 



+ 



(p + q + 1 )! 

(_l)P+9+l r P+<7+ 1 



-d p+q+1 (^)-l)+ 0 (T P+9 ), 



{p + q + 2)! 

a = 0, 1, 2, x = 0, 1; 

i i /*^fe 1 rtk+i 

— 2 (2 / r 2 (tk,s)ds-- I 2 (s,tk)ds ) 

^ T A*-! T Jt k 



(3.20) 



1 p+q+1 / i\m T m p+9+1 n 

P (2_ E (m + i)!^" E (^fl)! dm(tfc)) 

771 = 0 V 7 m— H 



777=0 



P+9+1 777 — 2 

= E 7^H)!‘ i ” <,,i)(( “ ir+1 " 1) + <><r ' +,); 

777=1 ' 7 

/-Hr.Oj^O)- [ / 2 (s,0)ds+-(/- 1 (r,0)-l) 
t 7o r 

/p+9-4 

= <w( E 5s+Tji*-<°> 



(3.21) 



\ 777=0 



i?,_i_ [?] ,p_ m+ [ ¥] (ir 6 (r)) +*r( 6 (r) - 6 ( 0 )) 



xi? g _ 2 -[m] iP _i_ m+ [m](ir 6 (r)) +i ^ 



p+q-m - 3 ^ n+1 



! ( n + 1 ) ! fr 0 ^ A 
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x (6(r) &(0))(i6(r)) A i? g _ 2 _jr^j^_ 1 _ m _ n+ jm±n](ir6(r)) 

p+q-m-2 , 1 n , x 

“ 5 ifcnSffl*-" 



/Li = 0 

r p+q - 3 

+ ^°)(p + 9 _2)!^- 3(0) 

r P+9-2 



Ra,2-a(rib(T)) + rr(6(r) - 6(0)) + i— b'(0) 

z 



+* 6 (°)7TTT — 7M d P+9- 2 ( 0 )' R ^ 1 -^(' r ^( r )) + ^(0)? I , „m ^p+<?-i(0) 



(P + 9 - 1)! 
1 



(p + 9)! 



+ -(-R 9 ,p(*t6(t)) +*r(6(r) - 6(0))i? 9 _i iP _i(ir6(r)) 

P+9- 2 n _j_i n /x 

+i £ 7^T7\i£ (”) 2 ’n-A(°)(6(r)-6( 0 ))(i6(r)) A i? (? _ i _[ t ] i p_i_„ + [ ? ](ir6(r)) 
n = 1 V '* A=0 ' ' 

P+q — 1 n j_i n /\ 

* S 

x £ (f) b^mib(r)rR q _ i_[ t ], p _„ +[t] (ir6(r)) - 1) + o(r^), 

p=0 

<r = 0, 1, 2, x = 0, l,p + q > 3, 

0)t6(0)I [ I 2 (s,0)ds + -(r 1 (T,0)-l) 

T JO T 

- ib(0)do(0)R Xtl _ x (Tib(T)) + i6(0)^di(0) 

+ + ir(6(r) - 6(0)) + iy6'(0) - 1) + o(r 2 ),p + g = 2; 

J-^r, 0)*6(0)i [ l 2 (s,0)ds +-(r 1 {r, 0) - 1) 

T J0 T 

= ib(0)do(0) + ~(R q p (iTb(T)) - 1) + o(r),p + q - 1; 

T 

7 _1 (r,0)l f l 2 (s,0)ds (3.22) 

T Jo 

P +q- 4 j.m 

= £ (m + i V d ™(0)[R q -l-lflp-mMf}( iTb ( T )) 

m = 0 ' ' 
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+ir(6(r) - b(0))R q ^ 2 -[f}, P -i-m+{f\{irb(T)) 



p+q-m - 3 ^_ n+1 



+i E a 

n = 1 V A=0 X 7 



x(ib(r)) x R 2 r m + n 



. 9 _ 2 _[ 2 n±n] >p _i_ m _ n+[ m± E ] 



p+q—m—2 ^ n+1 



{' irb{T )) 



+! 5 

x E(u) ^mb{r)TR g _ 1 _ [ s±n ] , P _ 1 _ m _ „ + [ a±a ] (ir6(r))] 

p=0 ^ 7 

r P+9-3 r 2 

+ ( p + g _ " 2j T rf p+9- 3 ( 0 )[^- 2 -^( ri6 ( r )) + iT ( b ( T ) ~ 6 (°)) + 6 '(°)] 

p+q-2 r P+<?-l 

“b _l_ q _ 1)! (0)i? x ,i_ >f (ri6(r)) + + °( rP+9 )> 

a = 0, l,2,x = 0, l,p + q > 3, 

7 _1 (r,0)- [ I 2 (s,0)ds = d 0 (0)R >eA - >c (-Tib(T)) + 1 -d 1 (0) + o{T 2 ),p + q = 2, 

T Jo ^ 

/ _1 (r, 0)- [ l 2 (s,0)ds = 1 + o(r),p + g = 1; 

r io 

1 I 2 {s, z)dsf(z)dz (3.23 



P+g— 1 771 



-T</-± 771 / x / 

e e : 

771=1 A = 0 V 7 V 



+ o(r p+? ),p + g > 2, 



•®o°( T ) = 0 ,£?°(t) - -l,B 2 00 (r) = 0, 

J 771 — 2 ( jyi 9 \ 

Bl°(r) = - E ( A J a (m_2 _ A) (t) 7?°° (r ) , 3< m < p + q; 

- / 7 _1 (t, z) / 7 2 (s,z)ds/(z)dz = 0 + o(t),p + g = 1. 

r 70 7 2 

Now, neglecting the last terms in formulas (3.18), (3.19), (3.20), (3.21), (3.22), 
(3.23) and using formula (3.17), we obtain the difference schemes 



;(Uk + 1 — 2 Uk + Uk-l) + CLl,kUk-l + &2,kUk + «3,fc^fc+l 
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= Vk ,1 < k < N - l,i/o = 2/o, 



(3.24) 



-(ui - u 0 ) = ao,oyo + ao,ij/'(0) + <Po q , 



where 



,k 



Y P+V- 2 r m 



t 2 ^ ^ (m + 1)! 

ra =0 v 7 



^ra(4)[-Rg— ],p+l— m+[^] (2 t6(4)) 



+zt(&(4) 6(4— i mj (irb(tk)) 



p+q-rn - 1 ^ n+1 _n_ 



+• E 



^ , im S (a) c„-A(ifc-i)(6(*fc) - K*fc-i))(**(*fe)) A 

.1=1 ' '* A=0 ' ' 

p+g-m n+1 n / \ 

X^ g _l_[a±2] ; p_ m _„ +[ s±ii](*T6(f fe )) + z ^ / + X] (a) Cn ~ x ( tk ~ i) 

n=l ' 7 A=1 ' 7 



A — 1 
X 

H=0 

T p+q - i 






+ (p + rf P+g-i fa)[-Rc7,2-a(r^(t fc )) + ir(6(4) - 6(4- 1 )) + iy6'(4-i)] 



r p+g 



+ 



(p + g + 1)! 



dp+q(tk')R*c,l — x('Pib(tk')') d" 



p+<7+l 



(p + g + 2)! 

a = 0,l,2,x = 0,1; 



^p+g+l(4) 1)? 



I P 1^ 2 

a3 ’ fc = (m + 1)! ^ m ^ fc )^-[?],p-m+[^]+i( — r ^6(4)) 

ra=0 ' 7 

+ir(6(4+i) — 6(4))-Rg— i— [^],p— ] ( — ^6(4)) 

p+g-m-1 , 1 v n n+ i n / X 

+ E -^VE 

n=l v 7 A=0 ' 7 

x (^(^fc+l) - ^fe))(*^fc)) A ^q-l-[22±2.],p- m -„+[I2±"]( — i-Tbitk)) 
P+JZ m .(_l)n r n+l^^ 



+ E 

n=l v 7 A=1 N 7 



+ 



x E 0 

p=0 

('_X’)P+9- 1 T p+9_1 T 2 

^ + dp+ g -i(4)[i2<7,2- < 7(-ri6(ifc))+iT(6(i fc+ i)-6(i fe ))-iy6 , (tfe + i)] 
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(_i )p+q T p+q (_np+g+i r p+g+i 

H""7 ; , i\i dp+ q (tk)Rx,i— x{~ Tib(tk)) H (^ \ „ \ om ^p+<?+i(^fc) — 



(p + q + 1)! 



{p + q + 2)! 
a = 0, 1, 2, x = 0,1; 



P+9+ 1 r m-2 



° 2 ’ fc ^ (m + l)! 



<Wi fe )((-i) m+1 - 1); 



P+g-4 



a o,o — ^( 0 )( ^ 2 \|^m( 0 )[i? g _i_[m] 5 p_ m 4 .[^](ir 6 (r)) 

m=0 x ' 

+ir( 6 (r) - 6 ( 0 ))i? g _ 2 -[^],p-i-m+[f l^&Cr)) 
p+g-m-3 , x n / \ 

“ 5 ctSO--" 

x(6(r) - 6(0))(j6(r)) A i? ? _ 2 _[mj^] p _ 1 _ m _ n+ [2i±nj(ir6(r)) 
p+g-m-2 n+1 n / x 

+i E <+*E ">-(») 

n=l v ' A=1 V 7 



; E(i) b^mmTR^ 



[2i±i],p-l -m-n 



+ [m± It ](iT6(r))] 



+i 6 ( 0 ) 



p=0 

r P+q-3 



zr 



+i 6 ( 0 ) 



(p + 9~2)! 

r P+g-2 



(p + 9 - !) ! 



(/p + q_ 3 ( 0 )[i? CT , 2 -a(Ti 6 (T)) + ir( 6 (r) - 6 ( 0 )) + — 6 '( 0 )] 

T P+q - 1 

dp+q- 2 ( 0 )i? x ,i_ x (ri 6 (r)) + ifr( 0 ) , „ M ++g-i( 0 ) 



(p + g)! 



+—(Rq tP (iTb(T)) + ir( 6 (r) - 6(0))fi g _i,p_i(tr6(r)) 

T 

P+9 -2 n+1 n / \ 

+i £ / , T\| Z! ( A ) Cn-A(0)(^) - ^(0))(^( r )) A 
„ =1 \ n + i P A=0 \ / 

P+<?~1 n+1 n / \ 

xi? 9 -i- [f ],p-i-„ + [f](*r 6 (r))+ 52 ^++ 1 * 

J2 fi) b(A_M) ( 0 )(j&(T)) Al ^g-l-[f],p-n+[f]M('r)) - 1 ), 

fi=0 W 



cr = 0, l,2,x = 0, l,p + g > 3; 



a 0 , 0 = i 6 ( 0 )d o ( 0 )-R^,i-x(Ti 6 (r)) + i 6 ( 0 )-di( 0 ) 
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+l(i?q )P (ir6(r)) + »t(6(t) - 6(0)) + *y 6'(0) - l),p + g = 2; 
0 - 0,0 = ib(Q)do(0) + l(i? 9 , p (ir6(r)) - l),p + q = 1; 

T 



P+q - 4 



°0.1= E 



^ (m + 1)! 



rfm(0)[i? g _i_[m] )P _ m+[ m](iT6(r)) +ir(6(r) - 6(0)) 



ra=0 



X-Rg— 2— [^],p— l_m+[ 



p+g-rn-3 ^„ +1 



f] (ir6(r))+* £ 

n = 1 v ' A=0 ' ' 

x (6(r) - 6(0))(i6(r)) A J R^_ 2 _ [2!1 ±n ]iP _ 1 _ m _ n+ [™±2.](*T6(r)) 



p+^_m_2 ^ n+1 



« E 



e; 3-‘»» 



« (n+l)!^V^ 



+ 



\ 1=0 

T p+q - 3 2T - 

(p + q _ 2 ) i ^p+g-3 (0) [R<r, 2 -<t (T ib(r) ) + ir(6(r) - 6(0)) + — 6'(0)] 



r P+9-2 



T p+q - 1 



+ 



(p + q _ ^[^+9-2(0)^,!— M>(r)) + ^-^-^jd p+9 _i(0), 
cr = 0, 1, 2, x = 0, l,p + q > 3; 
ao,i = do(0)R Xt i- x (Tib(T)) + ^di(0),p + g = 2; 
fflo.i = l,p + g = 1; 



0,p + g = 1, 

^ = (XX (r) +«. 



Thus, we constructed the difference schemes of (p + g)-order of accuracy for the 
approximate solution of the initial- value problem (3.1). Finally, let us give some 
examples of the simplest difference schemes. 

In the case p + q = 1 from formulas (3.17), (3.18), (3.19), (3.20), (3.21), 
(3.22), (3.23) and (3.24) it follows that 

^2 (^fc+i — 2 Uk + Uk-i) + ( — ^ + ir 1 (b(tk) — b(tk~ i)) + i-b'(tk- 1) 



+ 31 i&b'itk) - 4a(t k ))u k -i 
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+(-2ib'(t k ) + ^ a(t k ))u k + + ir 1 (b(t k +i) - b(t k )) 

(6ib'(t k ) - Aa(t k ))uk+i = ~(f(t k+ 1 ) + f(t k - 1 )), 

1 < k < N - 1, uq — t/o, 

-(ui - u 0 ) = i{b( 0) - b(r))y( 0) + j/'(0) 
r 

(a difference scheme of first order of accuracy for an initial- value problem (3.1) 
generated by the first order of accuracy explicit difference scheme). 

In the case p + q = 2 from formulas (3.17), (3.18), (3.19), (3.20), (3.21), 
(3.22), (3.23) and (3.24) it follows that 

\ (Ufc+i - 2 u k + U k - 1) + - i Tb ^ + i-{b{t k ) - b{t k - 1)) 

t z z o r 

+^b(t k - 1 )(b(t k ) - b{t k - 1)) - l(6(t fc ) - b(tk-i))b(tk) + i^b'(t k - i)(l - irb(t k )) 

+-^b(t k -i)b' (t k -i)+i—(b" (t k -i)+2b' (t k -i)ib(t k ))+ib(t k )( ^ ^- +—b'(t k - 1 )) 

+1(2 ib'{t k ) - ib 2 (t k ))(l - irb(t k )) + ^r(2 ib"(t k ) - I2ib(t k )b' (t k ) - 8ib 3 (t k ))))u k -i 

+(— 2ib'(t k ) + -a(t k ))u k + ( — + i — 1-^ + — (b(t k +i) — b(t k )) 

~b(t k+ i)(b(t k+1 ) - b(t k )) + ^(b(t k+ 1) - b(t k ))b(t k ) - i^b'(t k+1 )(l + irb(t k )) 

+ -^b(t k +i)b' (t k+ i)+i-^(b" (t k+ i)+2b' (t k+ i)ib(t k ))—ib(t k )( f ^- — —b'(t k+ 1)) 

+\(2ib\t k )-Ab 2 (t k ))(l + iTb(t k )) - y (2 ib"(t k ) - 12ib(t k )b' (t k ) - 8ib 3 (t k ))))u k+1 
O 4! 

= ^(/(*k+i) + f(tk- 1 )) + ^iTb(t k )f(t k+ 1 ) - l*r6(tfc)/(t fc _i) 

+ '^(-f'(t k +i) + f(t k -i)),l < k < N - l,u 0 = yo, 

-(tii - wo) = (rb(0)(b(r) - 6(0)) 4- ^(ib'(0) - b 2 (r)))y 0 

T Z 

+(1 + ir(b(0) - b{r)))y f ( 0) + ^/(r) 

(a difference scheme of second order of accuracy for an initial- value problem (3.1) 
generated by the second order of accuracy explicit difference scheme). 
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Now, we consider the boundary- value problem of the form 

-y"(t) + a(t)y(t) = f(t), 0 < t < T,y( 0) = y 0 ,y(T) = y T (3.25) 

assuming a(t) and f(t) to be such that problem (3.25) has a unique smooth solution 
defined on [0,T]. But for existence of a unique solution of the boundary- value 
problem (3.25) we need some estimate from below of a(t). 

For the construction of difference schemes we consider again the uniform grid 
space 

[0,T] r = {t k = kr,k = 0, 1, . . . ,N,Nr = T}. 

The construction of the two-step difference schemes of an arbitrary high order of 
accuracy for the approximate solutions of the boundary-value problem (3.25) is 
based on the following theorem. 

Theorem 3.1.2. Let y{tk) be a solution of problem (3.25) at the grid points t = tk- 
Then {y(tk)}o i s the solution of the boundary-value problem for the second-order 
difference equations 

1 11 f tk+1 

— 2 (3/(*fc+i) — 22/(tfc)+y(*fc-i))H — o [(1 / J 2 (t k +i,s)dsJ(t k ,t k - 1 ))y(t k - 1 ) 

7 7 7 Jt k 

l rtk i rtk+i 

+(-2 + - J 2 (t k ,s)dsJ 2 (t k+1 ,t k ) + - / J 2 {t k+1 ,s)ds)y(t k ) 

7 Jt k . i 7 Jt k 

1 f tk 

T(1 ~ I J {tk i s)dsJ(th+i , tk))y{tk-\~i )] 

r Jt k - 1 

^ rtk rtk+i rtk+i 

= — 3 [ / J 2 {t k ,s)dsJ(t k+1 ,t k ) { J(t k+ i,s)J(z,s)ds}f(z)dz (3.26) 

T Jt k - 1 Jt k Jz 

ptk + 1 ftk fZ 

+ J 2 (t k+ i,s)ds { J(t k ,s)J(z,s)ds}f{z)dz\, 

Jtk Jtk- 1 Jtk- 1 



1 < k < N - 1, y(0) = yo,y(T) = y T . 

Here 

J(t,s) = e-l> WdX , 
where b(t) is a solution of the equation 

b 2 (t) - b'{t ) = a(t), (3.27) 



and the following estimate holds: 



b(t) > b 0 > 0, 0 < t < T. 



(3.28) 
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Proof. Using relation (3.27), we can obviously write the equivalent boundary- value 
problem for a system of first-order linear differential equations 

' V (t) + b(t)y(t) = v(t),y( 0) =y 0 ,y(T) = y T , 

< 

-v'(t) + b(t)v(t) = f(t). 

Integrating these, we at once obtain 

y(t) = e~Jo b ^ dx y 0 + f* e~fs b ( x ^ dx v(s)ds, 

< 

^v(t) = e~ ft b ( x ) dX v (T) + b ^ dX f(z)dz. 

That is, 

( y(t) = J(t, 0)2/0 + /o J (t, s)v(s)ds, 




J(z,t)f(z)dz 
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y(t) = J(t, 0)yo + J* J(t , s)[J(T, a) ^ J 2 (T, r)dr j [y(T) - J(T, 0)y o 

-J (j J{T,t)J{z,t)<It\ f(z)dz} + J(z, s)f(z)dz]ds. 



By an interchange of the order of integration, we obtain 

y(t) = ( f T J 2 (T,8)d8)~ 1 [{ f T J 2 (T,s)dsJ(t,0)y o + f J(t, S )J(T,s)dsy(T)} 
Jo Jt Jo 

pt pT pz 

- J(t, s)J(T, s)ds x / {/ J 2 (z,s)ds}f(z)dz] 

Jo Jo Jo 

+ [ { [ J(t,s)J(z,s)ds}f(z)dz 

Jo Jo 

P T pt 

+ / {/ J(£, s) J(z, s)ds}f(z)dz = u(t) + w(t) + g(t), (3.29) 

Jt Jo 

where ^ ^ 

u ( t ) = (J o J 2 {T, s)ds)~ 1 ^ J 2 (T,s)dsJ(t,0)y o , 

w(t) = ( [ T J 2 (T,s)ds)- 1 f J(t,s)J{T,s)dsy(T), 

Jo Jo 

g(t) = -([ J 2 (T,s)ds)~ 1 [ J(t,s)J(T,s)ds 

Jo Jo 

p T pz 

x { J 2 (z,s)ds}f(z)dz 

Jo Jo 

pt pz pT pt 

+ { J(t,s)J(z,s)ds}f(z)dz + / {/ J(t,s)J(z,s)ds}f(z)dz. 

Jo Jo Jt Jo 

Putting t = tk+ i, t = tk and t = tk-i into the formula for u(t), we can write 

u(tk-i) = ([ J 2 (T,s)ds)~ 1 f J 2 (T, s)dsJ(tk~i,0)yo, 

Jo Jtk-i 

u {tk) = {[ J 2 (T,s)ds)~ 1 ( J 2 (T,s)dsJ(t k ,0)y 0 

Jo J tie 
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= (/ J 2 (T,s)ds)- 1 ([ J 2 (T,s)dsJ(t k ,0)- ^ J 2 (T,s)dsJ(t k ,0))y o 

JO Jtk-1 Jtfc- 1 

= J(t k ,t k -i)u(t k -i) - ( f J 2 (T,s)ds)~ 1 f J 2 (T, s)dsJ (t k , 0))yo 

Jo Jt k _i 

= J(tk,t k -i)u(t k -i) - ( [ J 2 (T,s)ds )~ 1 f J 2 (t k ,s)dsJ 2 (T,t k )J(t k ,0))yo, 
JO Jt k -l 

u(t k+1 ) = ([ J 2 (T,s)ds)~ 1 f J 2 (T,s)dsJ(t k+1 ,0)y o 

Jo Jtk + 1 

fT pT ptk+i 

= (/ J 2 (T,s)ds)- 1 ( J 2 (T,s)dsJ(t k+1 , 0)-/ J 2 (T,s)dsJ(* fe+1 ,0))i/o 

f T pt k+ 1 

= J{t k+ i,t k )u(t k )~ ( J 2 (T,s)ds)~ 1 J 2 (T,s)dsJ(t k+1 ,0))yo 

Jo Jt k 



'tk 

rtk+i 



f 1 ptk+i 

-( / J 2 (T,s)ds)~ 1 J 2 (t k+ i,s)dsJ 2 (T,t k+ i)J(t k+1 ,0))y o . 

Jo Jtk 

Hence, we obtain the following relation between u(tk+i), u(tk) and u(tk- 1 ): 

rtk+i 

( / J 2 (f fc+ i,s)ds) _1 (w(t fc+ i) - J(t k+ i,t k )u(t k )) 

Jt k 

= -([ J 2 (T,s)ds)- 1 J 2 (T,t k+1 )J(t k +i,0))yo, 

Jo 

( [ J 2 (t k , s)ds) ~ 1 (u(t k ) - J(t k , t k - 1 ) u{t k - 1 ) ) 

Jtk-i 

= -J(t k+1 ,t k )( f J 2 (T,s)ds)~ 1 J 2 (T,t k+1 )J(t k+ i,0))y 0 . 

Jo 



Therefore, 



p*k 

(/ J {thirds) (u(tk) ~ J(tk,tk—l)u(tk— l)) 

Jtk- 1 

Jtk. 



or 



/*£fc+i 

/ J 2 (t k ,s)dsJ(t k+1 ,t k )u(t k+1 ) -[ J 2 (t k+ i,s)d, 

Jtk-1 Jtk 
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+ 



rT'k 

/ J 2 (t k ,s)dsJ 2 (t k+1 ,t k )\u(t k ) 

Jtfc-i 

r l k+i 

/ J 2 (t k+1 ,s)dsJ(t k ,t k -i)u(t k - 1 ) = 0. (3.30) 

Jn 



+ 

rtk+i 



In a similar manner, using the definition of J(£, s) and the formula for w(t), we 
can obtain 



ptk rtk+i 

I J {tk ? s)dsJ(tk-\-i , tk)w{tk +-\ ) [ / J {tk+i , s)d. 

Jtk-i 



pik 

+ / J 2 (t fe ,s)dsJ 2 (i fc +i 

Jtk-1 

rtk+i 

+ J 2 (t k+ i,s)dsJ(t k ,t k -i)w(t k -i) = 0. (3.31) 

Jt k 

Now, putting t = tk+ 1 , t = tk and t = tk - i into the formula for #(£) and using the 
definition of J(t, s) we can obtain 

ptk+i 

j J {tk j ) [ j J {tk+h s)ds 

Jt k -1 Jtk 

ptk ptk + 1 

I J {tk, s)dsJ {tk-\-i,tk)]d{tk) I J {tk-\-i 5 s)dsJ{tfc , tk— i )g{tfc— i ) 

Jtk-1 Jtk 

ptk fT ptk + 1 

= -/ J 2 (t k ,s)dsJ(t k+ i,t k )(( J 2 (T,s)ds)~ 1 J(t k+ i,s)J{T,s)ds 

Jt k - 1 7o 7o 

z*^ Z*^ ptk + 1 ptk 

x { J 2 (z,s)ds}f(z)dz) + [ / J 2 (t k+1 ,s)ds+ J 2 (t k ,s)dsJ 2 (t k+ i,t k )] 

•'O jo *Afc Jtk - 1 

Z*T rtfc pT nz 

x( / J 2 (T,s)ds)~ 1 J(t k ,s)J(T,s)ds x / {/ J 2 (z, s)ds}/(z)ck 
Zo Zo ./o v/o 

Z*^fc+i /*T ptk-i 

/ J 2 (t k+ i,s)dsJ(t k ,t k -i)( J 2 (T,s)ds)~ 1 J(t k -i,s)J(T,s)ds 

Jtk Jo Jo 

pT pz pt k 

x / {/ J 2 (z,s)ds}f(z)dz + / J 2 (t k ,s)dsJ(t k+1 ,t k ) 

Jo Jo Jtk - 1 

ptk+i Z*z /*T ptk+i 

(/ {/ J{t k +i,s)J(z,s)ds}f(z)dz+ { J(t k +i,s)J(z,s)ds}f(z)dz) 

Jo Jo Jtk+i Jo 



ptk + 1 ptk 

7 J 2 (4+i,s)ds+ / J 2 (i fc , 

Jtk-1 



{t k ,s)dsJ 2 (t k+ i,t k )\ 
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x( [ {[ J{t k ,s)J(z,s)ds}f(z)dz+ f {[ J(t k ,s)J(z,s)ds}f{z)dz) 

Jo Jo Jt k Jo 

ptk+i ptk-i r z 

+ J 2 {t k+ i,s)dsJ(t k ,tk-i)( { J(tk-i,s)J(z, s)ds}f(z)dz 

Jtk Jo Jo 

+ [ {[ J(tk-i,s)J(z,s)ds}f{z)dz) 

Jtk—i Jo 

ptk rtk+i r z 

= J 2 (t k ,s)dsJ(t k+ i,tk){ { J{t k+ 1 ,s)J(z,s)ds}f(z)dz 

Jtk- 1 Jtk JO 

ptk + 1 ftk + 1 

- { J{t k+ 1 ,s)J(z,s)ds}f(z)dz) 

Jt k Jo 

ptk + 1 ptk 

-[ J 2 (t k+ 1 ,s)ds+ / J 2 (t k ,s)dsJ 2 (t k+ i,t k )] 

Jtk Jtk- 1 

ptk ptk pz 

+ J 2 (t k ,s)dsJ(t k+ 1 ,t k ){ { J(t k+ 1 ,s)J(z,s)ds}f(z)dz 

Jtk-i Jo Jo 



/t fc Jo 



- { J(t k+ i,s)J(z,s)ds}f(z)dz) 

Jt k Jo 

ptk rz pT ptk 

x( / {/ J(t k ,s)J(z,s)ds}f(z)dz+ { J(t k , s)J(z, s)ds}f(z)dz) 

Jo Jo Jtk Jo 

ptk + 1 ptk pz 

+ J 2 (t k+ 1 ,s)dsj(t k ,t k - 1 )( { J(t k -i,s)J(z, s)ds}f(z)dz 

Jtk Jo Jo 

nT rtk-i 

+ { J(t k -i,s)J(z,s)ds}f(z)dz) 

Jt k Jo 



ptk+ 1 p l k r z 

+ J 2 (t k+ i,s)dsJ(t k ,t k - 1)(- / {/ J(t k -!,s)J{z,s)ds}f(z)dz 

Jtk Jtk- 1 Jo 

+ / {[ J{t k - 1 ,s)J(z,s)ds}f(z)dz) 

Jtk- 1 Jo 

ptk ptk+ 1 rtk+i 

= -/ J 2 (t k ,s)dsJ(t k+ 1 ,t k )( { J(t k+ i,s)J{z,s)ds}f(z)dz 

Jt k - 1 Jtk Jz 

ptk + l ptk pZ 

- J 2 {t k+ 1 ,s)ds { J(t k ,s)J(z,s)ds}f(z)dz. 

Jtk Jtk- 1 Jtk- 1 
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So, using the last formula and the identities (3.30) and (3.31) we obtain the fol- 
lowing relation between y(tk+ i), y(pk) and y(tk- 1 ): 



rtk rtk+i 

I J ipk > s)dsJ(tk+i , tk'jyith+i ) [I J (^_|_i,s)d. 

Jtk-i Jtk 



+ 



r*k rtk + 1 

/ J 2 (t k ,s)dsJ 2 (t k +i,t k )}y{t k )+ J 2 (t k+1 ,s)dsJ(t k ,t k - 1 )y(t k -i) 

Jtk- 1 Jtk 

ftk ftk + 1 ftk + 1 

= -/ J 2 (t k ,s)dsJ(t k+1 ,t k ) { J(t k+ i,s)J(z,s)ds}f(z)dz 

Jt k - 1 Jt k Jz 

~[ J 2 (t k +i,s)ds ( {[ J(t k ,s)J(z,s)ds}f(z)dz. 

Jtk Jtk - 1 Jtk - 1 

From this it follows (3.26) for any fc, 1 < k < N - 1. Theorem 3.1.2 is proved. 

Let us note that the boundary-value problem (3.26) is called the two-step 
exact difference scheme for solution of the boundary- value problem (3.25). 

Note that for b(t) we have the Riccati differential equation (3.27). Therefore 
for the smooth a(t) there exists a smooth positive solution of this differential 
equation defined on the segment [0,T]. 

Now, we will consider the applications of this exact difference scheme. From 
(3.26) it is clear that for the approximate solutions of the problem (3.25) it is 
necessary to approximate the expressions 

■y rtk+i y rtk 

— I J {tk+i , s)ds, — / J (tk, s)ds, J(tkt tfc— i), J(tk -\-\ , t]P) 

T Jt k r Jt k - 1 



and 



r l k+ 1 rtk+i rtk pz 

/ {/ J(t k+ i,s)J(z,s)ds}f(z)dz, { J(t k ,s)J(z,s)ds}f(z)dz. 

Jtk Jz Jtk-1 Jtk - 1 

Let us remark that in constructing difference schemes it is important to know how 
to construct a right-hand side ^ q that satisfies 



y r l k ftk + 1 ptk+i 

— 3 [ / J 2 (tk,s)dsJ(t k+ i,t k ) { J(t k +i,s)J(z,s)ds}f(z)dz (3.32) 

T Jtk - 1 Jtk Jz 

+ f J 2 (t k+ i,s)ds f {[ J(t k ,s)J(z,s)ds}f(z)dz] - ip p k ' q - o(T p+q ) 

Jtk Jtk — 1 Jtk — 1 

and is sufficiently simple. The choice formula (f^ q is not unique. Using Taylor’s 
formula, with respect to the function 



r 



s)j(z, s)ds}f(z) 
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on the variable z, we obtain 

J ptk+l ptk+ 
' t k 

P+q m 



J ftk+i ftk+i 

~2 { J(t k +i,s)J(z,s)ds}f(z)dz 

Jtic Jz 



p-rq m , X 

zzOrK- x (t k+1 )f^(t k+1 ) 

m—1 A=0 ' 



(— l) m r 



m_ra — 1 



(m + 1)! 



+ o(T p+q ), (3.33) 



where 



( (3o(tk+ i) = 0, 0i(tk+i) = -l,^2(ifc+i) =0, 

TTl — 2 f TIT 2 l 

/M*fc+i) = E , )a( m - 2 -^(t k+ i)l3x(tk+i),3<m<p + q. 

A=0 V A / 



Using Taylor’s formula, with respect to the function 

f J(t k ,s)J{z,s)ds}f(z) 
Jt k -i 

on the variable z, we obtain 

rtk r z 



~2 [ {[ J{tk,s)J(z,s)ds}f(z)dz 

^ Jtk - 1 Jtk-\ 



(3.34) 



p+q m 

= EE 

m=l A=0 



Pm-x(tk-l)f W (t k - 1) 



r m— 1 



(m + 1)! 



+ o(rP+9), 



(3.35) 



where 



f^o(ife-i) = 0,/3i(t fe _i) -■ J(tk,tk-i),02(tk-i) — 0, 



] 0m(tk—l) 



/ m - 2 
A=o l A 



a (m 2 x) {t k -i)f3\{t k -i),3< m <p + q. 



(3.36) 



Moreover, for the construction of + k ’ q we will use (3.33) and (3.35). But, first of 
all let us study the approximate formulas for the expressions 

]_ rtk+i rtk 

J(tk,tk-i),J(t k +ut k ), ~ I J (tk+us)ds, — I J (tk,s)ds, 

T Jt k T Jt k . i 



that will be needed further for the construction of difference schemes of a high 
order of accuracy for the approximate solution of problem (3.25). 

Let us consider the approximate formulas for the expression 



J (j'k 5 tk— 1 ) 



_ r t k 
o Jtk — 1 



b(s)ds 
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constructed by Pade’s rational functions. It is clear that 

e -/4 fc -i b ^ ds = e -Ktk)r + f k g-A*.! b{z)dz (b(t k ) - b(s))e {a ~ th)b l tk) ds. 

Jt k - 1 

Using Taylor’s formula, we obtain 

e -JiLi b & dz = e -b(t k )T + T{ p^ tk) _ 6(^_ 1 )) e -i>(U)x 

771 71 / \ 

+ E ( n + (a) “ K*k-1 ))b x (t k )e~ b( ' tk ' ,T 

+ E(y) ^ ) (^-ir(ifc)e- b(tfc)r ] 

/i=0 



+c„(i fc _i)(6(ifc) - b(t k -i))e~ bl ' tk ^ T ) + o(r m + 2 ) 



771—1 



= e- fc(tfc)T 4- r(6(i fc ) - fc(ife- 1 ))c“ k(tfc)T + £ 



r 71+l 



A=0 
m _n+l 



x XI ( A ) - 6(4-i))^ A (^)e 



rj (« + i) ! 



A/7, V" 6 ( tfe ) r 



^71+1 74 A “ 1 /X\ 

+ E (n + 1 )! ( M J b(A_M) (ifc-i W{tk)e~ b{tk)T 

+o(T m+2 ), m> 2, 

b(2)d2 = e" 6 <‘*> T + r(6(t fc ) - 6(i fc _ 1 ))e- 6 ( t ^ T + T l b ' {t k ^)e~ b ^ + o(r 3 ), 

e -/^_ i 6(^ =e -6(t,)r +o(r 2 )) 



where 



{ Co(tfe-i) = l,Ci(tfc_i) = -b(t k -i),C2(t k -i) = a(tfc_i), 

771 / 

c m+2 (ife_i) = X) L ) a (m-A) (i fc -i)cA(ife_i),l< m. 

Further, using the last formulas and Pade fractions for the function e~ z , we 
can write 

e -7 **- 1 b(z)dZ = J R [f ], m - [f]+ 1 (r 6 (t fc )) ( 3 . 37 ) 

+T(b(t k ) - b(t k -i))R^_ l m _^(Tb(t k )) 

771—1 n _|_^ 71 

+ E E(a) _ b(t k -i))b x (t k ) 

71=1 ' '* A=0 ' ' 
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xR [^]-l, m -n-[^]( Tb ( t k)) + 52 ( n + 1 )| 52 (a) C «-A(*fc-l) 

n= 1 ^ ' A=1 ^ 

x 52 (u) + o(r m+2 ),m > 2 , 



b(2)d2 = i? 0 . i 2 -a('r 6 (tjt))+r( 6 (tfc)- 6 (t fc _i)) + y 6 '(tfc_i)+o(r 3 ),cr = 0 , 1 , 2 , 



Therefore 



e b(2)dz = Rx,i-x( T b(tk)) + °( r2 ), * = 0, 1. 

e /t fe b(2)d2 - i?[^] jm _[^j +1 (r6(t fc+ i)) 

+r(6(t fc+ i) - b(tk))R[m ](r6(t fc+ i)) 



(3.38) 



m— 1 



_n+l 



Cn-x{tk)(b{tk+ i) - 6(tfc))6 A (tfe + i) 
m n +i n ✓ \ 

Xi2 [ mji 1 _ lim _ n _ [ m ? l ] (T6(t fc+ l)) + / n+1 M 52 (a) Cn ~^ tk ) 

x 52 (fy ft(A- ^( t *K( t *+l) fi [^],m-n-[ 2 ^]( T6 (<*+l)) + o(r m+2 ),m > 2, 

g-/t fc +1 b ( 2 > d2 = i2 <T)2 _ 0 .(r6(t fc+ i))+r(6(t fc+1 )-f)(tfc)) + y6 , (t fc )+o(r 3 ),<r = 0,1,2, 

e ~/‘fc + b(z)d2 =i? x ,i_ x (r6(t fc+ i)) +o(t 2 ),x = 0,1. 

Moreover, we can obtain 

e - 2 /t fc 6 ( 2 ) d2 = i?[M] >m _[m] +1 (2r6(t fc+1 )) (3.39) 

+2r(6(t fc+ i) - 6(t fc ))ii [ m]_i ;Tn _[m](2r6(t fc+ i)) 



m— 1 



r n+l 



Cn-\(tk){b(tk+i) ~ b(t k ))2 x+1 b x (tk+i) 



xitV 



TT - } - 1 ^ 

] ( 2 r 6 (t fc+ i)) 4- 52 ( n + !)! 52 (aJ c "~ a ^ 

( 2 rh(t fe+1 )) 



] — l,m— n—[ 



A — 1 



_m+2 



+o(r m+2 ), ra > 2 , 
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e 2 /t fc K z )dz _ + 2r(b(tk+i) — b(tk)) + r 2 b'(tk) + o(t 3 ), 

cr = 0,1,2, 

e - 2 /t fc + b (z)dz = n^ ^^rbitk+i)) + o(t 2 ), x - 0, 1, 

where 

r c 0 (ffe) = l,ci(t k ) = -2b(tk),c 2 (t k ) = ia(t k ) + 2b'(tk), 

< m f m\ 

c m+ 2 (tk) = E L J (4a (m_A) (4) + 2b( m - x+1 \tk))c\(t k ), 1< m. 

Now, let us consider the approximate formulas for the expression 

l r t k + 1 

- / J 2 (t fc+ i,s)ds. 

r Jt k 

Using Taylor’s formula, we can write 

1 f tk+1 JX 

- / J 2 (ifc+ 1 , s)ds = V 7 -'. 4fa+i) + o(T m+1 ), (3.40) 

where d n (s) = D n (s)J 2 (t k+ i,s), 

(D n (s) = 0,n < 0, 

1 D 0 (s) = l,D n+1 (s) = D;(s) + 26(s)K„(s),0< n. 



Therefore 

1 /*** ™ (—‘\) n T n 

- J 2 (t k ,s)ds = ]T , 1V d n (t k ) +o(r m+1 ). (3.41) 

Now, using formulas (3.33), (3.34), (3.35), (3.36), (3.37), (3.38), (3.39) and 
(3.40) and neglecting the last small terms o(r p+9 ), can be defined by the 
following formula: 



p+q — 3 m 

-A(ifc+i) 



(-1)"V 



m=l A=0 

n-1 P+q-m - 3 



XI + 1)! dn ( tk ) J k+l,k 



(m + 1)! ^ (n + 

p+g— 3 m 



n,p+q— m— n 



+ XI X ( A ) / (A) (^+ 1 )^m-A(tfc+ 1 )/ , 



771=1 A=0 



(m + 1)! 

(_l)P+ gr P+ 9 -3 + ,_ m _ n _ 2 , 2 

' _ 1 V a P+ < 3 f_m_2 V LA: /^/c+l,A; 



(p + 9 - m - 1)! 



(3.42) 



X 
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p+q— 3 m 

+ E E(? 

771=1 A = 0 ' 
(_l)P+9-l r P+q-2 

(p + q - m)\ 



k+l'jPm—xitk+l) 



1 

(to + 1)! 



dp+q-m-l(tk)Jk+l r 



-771—1,1 



P+9~ 3 771 

+ EE(I 

771=1 A = 0 ' 
(_l)P+9 r P+<?-l 

(p + Q - to + 1)! 




-A^fc+l) 



1 



(to -I- 1)! 






-771,0 



i'P+q-m\ L k)Jk+l,k 



p+g-2 

+ E 

A=0 



(p + q- 2 

V A 




fe+l)/?p+q-2-A(ifc+l) 



(_l)P+ 9 -2 r P +q -3 2 ( _ 1} n T n 

'2-^ /- i iM dn{tk)J k 



(P + q- 1)! + 1 )! 



'/c+l,fc 



P+9-1 



+ E 



A=0 



(p + q - 1 




+9-l-A(^fc+l) 



(_ l ) P +,-. r >.+«-2 > (- l )» r ” 

CP + ®)! E („ + !), ''«(« W 



P+9 

+E 

A=0 



+ + <7 

V a 




k+l)Pp+q-\{tk+l) ^ y do(tk)J k ^ l k 



p+9—3 77i 

+ E E(I -) T 

771=1 A = 0 
p+q— m— 3 




771—1 



(to + 1)! 



x 



E 

77 = 0 






p+q— 3 m 

+ E Eu 

777=1 A=0 



, m ,. \ 1 (-1 )^- m -V+»-3 J „ , 

*- 1 >(TO+ 1)! (p + g-TO-1)! «P+9-r™-2(tfc+l) 



XB; 



Ip+q — 777 — 2,2 
777 — A 



(tk-i) 
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p-\-q — 3 m 

+ E £ 

m = 1 A=0 




f m 

A 



=-i)i 



(_l)P+9-" l - 1 r P+'7- 2 

(p + q- m)\ 

p+q — 3 m 



(m + 1 )! 



+ E E 



771=1 A=0 




r m 

A 



:-l) 



1 



(m + 1)! 



f_1 '\p+q-m_p+g-l „ , 



(p + q - m + 1)! 



p+q-2 



+ E 

fp + 

p+q 

+E 



A=0 

+ P gVp + 9- 1 




A=0 




/y-P+9 3 ^ ( — l) n T n , . ~ n 2— n / \ 

fc_l) (p + g- 1)! S (n + l)! dn ^ +l)B P+«- 2 - A(tfc_l) 

T p+q~2 1 (lAn-.n 



A=0 



/p + <7 

V ^ 




fc— 1 



n=0 

T p+q - 1 

(p + 9 + 1)! 



do(4+l)£ p + 9 _ A (tfc-l), 



where 



Ji 



77,0 

fc+l,/c 

t77,2 

; /c+l,fc 



— 1) — ^x,l — ))? X — 0, 1, 

= Ra,2-a(Tb(t k +\)) + T(b(t k + 1) - &(ffc)) + 



T 2 b’(t k ) 



,CT = 0,1,2, 



J k +l,k — -^ 9 -[Itti2-],p-m-n+[21±2]( T ^(^+l)) + T (^(^fc+l) ~ ^(^fc)) 

p-kq—^n—n—2 ^ +1 £ _ 

X -^ q -l-[21±2i],p-l-m-n+[2i±2i]( T ^( i fc+l)) + 2^ (? I IV ^ (a) C £~ A fa) 

£— 1 XS T ;• A=0 \ / 

X (^(lfc+l) — b(tk))b X (t k +l)R q _ 1 _^m + n + ^ p _ 1 _ m _ TO _g + [m + n + ^|(rb(tfc + l)) 



p+q— m— n — 1 



+ £ <^E(^» 

E(i) >" + " + 4 ] |P _ m _ n _^ + [ m + n + 4 j (rb(tk+ 1 )) , j > 3, 

u=0 V' 



and 



f £^(t*_i) = 0 ,B+(t k - 1 ) = JZi_ ly Bl+tk-i) = 0, 

_ 771-2 ( m — 9 \ ~ 

E ( x I tt (m_2_A) (^-l)^A ,J (^-l)’ 3 < 771 + 



A=1 
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T n,l 



J'fcfc-l = + T(b(t k ) - b(t k -l)) + 



T 2 b'(t k -l) 



, <7 = 0, 1,2, 



Jk’ii-1 — ^q-[”l±2.],p-m-n+[2 1±2] ( r &(^)) + T {H^k) ~ b(t k - 1)) 



p+g-m-n-2 ^ +1 £ ^ 



Xfl g _ 1 _ [ n^ ]jp _ 1 _ m _ n+[ ^ ] (r6(tfc + (£ +1 )| S ^ 

*{b{tk) — b(tk-l))(b(tk)) •R g _ 1 _j m + n + $ ^ p _ 1 _ m _ n _^_|_j m + n + $ j(r6(tfc)) 






p+g-m-n-1 * +1 4 



+ § « + 



E (a) 



E (i) t (A "' l) (**-l)(^))' 1 Vl-[^l,P-r n -n _^[in±iL±i] { T b(tk)), j > 3. 



/x=0 

Now, using formulas (3.37), (3.38), (3.39) and (3.40), we can write 

l r t k + 1 

p+g-2 



— 2(1 / J 2 (£fc+i,s)dsJ(i fc ,*fc-i)) 

T T 



(3.43) 



= ^ 2(1 - 22 / J\J d m (ffc+i)[i?g_[m ] jP _ m+ [m] + i(r6(ffc)) 

m=0 ' 

+r(6(f fc ) - 6(f fc _i))i2,_[m ]_i iP _ m+ [m ](rfe(f fc )) 



p+^_m_l ^ n+1 



+ E 



( n + 1 ) ! ^o 



T E (a) ^-A(*fc-i)(6(*Jfe) - 6(ifc- 1 ))(&(*k)) > 

• \_n v / 



p+ 9 -m n+1 n 

x -R ta±2 ,, , ., m+n X Tb (h)) + e / 1 im E^-^fa- 1 ) 

n=l v J \=l 



fi=0 

(_]_)P+9-l r P+9“l 



E(i) b^Htk-iMhWR 



rmj-ni „ rm + ni 

Q-[ — ^ — \,p — m — n + [ — ^ — j 



(T-6(*fc))] 



(p + q)\ d p+q - 1 (t k +i)(Ra, 2 -a(rb(t k )) + T(b{t k )-b{t k -i)) + —b , (t k -i)) 

(_nP+9 r P+9 (_nP+9+l r P+9+l 

(p + g + 1)! dp+q(t k +i)Rx,i-x(Tb(t k )) ( p + q + 2)! ^p+g+i^k+i)) 

+o(r p+9 ), cr = 0, 1, 2, x = 0, 1; 
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l i r tk i r f k + 1 

~2 (— 2 + - / J 2 {tk,s)dsJ 2 (t k +i,t k ) + - J 2 (t k+ i,s)ds) (3.44) 
r r r Jt k 



p+q + 1 



E 



(_l)n r n 

H (« + !)! 



dn{tk+ 1 ) 



71=0 



P+g-2 






m=0 



+2r(6(ffc + i) - 6(ifc))ii 9 _[m]_i iP _ m+ [m](2r6(ffc +1 )) 
p+q-m-1 +1 n 



+ S / +1 X| Y ( a) c «-A(ife)(K*fc+i) - b(t k ))2 x+1 b x {t k+1 ) 

n= 1 ^ + '' A=0 ^ ' 



xR 



A— 1 



(2rb(t k+ i)) + ^ 



p+q-m ^„ +1 



- (n + 1)!^ 



^ ' Cn—\ (tk) 



- Y ( J +[aa ^ 1 (2T-6(* fc+ 0)l 



+ 



/i=0 

^_l)P+9-l r P+9-l 

(P + 9)! 

(_l)p+9 r P+g 



d P + q -i(t k )(R <7 ,2-a{2Tb(t k+1 )) + 2T(b(t k+1 )-b(t k )) + T 2 b'{t k )) 



+ 



(P + Q + 1)! 



(_l)P+<?+l r P+9+l 

dp+q(tk)Rx,i-x(2Tb(tk+i)) H ^ _j_ q _j_ 2 )! ^p+g+i (^fc)) 
-ho(r p+g ), a = 0, 1, 2, x = 0, 1; 



T 

p+g-2 



J 2 (t k ,s)dsJ(t k+1 ,t k )) (3.45) 

T -/tfc-i 



= ^2 (■*■ _ X/ (rn + 1)! ]>P- m +[? ] + ! (' r ^’( i fc+ 1 )) 

m=0 ' ' 



+r(b(t k+ 1 ) - 6(tfc)) J Rg-[f ]-i,p_ m+[ M ](r6(i fc+ i)) 
p+q-m - 1 n+1 n / \ 

+ Y (n + \\ ! X^ f”)cn-A(*fc)(fr(*fc+i) -b(t k ))b x (t k+1 ) 

n= 1 ' + ''' A=n ' ' 



0 



x/? 



[ J2jn]_l,p_ m _ n + | mj2> ] 

A_1 'A> 



(rb(t k+ 1))+ 



p+q-m ^„ +1 _n 






x Y{i l ) & (A_M) (^(* fc +i)fl_ 



^ ( n+1 ) ! tt 
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(—1 )p+<7-i r P+g-i r 2 

-- — , , r. d P + 9 -i(tfc)(-R<7,2-<7(r6(tfe + i)) + r(6(< fc+ i) - b(t k )) + ~^b'(t k )) 

(p + q)l I 

(_X)P+9 r P+9 (_X)P+9+ 1 T p “ h3f+1 

(p_|_ 9 + 1)1 d P+<l( t k) R x,l-A Tb ( t k+l)) ( p + g + 2 )! d P+ 9 +1 ^ fc )) 

+o(r p+? ), <t = 0 , 1, 2, x = 0, 1. 

Now, neglecting the last terms in formulas (3.43), (3.44), (3.45) and using 
formula (3.42), we obtain the difference schemes 

2 (^&+ 1 2 ilk 4“ ^/c— i)(l 2 rb(tk)) ~t~ l H - &2 4” 



= 1 < k < N - 1, uq = yo, ^jv = Vt , 



(3.46) 



where 



p+g-2 



^1,/e 



X (_X) m T m 

~ ^2 (1 “ 2 Tb(tk) ~ 2 _j / -j\j ^m(^fc-|-l)[^-[^],p-m-|-[^ ] + l( r K^)) 

m=0 ' '* 

H-T(6(t/c) — 6(^_i))i?q_[^]_i 5 p_ m _|_[m] (t5(^)) 
p+qf-m-1 n+1 n / \ 

+ E ' (n + lii ^ U ) ?n-Afa-i)(frfa) - 6fa-i))& A fa) 

n=l '■ n + A =0 ' ' 



xR 



r m+n, i ™ „ i rm + ni 

9-1 — J-l.p-m-n + l — ^ — ] 

A — 1 



p+q-m ^ n+1 

(r6(^)) + E iwE Cn-A^fc-l) 



( n+1 ) ! ^l 



X 



fi=0 

^_X)p+9-i r p+g-i 



E (*) b^\t k ^(t k )R q 



, Wfc))] 



d p+ q_i(^ + i)(/? a ,2-a('r&(ife)) + ' p (^fc)-K^-i)) + ir^(ifc-i)) 

(P + 9)! 2 



^_X)P+9 r P+9 

(P + 9 + 1)! 

(_X)P+g+l r P+c?+l 






{p + q + 2)! 



^p+q+l (^fc+1 ))) ® 0,1>2,X 0)1? 



p+<7+l 



X ^ 1 * 1 

a>2,k — ~2'( — 2 + 4 rb(tk) + ^ 



n =0 



(— l) n r" 
(n + 1)! 



dn (^/c+1 ) 



p+q-2 

+ E 



m=0 



-^-pyyy-dm(ifc)[-Rq-[f],p-m+[f] + l(2r6(<fc+l)) 
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+2r(6(tfc+i) - b(tk))R q -[f}-i :P - m+ [f}{2Tb(t k+ i)) 

p+q-m - 1 +1 n , \ 

+ E ( n ■ IV E ( a) c n-\(h){b{t k +i) - 6fa))2 A+ Vfa + i) 

n=l ' + '' A=0 ' ' 



xR 



m 



p+q—m 

{2Tb{t k+1 ))+ 

n — 1 



T n+1 

( n + 1)! 



n 

^ ^ Cn—xitk) 

A=1 



x E Q 6 <A_M) (*fc)2 M+1 6 # ‘(*i,+i) J R a _ [2a ^ aiii> +[ai ^ ai (2'r&(*fc+x»] 

('_l , )P+g-l r p+9-l 

+- — ^7 — — r; d p+q -i(t k ){R^2-a{2Tb(tk+i)) + 2T(b(t k +i) -b(t k )) + T 2 b'(t k )) 

{p + qy. 

(_l)P+9 r P+<? (_]_)P+9+l r P+9+l 

+ ^ x)! “I (p _j_ q _|_ 2)! ^p+<?+i 

cr = 0, 1, 2, x = 0, 1, 

l P 1^ 2 (— l) m r m 

a 3,k = ~ 2 (1 — 2T&(£fc) — / ^ -J— — — ^d m (tk)[Rq—[&],p—m+[ 2 7f] + l{' r b(tk+l)) 

T m = 0 

H-T(6(f/ e _|_i) — b{tk))Rq-[in.] — l : p-m+[i^] (jb(tk+l )) 

p+g-m-1 n+1 n / \ 

+ E T^rw 5Z (”) - &(*fc))& A (*fc+i) 

n = 1 ' '* A=0 ' ' 






p+9-m +1 

E — 



^ (n + 1)! ' 

a=i v ' A=1 



^ ^ Cn—\{tk) 



A— 1 



H=0 



^(;) b ^(t k mt k+1 )R q 



(r6(4+i))] 



(_l)P+9 



-l T p+q-l 



(p + q)! d p+q - 1 (t k )(R t7t 2-a(Tb(t k+1 )) + r(6(t fc+ i) - &(**)) + y &'(**)) 



(_l)p+9 r p+q 

(P + 9 + 1)! 



dp+q (t k ) , 1 — xipb{t k + 1 ) ) 



(_!)p+9+i t ; 



p+<7+l 



(p + q + 2 ) ! 



I Up+q +1 



(tk))> 



a = 0, 1, 2, x = 0, 1. 



Thus, we constructed the difference schemes of (p 4- g)-order of accuracy for the 
approximate solution of the boundary- value problem (3.25). Finally, let us give 
examples of the simplest difference schemes. 
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In the case p + q = 1 from formulas (3.42), (3.43), (3.44), (3.45) and (3.46) 
it follows that 

-^2 (u fc+ i - 2 u k + ttk_i)(l - 2 Tb(t k )) + - b(t k+1 )b(t k ) - | b 2 {t k+1 ) 

+T~ 1 (b(t k+ 1 ) - b(t k )) - r -1 (£>(f fe ) - b(t k -i)) - ^b'(t k - 1 ) - ^b'(t k +i))u k -i 

+( 862( 3 fc+l) + 2b(t k+1 )b(t k ) + 2 -b 2 {t k ) 

-T~ 1 (b(t k+ 1 ) - b(t k )) + ~b’(t k ) + ^ b'(t k+ i))u k 

+( _^+i) _ 6(tfc+i)6(tfc) _ 2 _ h 2 {tk) _ _ l6'(t fc )) Ufc+ i 

= ^(/(ifc+i) + /(tfe_i)),l < k < N - l,u 0 = y 0 u N = y T 

(a difference scheme of first order of accuracy for the boundary-value problem 
(3.25) generated by the first order of accuracy explicit difference scheme). 

In the case p + q = 2 from formulas (3.42), (3.43), (3.44), (3.45) and (3.46) 
it follows that 

1 1 

— 2 («fc+ 1 - 2u k + «fc-i)(l - 2 Tb(t k )) + (~(b(t k+ 1) - b(t k )) 

T z T 

_bj±k) + Tb (t k ) _ _ b(t k -i)){ 1 - rb(t k )) + ^-b(t k -i)(b(t k ) - b{t k - 1)) 

z o r zr 

~ b(t k -i))b(t k ) - 7j,b'(t k - i)(l - rb(t k )) - ^(-6(i fc -i))b'(tfc-i) 

— 31 (b 2 (t k ~i) + 2b' (t k -i)b(t k )) 

rb 2 (tA t 

+b(tk+i)(—b(tk) H h (t(^fc) ~ b(t k -i)) + ~b f (tk-i)) 

-^(2fe , (t fc+ i) + 46 2 (t fc+ i))(l - r6(tfc)) 

+ — (26 ,, (^fc_|_i ) + 12b' (tk+i)b(k+i) + &b 3 (tk+i))))uk~i 

+ (r _1 (6(tfc + i) - 6(tfc)) + i(26 , (t fc+ i) + 46 2 (^ + i)) 

— + 12b f (tk+i)b(tk+i) 

+86 3 (tfc+i)) + 26 2 (ifc_|_i ) g + ^ — 4(6(tfc+i) — b(tk))b(tk+ 1) 
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—2 r 1 b(t k )(b(t k+ i)-b(t k )) + 2T 1 (b{t k+1 ) - b(t k ))b(t k+ i) 

+b'(t k ){ 1 - 2r6(i fc+ i)) - ^b{t k )b' (t k ) + ^(2b"(t k ) + 4b' (t k )b(t k+ i)) 

-b(t k )(-2b(t k+1 ) + 2t6 2 (^+i) + 2(b(t k+1 ) - b(t k )) + Tb'(t k )) 

+ gj(2 b'(t k ) + 4b 2 (t k ))(l — 2 Tb(t k +\)) 

~(2 b"(t k ) + 12 b'(t k )b(t k ) + 8 b 3 (t k )))u k 

+( _^+i) + r^fc+i) + (6(tfc+i) _ b{tk))b{tk+l) 

+-y-b(t k )(b(t k+ 1) - 6(t*)) - -^-(^(tfc+i) - b(t k ))b(t k+1 ) 

-^b'(t k )( 1 - r6(i fc+ i)) + ^b(t k )b'(t k ) - b"(t k ) + 2b’(t k )b(t k+ i)) 

+b(t k )(—b(t k+ i) H ^ + ^ + (K^fe+i) ~ &(^fc)) + 2 b'{t k )) 

~^(^b'(t k ) + 4b 2 (t k ))(l — rb(t k +i)) + —(2 b"(t k ) + 12 b'(t k )b(t k ) + 8b 3 (t k )))u k +i 

= 2 (/(*fc+i) + /(*fc-i)) _ ^f^k+ijiKtk+i) + b(t k )) - -f(t k -i)(b(t k+ i) + b(t k -i)) 

— - f'(t k - 1)), 1 < fc < iV — l,u 0 = yo , wjv = Vt 

a difference scheme of second order of accuracy for the boundary- value problem 
(3.25) generated by an explicit difference scheme. 



3.2 Taylor’s Decomposition on Three Points and Its Applications 

We consider again the initial-value problem (3.1). The utilization of Taylor’s de- 
composition on three points in the construction of the two-step difference schemes 
of a high order of accuracy for the approximate solutions of problem (3.1) is based 
on the following two theorems. 

Theorem 3.2.1. Let rj m ,m = 1, . . . , q be a solution of the system 



(2j)!ry m 

±-1 w - 2 ™> ! 



= l,p+ 1 < j < p + q. 



(3.47) 
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Let the function v(t) (0 < t < T) have a (2 p + 2 q + 2 )-th continuous derivative 
and tk-i,tk,tk+i G [0 , T] r . Then the following relation holds: 

p 

v(tk+i) - 2v(tk) + w(tfe-i) - jV {2:i) {tk)T 23 (3.48) 

3 = 1 

= o(r 2p+2g+2 ), 
i = 1 

where 

f 3 ~ 1 

«1 = 1 - 2m, Otj = ( (2j)! - Vj - E Vm (2 ( J— to))! ) 2 / 0r an 2/ 3, 2 < 3 < 9, 

> 771=1 

q 

a j = ( ( 2 7)1 - E T fa (2 (j-m)j; ) 2 ^ or an2/ 3, Q + 1 < i < P- 

, 771=1 

Proof We obtain the formula 

[ + (t k+1 - s) 2p+2q+1 v {2p+2q+2) {s)ds (3.49) 

Jt k 

+ f (s -t k - 1 ) 2p+2q+1 v {2p+2q+2) (s)ds 
Jtk-i 



(2 p + 2 q+ l)!(v(t k+1 ) - 2v(t k ) + v(t k -i)) 



3 = 1 



Using the formula of integration by parts, we obtain 

rtk+i 

2p-\-2q-\-l (2p+2q-\-2) 



r z k + i 

/ (tfc+1 - s) 

Jtk 

f (s-tk- 1 ) 2 p+ 2 q+ 1 v { 2 p+ 2 q+ 2 ) {s)ds 

Jt k _i 



+ 



2p+2q+2 

= £ (_l)2p+2,+2- 7 (( tfc+i _ s )2 P +2,+ lj(2H-2 9 +2- 7 ) l; ( 7 -l)^t|, + i 

7=1 

2p-f2g+2 

_|_ (_l) 2p+2 ' 3 ' + 2— ^((s - ifc_ 1 ) 2p+2 9 + l)(2P+29+2-7) t; (7-l)( s )]‘fc_ i 

7=1 



= (2p + 2g + l)!(w(i fc+1 )-v(tfc))+ ( -1 ) tJ 1 ^ 2P (\ 29 ^' v{l 1} (*fc) 

' 7=2 



(i-1)! 
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2p+ 2q+2 , _|_9 I 1 \ | 

-{2p + 2q+l)\(v{t k )-v{t k - 1 ))+ (-l) 7 ^ -1 P h ._ g lV — + 7_1) +c) 

7=2 



(i-i)! 



= (2p + 2q + l)!(v(t fc+ i) - 2v(t k ) + v(tk-i)) - E 



j = l 



In a similar manner one can show that 

rtk+i 



Jim 



+T 



ftk + l 

/ (i fc+1 - s fP+^-2m+l v (2 P+ 2 q+ 2) {s)ds 

Jt k 

n f (s - t k - 1 ) 2p+2q " 2m+1 v (2p+2q+2 ' > (s)ds 

Jtk- 1 



(3.50) 



(2 p + 2q-2m + 1 )h 2m (v^ 2m \t k+1 ) - 2 v^ 2m \t k ) + v< 2m >(i fe _i)) 

- 2 



j=m+l 



Now, using formulas (3.49) and (3.50), we obtain that 



P+9 



v{t k + 1 ) - 2v(t k ) + v(t k -i) - E ^T|2r 2j u^ 2 - 7) (^fc) 

- E ^r 2m ( V (2m) (^ + i) - 2v { - 2m \t k ) + + m >(ifc-i)) 



m=l 



P+9 



+ J2Vm E 



m=l j=m+l 
r*fc+i 

r / 

(2p + 2g 

rtk 



(2 O' - m))! 



2 T 2 i v^ 2 ^ (t k ) 



2p+2q-\-l y(2p-\-2q-\-2) 



- E 7 ?’ 



^ (2p + 2q — 2m + 1) 



1 r^fc+i 

2^+1)! [ L k {tk+1 ~ S) 

f (s- t k -i) 2p+2q+1 v (2p+2q+2) {s)ds\ 
Jt k - 1 

? [r 2m f tk+1 (t k+1 - s) 2p+2q - 
Jtk 



(s)ds 



+r 



2m 



rtk 

/ (s - 
Jtk - 1 



2p+2q— 2m+l (2p+2q+2) 



2m+l^(2p+2g+2) 



(s)ds]. 



(s)ds 



Since 
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- E VmT 2m (v {2rn) (t k+ 1) - 2v^(t k ) W 2m) (i fc -l)) 



9 p+9 

+ E^ E 

m=l j=m- 1-1 



(20* - m )) ! 



2 (t k ) 



P P+9 

= -±T^y^)- E t^2t 2 V 2 ^) 

j = l V j=P+l V 

E ^+> (2m +*+i) W 2m + fc -i)) + E VmT 2m 2v^(t k ) 



9 j - 1 



+ EE ^7 

j=2 m=l ' 
P+9 9 

+ E E 7 ?™ 

j=g+l m=l 



(20 - ™)) ! 



T 2 i v ^ 2 i \ t k ) 



(20 - m )) ! 



r 2j (t k ) 



t M 2r2,VW< “ ) - 2, (l)! (1 - £ pra^* W,( “ ) 

- E ^’"(^(ifc+i) + « (2m) (4-l)) + E VmT 2m 2v( 2m \t k ) 



9 J-l 



■EE 



E ( 2 



■>™(t k ) + E E 



j=q+l m 



E ( 2 (j-m))! 



r 2 %( 2j )(tfc) 



and (3.47) holds, then (3.48) follows. Theorem 3.2.1 is proved. 

Theorem 3.2.2. Let r] m , m = 1, . . . , q be a solution of the system 

Let the function v(t) (0 < t < T) have a (2 p + 2 q + 2 )-th continuous derivative 
and tk-i, t k ,tk+\ € [0,T] r . Then the following relation holds: 



v{t k+ 1 ) - 2 v(t k ) + v(t k - 1 ) - 'Y^otjV^ (t k )T 2:) 
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+v ( - 23) (tk+i))T 2: > = o(r 2p+2g+2 ), 



1 3 

“1 = 1- 2T /i’ a J = (t^J ~ % - E 



1 00 - m )) ! 



)2 for any j, 2<j<p. 



Proof. Using formulas (3.49) and (3.50), we obtain that 



>(tk+i) - 2 v(tfc) + w(tfc-i) - E 



- E *? m T 2m 0 (2m + fc+ i) - 20 2ro + fc ) + w < 2m) (*fc-i)) 



9 P+9 

+ E 7 ?™ E 

m=l j=m+ 1 



(2(j-m))! 



2 T 2q V^\t k ) 



+ f (s-t k - 1 ) 2p+2q+1 v {2p+2q+2) (s)ds\ 

Jtk- 1 

- S ^ (2p + 2, - 2m + 1)1 |r2 " C' {u " - Wd. 

+r 2ra f" {s - t k - 1 ) 2p+2q - 2m+1 v {2p+2q+2 \s)ds}. 

Jtk- 1 



We have that 



-E(2])T 2r2 + (2j ’ ) +) 

E VmT 2 " 1 (l/ 2m ) (ffe+l ) - 2^ 2m + fc ) W 2m) (ifc-i)) 



9 P+9 

E^ E 

m=l j=m+l 



(2 O' - m))! 



2 T 2j v {2j) (t k ) 



p 9 1 P+9 1 

“-ETSv 2 ^^)- E 7^2r 2 V 2 % fc )- E T^V 2 ^^) 



( 2 -0 ! 
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- E r)mr 2m (v {2m) (tk + i)+^ 2m Htk-i)) + E Vmr 2m 2v^ m \t k ) 



q j - 1 

+EE^ 

j = 2 m = 1 
P+9 9 

f E E 7 ?” 

j=g+l m=l 



(2(j -m))! 



r 2 i v^\t k ) 



(2 O' - m))! ' 



lj V^ 2j \tk) 






r 2j w( 2j )(ifc) 



+ E VmT 2m 2v^ 2m \t k ) 

m=l 

~ E ^r 2m + 2m +*+i) + + m + fc -i)) 

TYl— 1 

- E 7^T 2 + J + 2J) (^)+ E VmT 2m 2v^ m \t k ) 

j=p+ 1 ' m=p+l 



+ E E^ w _ m))! T%mi fa> 



j=p+l m=l 



P+9 1 P+9 9 9 

E t^ 2 ++ (2 +^) + E E ^777777 



j=9+l m 



- ,m (2 (j-m))! 






= -* 1 - - E^ " % - E^ ( 2( ,- l>l )), ]^ W) fa) 

- E ^r 2m + 2m) (tfc + i) + v {2m) (t*-i)) 



9 ^ J-l 

E [TTTiT ~ ^ “ E Vm 



(2 O' - n*))! 



]2r 2j v (2j) (tfc) 



- E T^id-E 



( 2 i) ! (20'-m))!' 



^ 2j) ( f fe)- 



Theorem 3.2.2 is proved. 

Note that the relation (3.48) is called Taylor’s decomposition of function v(t) 
on three points. 
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Now, we will consider the applications of Taylor’s decomposition of function 
on three points to approximate solutions of the initial- value problem (3.1) and 
boundary value problem (3.25). 

We consider two cases: the simple case when a(t) = a, for any t G [0,T] and 
the general case when a(t) is the smooth function defined on the segment [0,T]. 

Let a(t ) = a, for any t G [0,T]. First, we consider an initial- value problem 
(3.1). From (3.48) it is clear that for the approximate solution of problem (3.1) it 
is necessary to find y^ r) and for any j,l<j<p and y^j^for any 

j, 1 < j < q. Using the equation 

y "(t) = -ay(t) + f(t), 



we obtain 



y (2n \t) = (~a) n y(t) + Y^(-a) n - x f<- 2X - 2 \t),n = 2, . . . . (3.51) 

A=1 



From (2. 51) it follows that 

2 p 2 q 

y(r) - 2/(0) + ^2pjy^' ) (T)T 3 - Y^Sjy (:>) (0)T J = o(r 2p+2g+1 ), (3.52) 

j= i j = i 



where 



and 



where 



( _ (2p+2q-j)\(2p)\(-iy 

Vj (2p+2q)\j\(2p-j)\ 



X _ (2p+2q-j)!(2q)'. 

~ (2p+2q)\j[(2q— j)\ 



for any j, 1 <j< 2 p, 



for any j , l<j< 2 q, 



2p-2[f] 

y'( T ) — 2 /( 0 ) + Y a jy {3+l) {t)t 3 

3 = 1 



2q-2m+2[f] + l 

Y bjy^ +1 \0)T j = o(T 2p+2q ~ 2m+2 ),0 < m < q - 1 , 

3 = 1 

( (2p+2q-2m+l-jy.(2p-2[f])\(-iy 

U 3 ~ (2p+2q+l—2m)\j\{2p—2[ ! ^]—j)\ > 



for any j, l<j<2p- 2[f ], 

l (2p+2g+l-2m-j)!(2q-2m+2[f ] + l)! 

°3 (2p+2q+l-2m)\j'.(2q-2m+2{f] + l-j )\ > 



l for any j, 1 < j < 2q - 2m + 2[^] + 1. 
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Using formulas (3.51) and (3.53), we obtain 

p | m j p_ [ m ] ^ 

y'(T)-y’(0)+ Y a 2n {-a) n y\ry n + £ a 2n f^{-a) n - x ^{r)^ 



n= 1 



n=l A=1 



p-ItJ 



p-ItJ 



+ ]T a 2n -i{-a) n y(T)T 2n * + Y a 2n-i E(~ a )" A / (2A 2) ( r ) r2 ” 1 



n = 1 



n=l A=1 



,2n 



g-m+[f] q-m+[f] „ 

- £ b 2n (-a) n y'(0)T 2n - Y ^^(-a)"- A / (2A_1) (0)r 

n=l n=l A=1 

9-m+[f]+l 

E 6 2 n-i(-a)”y(0)r 2n_1 

n=l 

- E &2n-l E(- a ) n " A / {2A “ 2) (°) T2 "" 1 

n=l A=1 

= o(r 2p+2 «- 2m+2 ),0 < m < 9 - 1. 

From the last formula it follows that 

P-[fl P-tfl n 

(i+ Y «2 n{-a) n T 2n )y'(T)=y'(0)- Y E(- a )"“ A / (2A_1) ( r ) r 



2n 



n=l 

p-[f] 



n=l A=1 



p - m 



- E E « 2 „-iE (- a )"“ A / (2A_2) ( r ) r2 " _1 

n=l n=l A=1 

q-m+[f] q-m+[f] n 

+ E b 2n (-a) n y'(0)r 2n + Y b ^Y (-a) n - A / (2A - 1) (°)r 2n 



n=l 



n=l A=1 



<?-m+[f]+l 

+ E i> 2n-l(-a) n l/(0)T 2n_1 

n=l 

+ E & 2 n-lE(- a ) n_A / (2A_2) ( 0 ) r2 " _1+O ( r2P+29_2m+2 )’ 



n=l 



A=1 



or 



y'{r) = 



1 



1 + En=i 7 a 2 n (-a) n T 2n 

p-lf 1 

E a2nE(-a) n-A / (2A_1) ( T )T : 



b'(o) 



(3.53) 



2n 



n=l A=1 
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p-l 



p-m 



- £ ^(-ar^T 2 "- 1 - £ d2n-i ^(-a) n_A / (2A_2) (r)r 2n_1 



n = 1 



n= 1 A=1 



g-m+[^] g-m+[f] n 

+ 2 & 2 „(-a)V(0)r 2n + X) ^53(- a ) n_A / (2A_1) (°) r: 



2n 



n — 1 



n=l A=1 



g-m+[^] + l 

+ 51 62„-i(-a)"j/(0)r 



2n— 1 



n=l 



<?-m+[^] + 1 n 

+ 5Z 62 "-! 53(-a)"- A / (2A - 2) (0)r 2 "- 1 ] + o(r 2p+2l3 “ 2m+2 ). 

n — 1 A=1 

Now, neglecting the last terms in formulas (3.52), (3.53) and using formulas 
(3.51) and (3.48), we obtain the difference schemes 



'u>k + i + Uk- 



- -E a j ( -a ) ,T25 v 



(3.54) 



3 = 1 



-' Y ^’ nA - 0 ) 3 ' 1 ' 23 2 ( u > c-i + u k + i ) 



3 = 1 



9 J 



= E(- a ) J_A (/ (2A_2) ^+ i ) +/ (2A_2) (*fc-i))^'- 

j=l A=1 



P 3 



+53 a i £(-«r A / (2A - 2) (^- 2 , i < * < ^ - 1» 

J=1 A=1 



^1 - ^0 



+ ^p2 n (-°) U UiT 2n 1 + ^2 P2m-l(~a) m 1 



— l^_2m— 2 



n=l 



m=l 



1 



P~ ItJ n 



2n 



, -— wo ) - E 

P-[f] P-[f] 

- 53 a 2 n-l(-a) n UlT 2n_1 - 53 «2n-l 53( _a ) n_A ^ (2A_2) ( r ) r2n_ ' 1 



71 = 1 



71=1 A=1 



9-m+[fJ q-m+[f} „ 

+ 53 6 2n (-a)V(0)r 2 ” + 53 5 2 nE(- a )" _A / (2A_1) (0)r 



.271 



71=1 



71=1 A=1 
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] + l q— n 

+ E b^i-aruoT 2 *- 1 + 53 

n=l n=l A=1 

- X)<J 2 n(-o) 2n ti 0 r 2n - 1 

71=1 71=1 

= -EP2nE(-a) n -V (2A " 2) (r)r 2n - 1 + ^« 2n ^(-o) n - A / (2A " 2) (0)r 2n - 1 

71=1 A = 1 71=1 A=1 

- E ^-1 E (-ar-^f^-'Hr)^- 2 

71=1 A=1 



+ E^n-iE(- a ) n 1 A ^ (2A ^Wr 2 ” 2 ,u 0 = yo. 

71=1 A = 1 

Thus, we constructed the difference schemes of (2 p + 2g)-order of accuracy 
for the approximate solution of the initial-value problem (3.1). Finally, let us give 
some examples of the simplest difference schemes. 

In the case p + q = 1 from formulas (3.54) and (3.55) it follows that 



^fc+l -j- Uk— 1 

T 2 



+ au k = f(tj c),l < k < N - 1, 



Ui — l/o / \ J- / \ 

+ p 2 {-a)u 1 T + Pi— —CLi(a)uiT 

T l+CL2\ — CL)T z 

= ~P l T~L — 7 — r2 “ a 2 /'( r ) r2 - a i/( r ) r ] - p 2 f(r)T,u 0 = Vo 

(a difference scheme of second order of accuracy for the initial- value problem (3.1)). 

Second, we consider the boundary-value problem (3.25). From (3.48) it is 
clear that for the approximate solution of the problem (3.25) it is necessary to 

find yW for any j, 1 < j < p and yf t ^_ lV vftk +1 ) iox an y •?> 1 < 3 < Q- Using the 
equation 

y"(t) = ay(t) - f(t), 



we obtain 

y {2n) (t) = a n y(t) - £ a «-*/< 2A - 2 >(t),n = 2,.... (3.55) 

A=1 

Now, using formulas (3.55) and (3.48), we obtain the difference schemes 

^fc+l “ + Uk-i 'sr-y j 27-2 

~2 + 2^ a J ar u k 

J=1 



(3.56) 
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+ X^ aJr2j 2 {Uk-l+Uk+l) 

3 = 1 

= E« j - A (/ (2A - 2) (4+i) + / (2A - 2) (f fc - i))r 2 ^- 2 

j=l A=1 
P J 

+ E^E aJ_A / (2A_2) ^) T2j_2 > 1 - k < l,«o = Z/O.UJV = 2/T- 
j=1 A=1 

Thus, we constructed the difference schemes of (2p + 2g)-order of accuracy 
for the approximate solution of the boundary- value problem (3.25). Finally, let us 
give some examples of the simplest difference schemes. 

In the case p + q = 1 from formula (3.56) it follows that 

o + auk = f(tk), l<k<N-l,uo = y 0 ,u N = y T 

T Z 

(a difference scheme of second order of accuracy for the boundary- value problem 
(3.25)). 

Now, let a(t) be the smooth function defined on the segment [0,T]. First, 
we consider an initial-value problem (3.1). From (3.48) it is clear that for the 
approximate solution of problem (3.1) it is necessary to find for any j, 1 < 

j < P and yf^y y ( uj +l) for any j,l<j<q. Using the equation 

y "(t) = -a(t)y(t) + /(<), 

we obtain 

y {2i \t) = A 2j (t)y(t) + B 2j (t)y'{t) + f 2j (t), 

y {2j+1) (t) = A 2j+1 {t)y(t) + A 2j+1 (t)y'(t) + f 2j+1 {t),j = 1,..., (3.57) 

where 

' A 2 (t) = - a(t),B 2 (t ) = 0 ,f 2 (t) = f(t), 

A 3 (t) = - a'(t),B 3 (t ) = -a(t),f 3 (t) = /'(<), 

< Mj(t) = ^ 2 j-i(<) - B 2j -i(t)a(t), B 2 j (f ) = A 2 j-i(t) + B’^^it), 
f2j(t) = f 2j ^(t) + B 2 j-i(t)f(t),j = 2,3, ... , 

A 2 j+i(t) = A' 2j (t) - B 2j (t)a(t),B 2j+ i{t) = A 2j (t) + B' 2j (t), 

J2j+i(t) = f 2j (t) + B 2 j(t)f(t),j = 2,3, ... . 

From (3.51) it is clear that for the approximate solution of the problem (3.1) it is 
necessary to find y[ tk y v[t k _ 1 ) an d y[t k+1 )- The choice formula for y[ tk p y[ tk ^ and 
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y[t k+1 ) * s n °t unique. First, we consider the approximation of y' (T y Using formulas 
(3.53) and (3.57), we obtain that 

2p— 2[f] 

y'{r) - y'{ 0) + X aiT*{A i+ i(r)?/(r) + 5 i+ i(r)j/'(r) + / i+ i(r)} 

i— 1 

2q~2m+2[f ] + l 

- X b^{A i+1 (0)y(r) + B i+1 (0)v'(r) + f i+ 1 ( 0 )} = 0 (r 2 ^- 2m+2 ). 
2=1 

Since 

2p-2[f] 

1+ X aiT*B i+ i(r) ^0 
2=1 

for the small r > 0, we obtain 

y'(r) = T 0 , t j/( 0) 4- Fo,rl/'(0) + Ro^yi?) + Fo,t, (3.59) 

where 

2p-2[f] 2q-2m+2[f]+l 

To )T = (1+ X aiT l B i+ i{T))~ l X biT l A i+ 1 (0), 

i= 1 i= 1 

2p-2[f] 2g-2m+2[^] + l 

P 0 ,r = (l+ X] at^5i+i(r)) _1 [l + X 6iPB i+ i(0)], 

i=l i=l 

2p-2[f] 2p-2[f] 

P 0 ,r = -(1+ X] a i T * S i+l( T )) _1 X a^Ai+iij), 

i= 1 i=l 

2p-2[f] 2p-2[f] 2 9 -2m+2[f ] + l 

Po,r = (1+ XI a i' r *£i+l(' r )r 1 [ X a t T Vi+l(T)+ X 

2=1 2=1 2=1 

Second, we consider the approximation of y ^ and y[ tk _ 1 y Using formulas (3.53) 
and (3.57), we obtain that 

2p— ra+1 

2/'(ifc) - y'(t k - 1 ) + X c i rl { j4 i+i(^)l/( t fc) + B i+ i{t k )y'(t k ) + fi+i{t k )} 

2=1 

2q— m+2 

— dir 2 {Ai + i(t/c_i)i/(tfc-i) + Bi+i(tk~i)y f (tk-i) + /i-|_i(t/c_i)} 

2=1 

= o(t 



.2p+2g-2m+4 
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where 



c . - (2p+2g-2m+3-j)!(2p-m+ 1 )!(- 1 )‘ for anv 7 1 < 7 < 2« - m 4- 1 

Ll (2p+2g+3-2m)!z!(2p-m+l-z)! 101 an y ^ 1 S ^ S m + 1, 



d i = iip+iq+Li SiiS-m+S) 1 ! for an y 1 < * < 2? - m + 2, 



2p— 771+2 



y (t k ) y (tk-i) + + /z+i(^)} 



2g— m+1 



y: ^ ri {^+i(^-i)y(^-i) + -Sz+i (t^_i )2/'(tfc— i ) + /i+i(tfe-i)} 



2p+2g-2m+4\ 



where 



~ (2p+2g-2m+3-j)!(2p-m+2)!(-l) i r . 1 ^ n ~ 

C * = • (2p+2 g +3-2m)!z!(2p-m+2-z)! for an y h 1 < * < ~ ™ + 2, 



T (2p+2g+3-2m-j)!(2< ? -m+l)! r • i / • / o , , 

d 3 = (2p+2g+3— 2m)!z!(2g— m+1— i)! for ^ 1 < * < ^ ~ ™ + 1. 



Hence, we can write 



+ + Ei=r +1 c^Bi+^y'ih) - [1 + Etr^di^Bi+iitk-iWit^) 

= - Ei=i m+1 C,r i {+ +1 (t /c )y(t fe ) + fi+i{t k )} 



+ E-l7 m+2 ^^{+ + i(4-i)2/(^-i) + / i+ i(^-i)} = o(r 2p+2 «- 2m+4 ), 



[1 + E ?=i m+2 c+B i+1 (t fc )] 2 /'(t fc ) - [1 + ES7 m+1 dir i H i+1 (t fc _ 1 )]y'(t fc _ 1 ) 



2g— m+1 i 2 ] 



= - Ef=i m+2 c i ri { A i+i(tk)!/(tk) + fi+i(tk)} 



{ + Eiir +1 di^iAi+iitk-iMtk-i) + fi+i(tk-i)} = o(r 2p+29 ~ 2m+4 ). 

To solve the last system, we need 

2p— m+2 2q— m+1 

Afc = -[1+ CiT l B i+ 1 (t k )][l+ ^ di^Bi+iitk-i)] (3.60) 



2q— m+2 



2p— m+2 



+ [1 + ^ Bi+l(tk)] # 0 
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for all k. Applying formula (3.59), we obtain 

Afc = -C 2 T 2 B 3 (t k ) - d 2 T 2 B a (tk-l) + d2T 2 Bs(tk-l) + C2T 2 B 3 {tk)} + o{T 3 ) 

= c 2 T 2 a(t k ) + d 2 T 2 a(t k - 1 ) - d 2 T 2 a(t k - 1 ) - c 2 T 2 a(tk )] + o(r 3 ) 

= T 2 [(c 2 + d 2 - d 2 - c 2 )a(t k )] + o(t 3 ). 



t t - (2p + 2q + l — 2m)\ x ^ 

c i + d 2 -^- C2 = - (2y+ ^ + 3 _ 2m)!2 , 4(p + g + 1 -m) ; i0, 

we have that if a(tk) ^ 0 for all fc, then for all small r the requirement (3.60) is 
satisfied. From that it follows that 



2q-m-\-l 



y'{t k ) = A fe 1 {-[1+ E diT 1 B i+1 (t k -i)} 



2p— ra+2 

[- E Ci' rl { A i+l( t k)y( t k) + fi+l(tk)} 

i— 1 

2q—m+l 

+ E diT l {A i+ 1 (t k -i)y(tk-i) + fi+i(t k -i)}}} 

2=1 

2q-m-\-2 

+ [1 + diT l Bi+i(tk)] 

2=1 

2p— ra-fl 

h E c i T ' l { A i+l( t k)y{tk) + fi+l{tk)} 

2=1 

2</— m+2 

+ 5] d i T i {+ +1 (^_ 1 ) 2 /(i fc _ 1 ) + / i+1 (i fc _i)}] + 0 (+P+ 2 9 -2m +2) 

2=1 

= C fc , T tf(tfc_l) + Dk, T y(tk) + F^ r + 0 ( r 2P+2 9 -2m+2 )) (3. 61 ) 

where 

2q— m+1 2q— m+1 

Ck,r = A^ -1 { — [1 + diT l B i+ i(t k -l )] E ^TM i+ i(ffc_l) 

2=1 2=1 
2q-m-\-2 2q—m+2 

+[1+ E diT 1 B i+ i{t k )] E 

2=1 2=1 
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2 q — m+l 2 p — m +2 

Dk,r = {[1+ diT l Bi+i(tk-l)\ CiT 1 Ai+i(tk) 

7=1 7 = 1 

2 q — m +2 2 p — m J r l 

-[!+ E diT Bi+i(tk)] ^ ^ C{T A^-)_i (/+) ? 

i=i i=i 



2 <7 — 771+1 2p — 771 + 2 

-^fc,r = ^fe 1 {~[l+ E ^ T *-®*+l(*k-l)][ - E l(tfc) 

7=1 7— 1 

2(7-771+1 2(7-777 + 2 

+ 53 dir7 i+1 (i fc _ 1 )] + [l+ 53 <*+£ i+ + fc )] 

7=1 2=1 

2p — 777+1 2(7-777 + 2 

x [- E c « T, /i+i(*fc)+ E d+i+i+fc-i)]}, 



2=1 



2=1 



and 



2 g— m+2 

y'(t k - i) = A^ 1 {-[l+ 53 c+B i+ + fc )] 

2=1 

2p — 777+I 

x[- E c+{+ + i(^)y(i fc ) + / i+ i(7 fc )} 

2=1 

2(7 — 777 + 2 

+ E diT*{Ai+i(tk-i)y(tk-i) + /»+i(7fc-i)}]} 

i=l 

2g — 777+1 

+ [1 + ^ Ci^-Bi+l^ife)] 

7=1 

2p — 777 + 2 

* [~ ^ ^ Q' 7 " {^4-7+1 (tk)y(tk) H“ fi+l{tk)} 



7=1 



2g— 777+I 



7=1 



where 



+ 53 d+{+ +1 (4-i)2/(^-i) + / i+ i(^-i)}]+o(r 2 P +2 «- 2m+2 ) 

= E k , r y(t k - 1) + H k , T y(t k ) + F fc 2 T + 0 ( T 2p+2 9 -2 m + 2)> 



2 q — 777+1 2g — 777+1 

Eh,r = {—[1+ ^ ^ 

7=1 2=1 

2p — 777 + 2 2 <7 — 777 + 2 

-[!+ E Cir’Bi+i^fc)] 5^ rf i r i ^ i+1 (^_ 1 )}, 



7=1 



7=1 



(3.62) 
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2p— ra+1 2p— 772+1 

H k , r = A^ X {[1+ X CiT^i+i^fc)] X CfrMi+i^fe) 

2=1 2=1 
2p— 771+1 2p— 771 + 2 

-[1+ X d » r * 5 i+l(<fc)] XI ^ r *++l(^)}> 

2=1 2=1 

2p — 771+1 2q — 772+1 

F fe 2 T = Afc 1 {[l+ X c+B i+ i(^)][ XI d^fi+^tk-i) 

2=1 2=1 
2p— 771+2 2p— 771+2 

- X: CiT 1 f i+1 (t k )\ + [1 + Y CiT 1 B i+ i(t k )] 

2=1 2=1 
2p — 772+1 2q — 772+2 

x[ X c * r Vi+i(ife) - X ^’/i+ifafe-i)]}- 
2=1 2=1 

Prom that it follows that 

y'(t k+1 ) = C k+1 , T y(t k ) + D k+hT y(t k+1 ) + F^ +1t + 0 ( T 2 ^- 2m+2 ). (3.63) 

Now, neglecting the last terms in formulas (3.48), (3.52), (3.60), (3.61), (3.62), 
(3.63) and using formula (3.58), we obtain the two-step difference schemes of 
(2 p + 2 < 7 )-th order of accuracy 

Uk +1 -2u k + Ukz l _ £ a . T 2j-2 {A2j{tk)uk + B 2j (t k )[C k , T U k - 1 + D ktT u k ] 

3 = 1 



-^2 r ljr 2j ~ 2 {A 2 j{tk-i) u k-i + B 2 j(tk-i)[E k ,rUk-i + H k , r u k ] 

3 = 1 

+A2j(t k +i)u k j r \ + B2j(t k +\)[C k +i, T u k + Dfc+i^u/e+i]} 

= X»/i[^(*fc-l Kr + B 2j (t k+1 )F£ +hT ]T 2 >- 2 +Y^B 2j (t k )Fl T T 2 ^ 2 , 

3 = 1 3 = 1 

1 < k < N — 1, 

^4^ + X P2 m {A 2mUl + B 2m [T 0 , T u 0 + fio.rWiDr 2 ”" 1 

772=1 

Q 

~ ^ <52m{^2m^O + £2mp0,T^0 + ^0,r^l] }^ 2n 1 

772=1 
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= - X P2m{A2m(T)ui + B 2m (T)[P^ T y' (0) + F 0iT ]}T 2n 1 

771=1 

Q 

+ ^ ^2?n{^2m(0)lio + B 2rn (0)y' 0 + /2m(0)}r 2m_1 , I/q = Vo 

771=1 

for the approximate solution of the initial- value problem (3.1). 

Second, we consider the boundary- value problem (3.25). Prom (3.48) it is 
clear that for the approximate solution of problem (3.25) it is necessary to find 

yftj) for an y jA < j < P and yf t ^_ lV yf t 3 J +l) for any j, 1 < j < q. Using the 
equation 

y"(t) = a(t)y(t ) - f(t), 

we obtain 

y (2j) (t) = A 2j {t)y(t) + B 2 j(t)y'(t) + f 2j (t), 
y {2j+1) (t) = A 2j+1 (t)y(t) + A 2j+1 (t)y'(t) + f 2j+1 (t),j = 1, . . . , (3.64) 

where 

' A 2 (t) = a(t),B 2 (t) — 0,f 2 (t) = 

A 3 (t) = a'(t),B 3 (t) = a(t), f 3 (t) = f(t), 

< A 2 j(t) - A! 2j _ l (t) + B 2j ~i(t)a(t), B 2j (t) = A 2j -i(t) + 

A 2 j+i(t) = A 2j (t) + B 2 j(t)a(t), B 2 j+i(t) = A 2 j(t) + B 2j (t), 

J2j+i{t) = f 2j {t ) - B 2 j(t)f(t),j = 2,3, ... . 

Now, using formulas (3.61), (3.62), (3.63), (3.64) and (3.48), we obtain the differ- 
ence schemes 



1 ~b Uk- 



- + ^ ajT 2j 2 {A 2 j(tk)uk + B 2 j(tk)[Ck,rUk-i + Dk, r Uk\} 
3 = 1 



"P ^ ^ r 1j T {A 2 j(tk—i’)v>k—i ~P B 2 j (tk— i ) [P// c?r 'U/ e _ i + JT/ c r , u/ c ] 
j=l 

~^A 2 j (tfc+i )'U^_|_i T B 2 j (^/c-fl ) [C'k+l,T'U'k "P Dk+i^ r Uk-\-l \ } 

= X>i[3y(t*-i )n 2 r + B 2j (4 + i)F fc 1 +1 , r ]r 2 ^ 2 
i=i 

p 

+ ^2 a j B 2j(tk)F^ T T 2j ~ 2 , 1 < k < N - l,u 0 = yo,u N = y T ■ 
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Thus, we constructed the difference schemes of (2 p + 2q)-th order of accuracy for 
the approximate solution of the boundary- value problem (3.25). 

The choice of Taylor’s decomposition on three points in the construction 
(2 p + 2g)-th order of accuracy difference schemes for the approximate solutions 
of the initial-value problem (3.1) and of the boundary-value problem (3.25) is not 
unique. We will give another Taylor’s decomposition on three points in which we 
use v^(tk), 0 < i < p and v^(tj c ±i), 0 < i < 2q. 

Theorem 3.2.3. Let the function v(t) (0 < t < T) have a (2p+2q+2)-th continuous 
derivative and tfc-i,tfc,£fc+i G [0,T] r . Then the following relation holds: 

p 

v(tk+i) - 2v(tk) + v(tk-i) + '^2a j v^ 3) (tk)T 2: ’ (3.66) 

3 - 1 



+ ^7 j(v (2j i)~v (2j 1) (^+i))r 2j 1 



3 = 1 



where 



+ J2/3 j (v {2j) (tk-l) + V^(t k+ 1 ))T 23 = o(T 2p+2q+2 ), 

3 = 1 



OLi 



2(2p+2q+l— 2jf)! (2p+l)! 

'(2p+2g+l)!(2p+l-2j)! (2 j)\ 



for any j, 1 < j < p, 



ft. — (2p+2q+l-2j)!(2g)! n j 1 < j < a 

Pj ~ (2p-\-2q+l)\(2q—2j)\(2j)\ J 0T a77 # T 1 ^ J ^ Q, 

| ru . — (2p+2g+2— 2j)!(2<?)! n j \ < j < n 

K 13 ~ (2p+2q+l)\(2q+l—2j)\(2j — l)\ J 0r an V 1 ^ J ^ T 



Proof. Using the formula of integration by parts, we obtain 

ftk + l 
f tk 



(2p+2g+2) 



ftk + l 

/ (tk+l - s) 2p+1 (s -t k ) 2q v 

Jt k 

f (s-t k - 1 ) 2p+1 (s-t k ) 2q v {2p+2q+2) 

Jtk-! 



( s)ds 



2 p +2<?+2 



= (-l) 2p+2g+2_7 ((^+i - s) 2p +\s - tfc) 29 )^ 2 ^ 2 " 7 ^^" 15 ^)]^ 1 



7—1 



2 p -\- 2 q -\-2 

+ (-1 )2p+2g+ 2 -7(( s _ ifc _ l )2p+l (s _ ifc )29)(2p+2q+2-7) v (7-l)( s )]U ^ 

7—1 



= (2 p + 2 q + l)!(v(i fc+ i) - v(t k )) 
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tk + l 
tk 



2p+2g+2 

+ (- 1 ) 2 p+ 29 + 2 _ 7 ((i fc+ i -s) 2 p+ 1 (s-t fc ) 29 ) ( 2 p+ 29 + 2 _ 7 ) t; ( 7 _ 1 ) (s)] 

7=2 

~(2p + 2q + l)\(v(t k ) - v(t k - 1 )) 

2p+2g+2 

+ ^ (-l) 2p+29+2_7 ((s - t fe _i) 2p+1 (s - tfc) 29 ) ( 2 p+ 29 + 2 _ ' T) v <: 7 ' _ 1 ) (s)]^_ 1 . 

7—1 

We will calculate the expressions 

( _ 1) 2 P +2 < ,+2- 7((tfc+i _ S )2 P +1( S _ t fc )2?)(2p+29+2-7)| fl=tik+i)tikt 



and 

( _ 1) 2 P+ 2 9+ 2- 7((s _ ifc _ 1 )2 P +l (s _ ife) 2 9) (2 P+ 2 9+ 2-7 )| s=(je _ i ^ 
If j > 2q + 2, then 2p + 2q + 2 - j < 2 p. Therefore 

(_ 1 )2p+2g+2-j(( tfc+i _ s )2 P +l (s _ ifc) 2 g) (2 P +2q+2-i)| s=(fc+i = Q 

If 1 < j < 2g + 1, then 

(_ 1 )2p+2,+2-j^ tfc+i _ s )2p+l( s _ i fe )2«)(2p+29+2-j)| a=tik+i 



2p-\-2q+2—j 

(_l)2 P +2 9 +2-i 

i = 0 



(2p + 2g + 2- j)! 



i\(2p + 2q + 2 - j - i)\ 

X((t k+1 - s )2p+l ) (2 P +2 9 +2- J '- i)((s _ tfc) 2, )( i)| a=tfc+i 



So, 



2p+2g+2— ji 

(-i) J E 

2=0 



(2p + 2q + 2 — j)! -< \2 P+ 2q+2— 7 

i!(2p + 2g + 2- ' 



x 



(2p+l)! 

{j + i-2q-l)\ 



(t k+1 - s)^- 2 *- 1 



(2g)! 

(2 q - i)! 



(« 



ife) 9 |«=t fc+ i 



. (2p + 2g + 2-j)!(2g)! •_! 

^ J (2q + l- j)\(j - 1)! 



( _ 1) 2p+2,+2- J - ((tfc+i _ s) 2 P+ l (s _ tfc) 2, ) (2p+2,+2-i)| a=tfc+i 
f lV -i ( 2 P + 2g + 2-j)!(2g)! •_! 

^ j (2<7 + 1 - j)!(j - 1)! 

If j > 2p + 3, then 2p + 2g + 2 - j <2q - 1. Therefore 

(_ 1)2p +2 9 +2-j(( ifc+i _ s) 2 P+ l (s _ tfc) 2, )( 2H-2,+2-i) la=tfc = 0 _ 
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If 1 < j < 2p + 2, then 

( _ 1)2 p+2<?+2— j(( ifc+i _ s) 2 P+ l (s _ tfc) 2, )( 2p+2, + 2-i)| a=tfc 

_ (_ 1 \2p+2q+2-j P+ Y^ 3 (2p + 2q + 2-j)\ 

^ i\(2p + 2q + 2 - j - i)! 



So, 



i=0 



x((t k+1 - s ) 2 p+l)( 2 P + 2 , + 2 - j - t)((s _ tk y 9) (i) js=tk 

= (_ 1 )J 2P+ y' 2 3 {2p + 2q + 2- j)\ . 2p+2o+2 _,_j 

^ } ^ H( 2 p + 2q + 2-j-i)\ { > 



'(? + i-2g - 1)! 



( 29 -*)! 



= (2p + 2q + 2-j)\(2p+l)\ j _ 1 
(2p + 2-j)! (j-l)! T ' 

(_ 1 )2p+2?+2-j ((tfc+l _ s) 2p+l (s _ tfc) 2, ) (2p+2,+2-i)| i=tfc 

(2p + 29 + 2-j)!(2p+l)! ,■_! 

(2p + 2 — j)! (j-l)! T 

Now, we will calculate the expressions 

( _ 1)2p+ 2 9+ 2- 7((s _ ifc _ l) 2p+ 1(s _ tfe) 2, ) (2p+2,+2- 7 )| a=tfc _ ijtfc> 

If j > 2q + 2, then 2p + 2q + 2 - j < 2p. Therefore 

(- 1 )2 P +29+ 2-^((s - ifc_l) 2p+1 (s - tfc) 29 ) (2p+29+2-j) U=t fc _ 1 = o. 
If 1 < j < 2g + 1, then 

(_ 1 )2 P +2,+2— ,-(( 5 _ ifc _ 1 )2 P +l (s _ tfe) 2, ) (2p + 2, + 2-i)| i=tfc _ i 



2p+2q+2—j 



— (_l')2p+2q+2-j 



i = 0 



(2p + 2q + 2-j)\ 
i\(2p + 2q + 2 - j — i)\ 



x((s - t fc _i ) 2p+1 ) <5? ' H - 29+2 - J '- <) «s - i fc ) 2, ) (i) |.=t fc _ 1 



/_,\j P+ v^ J (2p + 2g + 2 — j)! (2p+l)! 

^ jiron -I- Oo -1-9 — i — 



i = 0 



i!(2p +2q + 2 - j - i)\ (j + i - 2q - 1)\ 



x(s-tfc-i) 



j+i-2g- 



-i (29)! 



(29 - *) ! 



• \|( S tk) 9 |s=tfc— 1 
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= (—!)• 



(2p + 2q + 2-j)\(2q)\ 
(2q + l-j)(j - 1)! 



(2p + 2q + 2-j)\(2q)\ ^ 
(2q + 1 — j)\(j - 1)! T 



(_ 1 )2p+2q+2 -j(( s _ tk _^2p+l^ a _ t fc )29)(2p+29+2-j)| a=tik _ i 

(2p + 2q + 2-j)\(2q)\ j _ 1 
(2q + 1 - j)\(j - 1)\ 

If j > + 3, then 2p + 2q + 2 — j < 2q — 1. Therefore 

(_ 1 )2p+2g+2— j(( s _ ^^P+l^ _ tk) 2 9) (2p +2g+ 2-i)| 5=tje = Q 

If 1 < jf < 2p + 2, then 

(_ 1 )2p+2 9 +2-,-^ g _ ^_ i )2p+l^ _ t fc )29)(2p+2 9 +2-j)| a= 



2p+2q+2 — j 



_l)2p+2g+2— j ^ ^ 



(2p + 2q + 2 — j)! 
i\(2p + 2q + 2 - j - i)\ 



x((s - ik-i)^ 1 )^ 2 ^ 2 -'-^ - t fc ) 2 *)«| s=t 



2p+2g+2 — j 



= (-1)’ E 



(2p + 2g + 2-j)! (2p+l)! 

i!(2p + 2g + 2 - j - i)! (j + * - 2q - 1)! 



i( 8 - 



= (-i) : 



(2p + 2g + 2 — j)! (2p + 1)! J ._ 1 
(2p + 2 - j)\ (j- 1)! T ' 



(- 1 )2 p+2 « + 2-^(( s - t k -i) 2p+1 (s - t k ) 2q )( 2p+2q+2 - j ' ) \ s=t 
, „A2p + 2q + 2-j)\(2p+l)\. 1 



(2p + 2-j)\ (j - 1)! 



Prom this it follows 



rtk + l 

/ (t k+1 - S) 2p+1 (S - tfc )2 V 2P+2.+2) {x)dxds 

Jt k 

+ f k ( s-t k - 1 ) 2p+1 (s-t k )V p+2q+2 \X)d\ds 

Jtk - 1 

= (2 p + 2 q+ l)!(w(tfc+i) - 2 v(t k ) + v(t k - 1 )) 
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2g+l 



+ £(-')' 

2=2 

2p+2 

-E 



1 vj— 1 (2p + 2q + 2- j)!(2g)! 



(2q+l-j)(j - 1)! 






(^fe+i) 



(2p + 2q + 2 - j)! (2 p + l)!_ j - lv(j - 1)(ifc) 



2=2 



(2p + 2-j)! (j-1)! 



2p+2 



+ £ (-!)■' 

J= 2 



(2P + 2 <? + 2 - j)! (2 p + 1)! , 1(H1 
(2p + 2 — j)! (j-1)! 



(tk) 



2q+l 



+ E 



(2P + 2g + 2 ~ j)!(2g)! , 

(2q + 1 - j)(j - 1)! U_l) 



= (2 p + 2 q + l)!(v(t fc+ i) - 2v(t k ) + v(t k - 1 )) 



<7 



+E 



3 = 1 
9 






(2p + 2g + l-2j)!(2g)! 
(2g-2j)!(2j)! 



t 2j {v ( 2j) (t k -i) + (t k +l)) 



(2p + 2q + 2-2j)\(2q)\ 2j _, 
(2q + 1 - 2j)!(2j — 1)! T 



(v (2j ^fc-i) 



-u (2j 1) (4 fc+ i» 



P 



-»E 



3 = 1 



(2P + 2g + 1 ~ 2 -?) ! ( 2 P + !)! 2j ( 2 j) n 
(2p+l-2j)! (2j)! (fcj 



Theorem 3.2.3 is proved. 

Note that using this Taylor decomposition on three points, we can extend our 
discussion to construct difference schemes of an arbitrary high order of accuracy 
for the approximate solutions of the initial- value problem (3.1) and the boundary- 
value problem (3.25). It is left to the reader. 




Chapter 4 

Partial Differential Equations 
of Parabolic Type 



In the present chapter we consider the well-posedness of an abstract Cauchy prob- 
lem for differential equations of parabolic type, 

v\t) + A(t)v{t) = f(t) (0 <t< T),v(0) = v 0 , 

in an arbitrary Banach space with the linear positive operators A(t). The high 
order of accuracy difference schemes generated by an exact difference scheme or 
by Taylor’s decomposition on two points for the numerical solutions of this problem 
are presented. The well-posedness of these difference schemes in various Banach 
spaces are studied. The stability and coercive stability estimates in Holder norms 
for the solutions of the high order of accuracy difference schemes of mixed type 
boundary- value problems for parabolic equations are obtained. 

4.1 A Cauchy Problem. Well-posedness 

We consider the abstract Cauchy problem for differential equations 

v\t) + A(t)v(t) = f(t) (0 < t < T),v( 0) - (4.1) 

in an arbitrary Banach space E with the linear (unbounded) operators A(t). Here 
v(t) and f(t) are the unknown and the given functions, respectively, defined on 
[0, T] with values in E. The derivative v f (t) is understood as the limit in the norm 
of E of the corresponding ratio of differences. A(t) is a given, closed, linear operator 
in E with domain D(A(t)) = D, independent of t and dense in E. Finally, Vo is a 
given element of E. 

A function v(t) is called a solution of problem (4.1) if the following conditions 
are satisfied: 

i. v(t) is continuously differentiable on the segment [0,T]. The derivatives at 
the endpoints of the segment are understood as the appropriate unilateral 
derivatives. 
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ii. The element v(t) belongs to D = D(A(t)) for all t E [0 ,T] and the function 
A(t)v(t) is continuous on [0 ,T]. 

iii. v(t) satisfies the equation and the initial condition (4.1). 

A solution of problem (4.1) defined in this manner will from now on be 
referred to as a solution of problem (4.1) in the space C(E) = C([0,T\,E). Here 
C(E) stands for the Banach space of all continuous functions </?(£) defined on [0, T] 
with values in E equipped with the norm 

IMIc(£) = o m^||^)||£;. 

Prom the existence of such solutions evidently follows that f(t ) E C(E) and 
E D. 

We say that problem (4.1) is well posed in C(E) if the following conditions 
are satisfied: 

1. Problem (4.1) is uniquely solvable for any f(t) E C(E) and any Vo E D. This 
means that an additive and homogeneous operator v(t) = v(£;/(t),v o) is 
defined which acts from C(E) x D to C(E) and gives the solution of problem 
(4.1) in C(E). 

2. v(t; f(t ), vo), regarded as an operator from C(E) x D to C(E), is continuous. 
Here C(E) x D is understood as the normed space of the pairs (/(£), Vo), 
f(t) E C(E) and Vo E D , equipped with the norm 

W(f(t),Vo)\\c(E)xD = \\f\\c(E) + IN|| D- 

By Banach’s theorem in C(E) and these properties one has coercive inequality 

ll v II C(E) + \\A(-)v\\c(E) — Me [II /II C(E) + II^oIId], (4-2) 

where Me (1 < Me < +oo) does not depend on Vo and f(t). This inequality 
is called the coercivity inequality in C(E) for (4.1). If A(t) = A , then the coer- 
civity inequality implies analyticity of the semigroup exp{— sA} (s > 0), i.e., the 
estimates 

l|exp(-s J 4)|| £ _ >£ , ||si4exp(-Si4)|| B _ £ . < M (s > 0) 

hold for some M E [l,+oo). Thus, the analyticity of the semigroup exp{— sA}, 
(. s > 0) is a necessary for the well-posedness of problem (4.1) in C(E). Unfortu- 
nately, the analyticity of the semigroup exp{— sA}(s > 0) is not sufficient for the 
well-posedness of problem (4.1) in C(E). 

Suppose that for each t E [0, T ] the operator —A(t) generates an analytic 
semigroup exp {—sA(t)}(s > 0) with exponentially decreasing norm, when s —> 
+oo, i.e., the estimates 



\exp(-sA(t)) 



sA(t) exp(—sA(t )) || £_£ < Me Ss (s> 0) 



(4.3) 
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hold for some M G [l,+oo), S G (0,+oo). Prom this inequality it follows that 
operator A _1 (£) exists and is bounded and hence A(t) is closed in C(E). 

Suppose that the operator A(t)A~ 1 (s ) is Holder continuous in t in the uni- 
form operator topology for each fixed s, that is, 

\\[A(t) - A(r)]i“ 1 (s)||e_ E < M\t - r| e ,0 < e < 1, (4.4) 

where M and e are positive constants independent of t, s and r for 0 < t, s, r < T. 

An operator- valued function v(t,s), defined and strongly continuous jointly 
in t, s for 0 < s < t < T, is called a fundamental solution of (4.1) if 

1) the operator v(t, s ) is strongly continuous in t and s for 0 < s < t < T, 

2) the following identity holds: 

v(t, s) = v(t, t)v(t , s),v(t, t) = I for 0 < s < r < t < T, 

3) the operator v(t, s ) maps the region D into itself. The operator u(t, s) = 
A(t)v(t , s)A -1 (s) is bounded and strongly continuous in t and s for 0 < s < 
t<T , 

4) on the region D the operator v(t, s ) is strongly differentiable relative to t and 
s, while 

and 

v(t, s ) is also called an evolution operator, Green’s function, etc. 

If the function f(t) is not only continuous, but also continuously differentiable 
on [0,T] and vq G D, it is easy to show that the formula 

t 

v(t) = v(t,0)vo + J v(t,s)f(s)ds (4.5) 

o 

gives a solution of problem (4.1). Here v(t, s) is the fundamental solution of (4.1). 

Now we shall establish a series of interesting lemmas and estimates concerning 
the semigroup exp{— sA(t)}(s > 0) and the fundamental solution v(t,s) of (4.1) 
which will be useful in the sequel. 

Lemma 4.1.1. For any 0<s<s + r<T,0<t<T and 0 < a < 1 one has the 
inequality 

l|exp(-sA(t)) - exp{-(s + T)A(t)}\\ E ^ B < M ^ ^ - a , (4.6) 

where M does not depend on a, t, s and r. 
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Proof. Using the formula 



S + T 

exp(-sA(t)) - exp {-(s + r)j4(t)} = J A(t) exp (-pA(t))dp 



and estimate (4.3), we obtain that 

||exp(-sA(f)) -exp{-(s + T)A{t)}\\ E ^ E < M^. 

The inequality 

||exp(— s^(t)) -exp{-(s + r)^(t)}|| E ^ E < Mi 
follows from (4.3) and the triangle inequality. Therefore 

||exp(— sA(f)) - exp {-(s + T)A(t)}\\ E _^ E < Mimin{l,^}. 

From this it follows that 

||exp(— s^l(t)) -exp{-(s + r) J 4(t)}|| B ^ B < Mi^^. 

Interpolating the last inequality and 

||exp(— sA(f)) -exp{-(s + r)^(t)}|| E ^ £ < Mi, 
we obtain (4.6). Lemma 4.1.1 is proved. 

Lemma 4.1.2. For any 0 < s, r, t < T and u £ D the following identity holds: 

[exp(— rA(t)) — exp (—rA(s))]u (4.7) 

T 

= — J exp{— (r — p)A(t)}[A(s) — A(t)]A~ 1 (s) exp{— pA(s)}A(s)udp. 
o 

Proof. Define the function 

G(p) — ~ exp{-(r - p)A(t)} exp{—pA(s)}u, 0 < p < r. 

G(p) is strongly differentiable with respect to p with derivative 
G'(p) = - exp{-(r - p)A(t)}A(t) exp{-pA(s)}^ 

+ exp{-(r - p)A(t)}A(s) exp {-pA(s)}u 
= exp{— (r - p)A(t)}[A(s) - A(t)] exp{-pA(s)}u 
= exp{-(r - p)A(t)}[A(s) - A(t)]A~ 1 (s) exp{-pA(s)}A(s)u. 

Since G f (p) is continuous in p, (4.7) follows upon integrating the last identity from 
0 to r. Lemma 4.1.2 is proved. 




4.1. A Cauchy Problem. Well-posedness 



103 



Lemma 4.1.3. For any 0 < s, r, t < T and 0 < e < 1 the following estimates hold: 
||exp(-rA(f)) -exp{-rA(s)}|| £ ^ £ < M\t-s\ £ e~ s T , (4.8) 

P(*)[exp(-rA(t)) - exp{— rA(s)}]|| £; _ (£ < Mr~ l \t - s\ £ e~ 8 t ,t > 0, (4.9) 

|| j4 (*)[exp(— T-A(i)) - exp{— rA(s)}] J 4 _1 (s)|| £ ,_ (£; < M\t - s\ £ e~ 6 T , (4.10) 
||[exp(-^(r)) -exp{-s^(r)}]A _1 (r)|| £ _ >£; < M\t - s|e _l5min{t ’ s} , (4.11) 
||i4(i)[exp(-M(r)) - exp{-s^(r)}]A- 2 (r)|| E ^ < M\t - (4.12) 

where M > 0 and 5 > 0 do not depend on e, t, s and r. 

Proof. Let u e E. Then 

[exp(— tA(£)) - exp {-rA(s)}]u 
= [exp(— ^A(i)) - exp {-^(s)}] exp {-^A(s)}u 
+ exp(-^A(f))[exp(-^A(f)) - exp {-^A(s)}]u 
= [exp(-^A(f)) -exp{-^A(s)}]exp{~A(s)}u 
+A(t)exp(-^A(t))[exp(-^A(t)) “ ®q>{-^(»)}M -1 (s)« 

+ exp(-^A(f))[A(f) - A(s)]A _1 (s)exp(-^A(s))]u 
-exp{-rA(t)} [A(t) - A(s)]A _1 (s)u = J\ + J 2 + J 3 , 

where 

Ji = [exp(-^A(t)) -exp{-^(s)}]exp{-^(s)}u, 

J 2 = A(t)exp(-^A(t))[exp(~A(t)) - exp {-^(s)}]A“ 1 (s)u 

J 3 = exp (~A(t))[A(t) - A(s)]A _1 (s) exp(-^A(s))]« 

- exp {-rA(t)} [A(t) - A(s)] A -1 (s)u. 

Applying formula (4.7), we can write 

T_ 

2 

J i = - J exp {-(^ -p)A(t)}[A(s) - A(t)]A _1 (s) 

0 

x exp{-pA(s)}A(s)exp j-^A(s) j udp 
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for u e D. Using the last formula and estimates (4.3) and (4.4), we obtain 

T_ 

2 

0 

x 1 1 exp{ -pA(s ) } 1 1 e^e 1 1 A(s) exp j - ^ ^(s) } u| | E dp 

T_ 

2 

< J Mexp{-(^ - p)5)}M\t - s\ £ M exp{-p5}M^ exp u\\Edp 

o 

< Mi\t - s| £ exp{-T(5}||^||£;. 

Applying formula (4.7), we can write 



J 2 = -A(t)exp(~A(t)) j exp{-(^ -p)A(t)} 

0 

x[A(s) - A(t)]A~ 1 (s) exp{-pA(s)}dp 
for u G D. Using the last formula and estimates (4.3) and (4.4), we obtain 



ll-^lli? < \\A(t)exp(-^A(t))\\ E ^E j l|exp {— - p)A{t)}\\ E ^ E 

0 

x 1 1 [i4(s) - A{t)]A~ l (s) \\e-+e 1 1 exp{-pyl(s)}| \ E ->e\ M Udp 



<M^expj — ^<5 1 j M exp{—(^ - p)8)}M\t — s\ £ M exp{—p5}\\u\\ E dp 
0 



< M\\t - s| e exp{— tJ}||m||e. 

Using estimates (4.3) and (4.4), we obtain 

< l|exp(--A(f))|| B ^ B ||[A(s) - yl(i)]v4 _1 (s)|| £ ;_ > E 



X ll ex P{-^( s )}ll£-i5|l u l|B 

+||exp{-ryl(t)} || e ^.e|P(s) - A(0]^ _1 (s)||b-£||u||b 
< 2Mexp M\t - s| £ Mexp{-^(5}||w||E < M x \t - s| £ exp{-rJ}||u||B. 
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Combining the estimate for Ji, J 2 and J 3 , we obtain estimate (4.8). Applying 
formula (4.7), we can write 

[exp (~rA(t)) - exp (~rA(s))]u (4.13) 

r 

= - J exp{-(r - p)A{t)}[A(s) - A{t)]A~ 1 {s)exp{-pA{s)}A(s)udp 
0 

T_ 

2 

= - J exp{-(r - p)A(t)}[A(s) - A(t)]A~ 1 (s)exp{-pA(s)}A(s)udp 

0 

T 

- J exp{-(r - p)A(t)}[A(s) - A(t)]A~ 1 {s)exp{-pA(s)}A{s)udp = Gi + G 2 , 

r_ 

2 

where 

2 

G\ — - J exp{-(r-p).4(i)}[yl(s)-^(i)]^ _ 1 (s)exp{-pA(s)} J 4(s)udp 
0 
T 

G 2 = - J exp{-(r -p)A(t)}[A(s) - A(t)]^ _1 (s)exp{-pA(s)}>l(s)udp. 

T_ 

2 

Integrating by parts, we can write 

21 

2 

Gi = J exp{-(r-p).A(t)}[,4(s) - A(t)]A -1 (s)d[exp{-pA(s)}u] 

0 

+ exp{-^A(t)}[A(s) - A(f)]A _1 (s)exp{-^A(s)}u 
— exp{— rA(t)}[A(s) — A(t)]A _1 (s)u 

T_ 

2 

- J A(t)exp{-{r - p)A{t)}[A(s) - A{t)]A~ 1 {s)exp{-pA(s)}udp. 

0 

Applying estimates (4.3) and (4.4), we can write 

| |A(t)Gi ||_e < ||A(t)exp{-^A(t)}||B^E||[A(s) - A(t)]A _1 (s)|| E - > j5 
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+P(pxp{-Tp)}|| E ^ E |p(s) -A(t)]A 1 (s)||j 5 _£;||«||e 

T_ 

2 

+ J P 2 W exp{-(r — p)A(t)}\\ E ->E 
0 

x|P(s) - A(£pps)|| E ^ E ||exp{-p(s)}|| E ^ E |M| E dp 
< exp{-^-S}M\t — s| e exp{— ^<5}||u|| E + Mr -1 exp{-rS}M\t - s| e ||u|| E 

Z Z Z 

T_ 

2 

+ J M(r - p)~ 2 exp{-(r - p)S}M\t - s\ £ exp{-pS}\\u\\Edp 
o 

< M\\t - s| £ r _1 exp{-r5}||^||£;. 

Integrating by parts, we can write 

T 

C? 2 = -A _1 (f) J d[exp{-(r - p)A(t)}][A(s) - A(£p _1 (s) exp{-p(s)}i4(s)u 

T_ 

2 

= — -i4 _1 (£p(s) - A(fp _1 (s) exp{-rj4(s)}j4(s)u 

+4pt)exp{-^A(t)p(s) - A(ipps)exp{~,4(s)M(s) 

T 

- A~ l (t ) J exp{-(r - ?p(£)}p(s) - A(t)]A~ 1 (s)exp{-pA(s)}A 2 (s)udp. 

T_ 

2 

Applying estimates (4.3) and (4.4), we can write 

\\A{t)G 2 \\E < IP(s) - 4(tp -1 (s)|| E ^ E p(s)exp{-Tj4(s)}|| E _, E |M| E 

+l|exp{-^(0}||i?-iHP(s) 

xP(s)exp{-^(s)}|| E _ B ||u|| E 

T 

+ J 1 1 ex p{ (t- — 7p(i)}|| E _ E |p(s) - ^4(f)] J 4 -1 (s)|| E _ > £; 

T_ 

2 

x ||^4 2 (s) exp{— p^4(s)}|| E _ >E ||u|| E dp 

< M\t — s\ £ Mt ~ 1 exp{— t<5}||u|| e 

+M exp{-^S}M\t - s\ £ M{^)- 1 exp{-^}||u|| E 
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+ J M exp{-(r - p)5}M\t - s\ £ (p) 2 exp{-p5}\\u\\Edp 

T_ 

2 

< M\\t - s| £ t -1 exp{-r5}\\u\\E- 

Combining the estimates for A(t)G i and A(t)G 2 , we obtain estimate (4.9). Using 
formula (4.13), we notice that, for every u £ E, 

[exp (~rA(t)) - exp {— rA(s)}]A _1 (s) = Hi + H 2 , 

where 

r_ 

2 

Hi = - J exp{-(r — p)A(t)}[A(s) - A(t)]A~ 1 (s)exp{-pA(s)}udp, 
o 

T 

H 2 = - J exp{-(r -p)A(i)}[i4(s) - A^A -1 (s) exp{-pA(s)}udp. 

T_ 

2 

Applying estimates (4.3) and (4.4), we can write 

T_ 

2 

Um^E < J ||i4(i)exp{-(T-p)^(i)}||£;_£;||[>l(s)-yl(t)]i4 _1 (s)|| E _£; 

0 

x 1 1 exp{ -pA(s)} I \e^e | M | Edp 

T_ 

2 

+ J M(r — p)~ x exp{ — (r — p)5}M\t — s\ £ exp{—pS}\\u\\Edp 

o 

< Mi\t - s| £ exp{— t<S}||u||£. 

Integrating by parts, we can write 

r 

H 2 = J d[exp{-(T -p).A(t)}][.A(s) - A(i)]A _1 (s)exp{-pA(s)}u 

T_ 

2 

= -A _1 (i)[A(s) - j4(£)]j4 -1 (s) exp{— r^4(s)}u 
+A~ 1 (t)exp{-^A(t)}[A{s) - J 4(fp _1 (s)ex P {-^(s)} 

T 

-A _1 (t) J exp{-(r - p)A(t)}][A(s) - A(t)]A~ 1 (s)exp{-pA(s)}A(s)udp. 
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Applying estimates (4.3) and (4.4), we can write 

P(*)#2 || E < IP(s) - >l(i)]^ _1 (s)|| £ ;_ > E||exp{-rA(s)}|| E ^ £ ;||u|| £ ; 

+ ll ex P{-^W}l|B-£|l[^( s ) -^P _1 (s)l|B-B||exp{-^(s)}|| E ^ B ||u|| £ ; 

r 

+ J ||exp{— ( t-p)^)}||e-^£;||[^(s) - >l(t)]-4 _1 (s) 

2 

x|| J 4(s)exp{-pA(s)}|| e ^ E ||u|| £ dp 

< M\t - sfM exp{-rJ}||u||E + M exp{-^-5}M\t - s| £ Mexp{-^<5}||u||£ 

z z 

T 

+ J M exp{-(r - p)5}M\t - s\ e M(p)~ 1 exp{-p5}\\u\\Edp 

T_ 

2 

< Mi\t - s| e exp{-r<5}||u|| £ . 

Combining the estimates for A(t)H\ and A(t)H 2 , we obtain estimate (4.10). We 
can write 

[exp(-L4(r)) - exp(-sA(r))]A _1 (r)u (4.14) 

t 

= — J exp {—pA(r)}A(T)A~ 1 (r)udp. 

s 

Applying estimates (4.3) and (4.4), we can write 

||[exp(— f-A(r)) — exp{— sA(r)}] J 4 _1 (r)|| £ _ (£ 

t 

< | J || exp{-pA(r)}|| j E;_, J E;||u||dp| < M\t — s\e~ 6mm ^^ . 

s 

Estimate (4.11) is established. Using formula (4.14), we notice that, for every u , 
A(t)[exp(—tA(r)) - exp (—sA(t))]A~ 2 (t)u 

t t 

= — J exp {—pA(r)}udp — J (A(t) — A(t))A~ 1 (t) exp{— pA(r)}udp. 

s s 

Applying estimates (4.3) and (4.4), we obtain 

|| J 4(t)[exp(-tA(r)) - exp{-M(T)}]j4 _2 (T)|| B _ >B 
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t t 

<1 j l|exp{-pi4(r)}||£;_£;|H|dp| + | J ||(A(i) - 4(t))j4- 1 (t)||e_,£; 

s s 

x 1 1 exp{ - p,4(t) } | | |u| |dp| 

< Mi\t - s\e~ Smin ^ . 

Estimate (4.12) is established. Lemma 4.1.3 is proved. 

Lemma 4.1.4. For any 0 < s < t < T and u E D the following identities hold: 

v(t, s)u = exp{ — (t - s)A(s)}u (4-15) 

t 

+ J v(t,z)[A(s) - A(z)]A~ 1 (s)exp{ — (z - s)A(s)}A(s)udz, 

s 

v(t, s)u = exp{-(t - s)A(t)}u (4.16) 

t 

+ J exp{-(£ - z)A(t)}[A(z) - A(t)]v(z,s)udz. 

s 

Proof. Define the function 

G(z) = v(t, z) exp{-(z - s)A(s)}u, s < z <t. 

G(z) is strongly differentiable with respect to z with derivative 
G f (z) = v(t, z)A(z) exp{-(z - s)A(s)}u 

—v(t, z)A(s) exp {—(z - s)A(s)}u 

= v(t, z)[A(z) - A(s)] exp{-(z - s)A(s)}u 

= v(t,z)[A(z) - A(s)]A~ 1 (s) exp{-(z - s)A(s)}A(s)u. 

Since G'(z) is continuous in z, (4.15) follows upon integrating the last identity 
from s to t. In a similar manner one establishes the identity (4.16). Lemma 4.1.4 
is proved. 

Lemma 4.1.5. For any 0<s<t<t + r<T, 0 < a < 1 and 0 < e < 1 the 



following estimates hold: 

II v (^j s )II — (4.17) 

||A(f)v(f,s)^- 1 (s)|| £ ^ B < M, (4.18) 

\\v(t,s) -exp{-(t-s)A(f) }!!£,_£ < M(t — s) e , (4.19) 

P(*)MM) -exp{-(i-s)i4(t)}]|| B _ E <M{t-a) e - 1 , (4.20) 




110 



Chapter 4. Partial Differential Equations of Parabolic Type 



\\A{t)v(t,s)\\ E _^ E <M(t-s) \ (4.21) 

||A(t + r)v(t + r, s) - A(t)v(t, s)|| E ^ £ < M(t- s) _1 \l>, (4.22) 

\\A(t + r)v(t + r,s)A _1 (s) - A(t)v(t,s)A~ 1 (s)\\ E ^ E < (4.23) 

where M > 0 does not depend on e, t, s and r. Here $ = r £ 4- r a (t — s)~ a . 

Proof. Applying formula (4.15) and estimates (4.3) and (4.4), we obtain 
||n(f,s)u|| B < ||exp{-(f - s)A(s)}u|| £ 

t 

+ J ||u(t, z)|| e _£:||[A(s) - A(z)]A -1 (s)||e_e 

s 

x||exp{-(z-s)A(s)}A(s)|| e ^ E ||u||£;d 2 

t 

<M\\u\\e + J \\v(t,z)\\ E ^ E M(z - s) £ (z - s)~ l \\u\\ E dz 

S 

t 

= M\\u\\ e + Mi J \\v(t,z)\\ E ^ E {z - sy-^-dzWuWE. 

s 

Thus, we have that 

t 

\\v(t,s)u\\ E < M\\u\\e + Mx J \\v(t,z)\\ E ->E(z - s) £ ~ 1 dz\\u\\ E 

S 

or 

t 

IK*, s)|| £ ;_ > £; < M + Ml J ||n(f, z)\\ E ^ E (z - s) £ ~ l dz. 

S 

Prom the integral inequality, (4.17) follows. Note that from (4.4) it follows that 

WAfyA -1 (s)\\e-+e < Mi (4.24) 

for each t,sG [0, T]. Actually, 

||A(t)A- 1 (s)|| E ^ E < 1 + |p(i) - A(s)]A- 1 (s)|| e ^ e < 1 + M(t- s) £ < M x . 
Applying formula (4.16) and estimates (4.3), (4.4) and (4.24), we obtain 
||A(t)t;(t,s)A“ 1 (s)M|| £ < ||exp{-(t- s)A(t)}|| E ^ E ||A(t)A _1 (s)|| E ^ E ||u|| £ 

t 

+ J ||A(t) exp{-(f — z)A(t)}||£_»£;||[A(t) - A{z)\A^ 1 {z)\\e^e 
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x\\A(z)v{z,s)A 1 (s)|| E ^ E ||u|| B ciz < M\\u\\ E 

t 

+ J \\A(z)v(z,s)~ 1 A(s)\\E^EM(t - z) e (t - z)- 1 \\u\\ecIz 

S 

t 

= M\\u\\ e + M 1 j 11^(2)^, s) _1 ^(s)|| £ _ e (2; - sy-'dzWuWE- 

s 

Thus, we have that 

p(f)v(t,s)A _1 (s)u|| £ ^ B < M\\u\\ e 

t 

+Mi J \\A(z)v(z,s)A~ 1 (s)\\ E ^ E (t- zf^dzWuWE 

S 

or 

t 

|| J 4(£)tt(£,s) J 4 -1 (s)|| B _ B < M + Mi J ||A(z)v( 2 :,s)A _1 (s)|| £ _ >£ (£ - zf^dz. 

S 

Using the integral inequality, we obtain (4.18). 

Applying formula (4.15) and estimates (4.3), (4.4), (4.8) and (4.18), we obtain 

\\v(t,s)u - exp{-(£ - s)A(£)}u||s 

< || exp{-(£ - s)A(t)}u - exp{-(£ - s)A(s)}u|| £ 

t 

+ J IMM)||£;^.e||[A(s) - ^(^)]A _ 1 (s)|| £ _ >£ 

s 

x P(s)exp{-(z - s)A(s)}|| £ _ jE ||u|| £ d/; 

t 

<M{t-s) £ \\u\\ E + j MM{z-sf{z-s)- 1 \\u\\ E dz 

S 

t 

= M\\u\\ B {t - s) e + Ml J(z- s) e-1 d.z||u||£; = M 2 \\u\\ E (t - s) £ . 

S 

The estimate (4.19) is proved. 

In a similar manner one establishes estimate (4.20). Using estimates (4.20) 
and (4.3), we obtain 

P(*MM)IIe-£I < ll^exp-Hf-s)^)}^^ 

+ P(£)[u(f, s) - exp{— (£ - s)A(£)}]|| £ ^ e 
< M|« - s| _1 + M\t - s| e_1 < Mi\t - s| — 1 . 

The estimate (4.21) is proved. 
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Applying formula (4.16), we can write 

A(t)v(t, s)A~ 1 (s)u = A(t) exp{-(£ - s)A(t)}A~ 1 (s)u 

t 

+ J A(t)exp{-(t - z)A(t)}[A(z) - A(t)]v(z,s)A~ l (s)udz = Ji(t)u + J 2 (t)u. 

s 

Using estimates (4.3), (4.4), (4.8) and (4.24), we obtain 

||Ji(i + r)-J 1 (t)||E-E (4-25) 

< ||[i4(t + r)[exp{-(t + r - s)A(t + r)} - exp{-(t - s)A(t)}]A _1 (s)|| £ ^ B 

+||(^(t + r) - 4(t)).A~ 1 (t)||i5_E[|| exp{-(t - s)A(t)}\\ B -*E 

xWAWA-'WWe^e <MV + M ir £ <M 2 V 

forO <s<t<t + r<T. Now let us estimate J 2 (t + r) - J 2 (t ) for 0 < s < t < 
t + r<T. 

To this end we shall examine separately the two cases t—s < 2 r and t—s > 2 r. 
If t — s < 2r, then using estimates (4.3), (4.4) and (4.18), we obtain 

t 

\\Mt)\\E^E< J M(i)exp{-(t-2:)A(t)}||E^E 

S 

x|p(z) - A(t)]A~ 1 (z)\\E^E\\A(z)v(z,s)A~ 1 (s)\\ E ^Edz 
t 

< j Mi(t — z) £ ~ 1 dz = M 2 (t - s) £ . 

s 

Prom this estimate and the triangle inequality it follows that 

\\J 2 (t + r)-J 2 mE^E<\\J 2 (t + r)\\ E ^E + \\J 2 (mE^E (4.26) 

< M 2 (t + r — s) £ + M 2 (t - s) £ < M$r £ . 

Now let t — s > 2 r. We have that 

Mt + r) - J 2 (t) 

t+r 

- j A(t + r)exp{-(t + r - z)A(t + r)}[A(z) - A(t + r)]v(z,s)A~ 1 (s)udz 

t—r 

t 

— J A(t) exp {— (t — z)A(t)}[A(z) — A(t)]v(z,s)A~ 1 (s)udz 
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t—r 

+ J [A(t + r)exp{-(£ + r - z)A(t + r)} 

s 

-A(t)exp{-(t - z)A(t)}\[A{z) - A(t)]v(z, s)A~ 1 (s)udz 

t—r 

+ J A(t + r)exp{-(t + r - z)A(t + r)}[A(t) - A(t + r)]v(z,s)A~ 1 (s)udz 

S 

= Li(t)u + L 2 (t)u + L 3 (t)u + L 4 (t)u, 

where 

t+r 

Li{t)u - J A(t + r)exp{-(t + r - z)A(t + r)}[A(z) - A(t + r)]v(z, s)A~ 1 (s)udz, 

t—r 

t 

L 2 (t)u = - J A(t) exp{-(i - z)A(t)}[A(z) - A(t)\v(z, s)A~ 1 (s)udz, 

t—r 

t—r 

L 3 (t)u = J [A(t + r) exp{-(£ + r - z)A(t + r)} 

S 

-A(£)exp{-(i - z)A(t)}\\A(z) - A(t)]v(z, s)A~ 1 (s)udz, 

t—r 

L 4 (t)u = J A(t + r) exp{— (f + r - z)A(t + r)}[A(t) - A(t + r)]v(z, s)A~ 1 (s)udz. 

S 

Using the estimates (4.3) and (4.4), we obtain 

£+r 

\\Li{t)\\ E ^E < J \\A(t + r)exp{-(t + r - z)A(t + r)}\\ E ^ E 

t—r 

x lp(z) - A(t + r)]A~ 1 (z)\\ E ^ E \\A(z)v(z,s)A~ 1 (s)\\ E ^ E dz 

t+r 

Mi(t + r - z) £ ~ 1 dz = M 2 r £ . 

t—r 

In a similar manner one establishes the estimate 




1 1 -^ 2 ( 0 1 \e~+e < M 2 r £ . 
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Using estimates (4.3), (4.4), (4.6) and (4.9), we obtain 



t—r 



II^WII 



E-+E 



< 



J {||i4(f + r)[exp{-(f + r - z)A(t + r)} 



- exp{-(£ - z)A(t + r)}] | lB_.fi 
+||A(t + r)[exp{— (f - z)A(t + r) - exp{-(£ - z)A(t)}]\\ E ^ E 
+\\[ A {t + r)~ ^)]A _1 (i)||£^fiP(f)exp{-(f - z)A{t)} Hb-b} 
x||[i4(z) - A(t)}A~ 1 (z)\\ E -^ E \\A(z)v(z,s)A~ 1 (s)\\ E ^ E dz 

t—r 



< Mi 



f-L. 

J t+r-. 



+ r £ ](t-z) £ dz<M 2 r £ . 



• z t + r — z 

Now let us estimate L^t). Using estimates (4.3), (4.4), (4.6) and (4.9), we obtain 



t—r 



\\E(t)\\ 



E^E 



< 



J ||^(t + r)exp{-(t + r-2;) J 4(t + r)}]|| 






x||[i4(t + r) - A(t)\A 1 (z)\\ E ^ E \\A(z)v{z,s)A 1 (s)\\ E ^ E dz 



<Mj 



t—r 

/ 



r £ dz 
t + r — z 



< M\ 



t—r 

/ 



dz 



(t + r — z) 1 ' 



< M 2 r £ . 



Combining the estimates for L\(t), L 2 (t), Ls(t) and L^t), we obtain estimate 
(4.26) for t — s > 2 r. Therefore, 

\\J2(t + r)-J 2 (t)\\ E -.E<M 3 r £ 

for all 0 < s < t < t + r < T. From this and (4.25) it follows (4.23). Applying 
property 2) of v(t,s) and estimates (4.21) and (4.23), we obtain 



|| A(t + r)v(t + r, s) - A(t)v(t , s)| 



E^E 



< 



[A(t + r)v(t + r, t -^-) - A(t)v(t, ^^)]A H^jf) 



* / t ~ b S . ,t + S . 

A( — )v( — ■•) 



E-+E 

-1 _ 71 /f ( + «\ — li 



< M^M(t - s)- 1 = Mi(t - 



E^E 



Estimate (4.22) is established. Lemma 4.1.5 is proved. 

A function v(t) is said to be a solution of problem (4.1) in F(E) if it is a 
solution of this problem in C(E) and the function v'(t) and A(t)v(t) belong to 
F(E). 

As in the case of the space C(E ), we say that problem (4.1) is well posed in 
F(E ), if the following two conditions are satisfied: 
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1. For any f(t) G F(E) and vq £ D there exists the unique solution v(t) = 
v(t;f(t),v o) in F(E) of problem (4.1). This means that an additive and 
homogeneous operator v(t;f(t),v o) is defined which acts from F(E) x D to 
F(E) and gives the solution of (4.1) in F(E). 

2. v(t;f(t),v o), regarded as an operator from F(E) x D to F(E), is continu- 
ous. Here F(E) x D is understood as the normed space of the pairs (/(£), vo), 
f(t) G F(E) and Vo G D, equipped with the norm 

\\(f{t),Vo)\\ F (E)xD = II/IIf(£) + IM|d- 



First, we set F(E) equal to Cq ,a (E) = ’ a ([0, T], E), 0 < a < 1, the Banach 

space obtained by completion of the set of smooth E- valued functions ip(t) on [0, T] 
in the norm 



V II C^ a (E)~ 



C(E) + SUp 

0 <£<£+t<T 



\W + t) -<p(t)\\ E 



(t + t)“. 



As in the case of the space C(E), from the well-posedness of the Cauchy problem 
(4.1) one derives the coercivity inequality 

II^IIcq ,a {E) + II^CMIc^ ,a (E) — ^cMIll/llc* ,Q (£) 4“ II^(0 ) v o||e] > (4.27) 

where Me (a)(l < Me (a) < +oo) does not depend on vq and f(t). 

Theorem 4.1.6. Suppose vo G D,f(t) G Cq , 01 (E). Suppose that assumptions (4.3) 
and (4.4) hold and 0 < a < e < 1. Then the Cauchy problem (4.1) is well posed 
in Holder space C^ a (E). For the solution v(t) in Cq' ol (E) of the Cauchy problem 
the coercive inequality 

M 

\\ v '\\c°’ a (E) + ||-A(-) v llc£ ; ’ a {E) < ^ II / II C^ a {E) +M || -A(0)v 0 ||£; 

holds, where M does not depend on a,vo and f(t). 

Proof. If v(t) is a solution in Cq ’ a (E) of problem (4.1), then it is a solution in 
C(E) of this problem. Hence, by (4.5), we have the representation 

v(t) = v(t,Q)vo + f v(t,s)f(s)ds. 

Jo 

To prove the theorem we must show that the functions v f (t) and A(t)v(t) belong 
to Cq ,oc (E) and finally obtain estimates for the norms of these functions. Here we 
address only the last task. Using formula (4.5), we obtain 

A(t)v(t) = A(t)v(t,0)vo + [ A(t)v(t,s)dsf(t) 

Jo 

3 

+ / ^(*M*-s)(/(s) - f(t))ds = ^Jk(f), 

v '° fc=i 



(4.28) 
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where 



Ji{t) = A(t)v(t,0)v 0 , 

J 2 (t)= [ A(t)v(t, s)dsf(t), 

Jo 

J 3 (t) = [ A(t)v(t, s)(f(s) - f{t))ds. 
Jo 



Let us estimate Jfc(f) for any k = 1,2 , 3 separately. We start with Ji(t). Using 
estimate (4.18), we show that, for 0 < t < T, 

||Ji(t)||E < I \A(t)v(t, 0)yl _1 (0 ) | |e-*b| |j4(0)u o | |e < M\\A(0)v 0 \\ e . 



Further, applying (4.23), we show that, for 0 < t < t + r < T, 

||Ji(i + t) - Ji{t)\\ E < \\A{t + r)v(t + r,0) - J 4(t)u(t,0)]^"' 1 (0)||E_ > EP(0)uo|| £ 

< M[t* + j^^]\\A(0)v o \\ e . 

Since a < e, we have proved that 

||Ji||c 0 “-“(B) < M\\A(0)v 0 \\ e . (4.29) 

Now let us estimate J 2 (t). Using property 4) of v(t, s), we can write 
J 2 {t) = [I- A(t)v{t,0)A- 1 (t)}f{t) 

+ [ A(t)v{t, s)[A(t) - 4(s)],4 _1 (f)ds/(f). 

Jo 

Using this formula and estimates (4.4), (4.18), (4.21) and (4.24), we obtain 
||J 2 (t)|| E < [1 + ||A(t)u(t,0)A- 1 (0)||E-. E ||A(0)A- 1 (t)||E^ £ ]||/(t)||E 

+ /"* ||^(tMt, S )||^ £? ||[>IC0 - A(s)]^- 1 (0|| £ ;_* jE ;ds||/(*)lls 

Jo 

< M\\f(t)\\ E + M f (t- s)~ 1+£ ds\\f(t)\\ E < Ml II / ||c“' Q (£;) 

Jo 

for all t, t e [0, T]. Now let us estimate hit + t) — J 2 (t) for 0 < t < t + r < T. 

To this end we shall examine separately the two cases t <2r and t > 2 r. If 
t < 2r, then using the last estimate and the triangle inequality, we obtain 

Whit + t) - h{t)\\E < Whit + t)\ \e + < 2Mi || / || c*' a (E) (4.30) 
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Now let t > 2 r. We have that 

Mt + r) - J 2 (t) 

= {[I - A(t + r)v(t + r,0)A~ 1 (t + t)} 

rt+T 

+ / A(t + r)v(t + r,s)[A(t + t) - A(s)]A~ 1 (t)ds}[f(t + r) - /(*)] 
Jo 

+[A(t)v(t,Q)A~ 1 (t) - A(t + r)v(t + T,0)A~ 1 (t + r)\f(t) 



where 



+ 



- J A(t + r)v(t + T,s)[A(s) - A(t + r)]A 1 (t)dsf(t) 

t — T 

t 

+ J A(t)v(t,s)[A(s) - ,4(i)]v4 _1 (f)ds/(i) 

t — T 

t — T 

- J [A(t + r)v(t + t, s) - .<4(i)v(£,s)][.A(s) - ^(f)]^ _1 (f)ds/(i) 
o 

t — T 

- J A(t + r)v(t + r,s)[j4(i) - A(t + r)].4 -1 (i)ds/(£) 

o 

t — T 

+ J A(t + r)v(t + r, s)[A(t + r) - A(s)]A~ 1 (t)ds 
o 

x [A(t) - A(t + r)] A' 1 (t + r)f(t + t) 

— Li(t) + L 2 (t) + Ls(t) + L^it) + L$(t) + L§(t) + Lj(t), 

L\(t) = {[I - A(t + r)v(t + t, 0)A -1 (£ + r)] 

ft + T 

/ A(t + r)v{t + t, s)[A(t + t) -j4(s)]yl -1 (i)efs}[/(t + T ) - f(t)}, 
Jo 

L 2 (t) = [.A(£)v(i,0).A -1 (t) - A(t + r)v(t + r,0)A~ 1 (t + r)]f(t), 

t + T 

L 3 (t) — - J A(t + T)v(t + T,s)[A(s) — A(t + T)]A~ 1 (t)dsf(t), 

t — T 

t 

L 4 (t) = J A(t)v(t, s)[A(s) - A(t)]A~ 1 (t)dsf(t), 




118 



Chapter 4. Partial Differential Equations of Parabolic Type 



L, 5 (t) = - J [A(t + r)v(t + t, s) - A(t)v(t, s)][4(s) - A(t)}A 1 (t)dsf(t), 
o 

t — T 

L e (t) - - J A(t + r)v(t + r, s)[A(t) - A(t + t)\A~ 1 (t)dsf(t), 
o 

t — T 

Lj(t) = J A(t + r)v(t + t, s)[A(t + t) - A(s)]A~ 1 (t)ds 
o 

x [A(t) - A(t + r)]vl _1 (t + r)f(t + t). 

Let us estimate Lk(t) for any k = 1,2, 3, 4, 5,6,7 separately. We start with Li(t). 
Using estimates (4.4), (4.18), (4.21) and (4.24), we obtain 

IliiWIb 

<[l + P(t + rMt + r,0)A- 1 (0)||^ B ||^(0) J 4- 1 (t + r)||^ £ ;]||/(t + r)-/(t)|| £; 
+ [ \\A{t + r)v{t + T,s)\\ E -^E\\[A(t + t) -yl(s)]^ _1 (t)|| E ^ E ds 

Jo 

X \\f(t + T) -f{t)\\ E 

<[M + M [ ( t + T - s) 1_e ds]||/(t + r) - f(t)\\ E 

Jo 

- Ml (7T7F 11 f llc °“’“ (£; ) 

for all G [0,T]. Let us estimate L 2 (t). Using the formula 

L 2 (t) = [A(t)v(t, 0) - A{t + T)v(t-\-T,Q)]A~ l {t)f{t) 

+A(t + r)v(t + t, 0)[-A -1 (t) - A _1 (t + r)]/(t), 
and estimates (4.3), (4.4), (4.8), (4.23) and (4.24), we obtain 

\\L 2 (t)\\E < |p(f)u(£,0) -A(t + r)v{t + r,0)]^ _1 (0)|| £ - +e 
xurn-'mE^mwE 

+||^ + rMt + r,0M- 1 (t)||^ E ||[^ + r)- J 4(tp- 1 (f + r)||^ £ ;||/(t)|| E 

< M[t £ + j£^]M\\M\\ e + MT*\\f(t)\\ E 

for allt, t € [0,T]. Since a < £, we have proved that 
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for all t, t e [0 ,T], Let us estimate Ls{t). Using estimates (4.3), (4.4), (4.8), (4.23) 
and (4.24), we obtain 



t+T 
t — T 



t + T 

< J M 1 (t + T-s) £ - 1 ds\\f(t)\\ E = M 2 T E || / ||c“-»(£!) 

t — T 

for all t, t € [0,T]. Therefore, 

\\L3(t)\\ E < M l^ t T +T ^ a II / IICq ’“(£) 

for all t, t e [0,T]. In a similar manner one establishes the estimate 
ll-MOlb < M l ^ + T y II / IICq ,Q (E) 

for all t, t € [0,T]. Now let us estimate L 5 (t). Using estimates (4.4) and (4.22), we 
obtain 

t — T 

II-M<)||e < J \\A( t + T )v{t + T,s)-A(t)v{t,s)\\ E ^ E 
0 

X IM( S ) _ ^(0]^ _1 WI|e— E ds||/(t)||£ 

t~T t-T 

<m, /(»- 8 )-K+ (t+ ;°_ s) j rf,iij(t)ii E <^ j — r ^ mmE 

0 0 

- Ma T ° ii f ii 

- V(TT7p 11 f llc o’ a ( £ ) 

for all t, t £ [0,T], Now let us estimate L 6 (t). Using estimates (4.4) and (4.21), 
we obtain 



t — T 

\Le(t)\\E < J ll^ + rMt + r, S )|| £ ^ £ ||[^(t + r)-A(tp- 1 (t)|| B ^ B d s ||/(t)|| E 

0 



t-T t~T 

<Mi j(t+r-sr+ £ ds\m\\ E <M 2 J jt + l a ^ s) 1 +a \\m\\ E 

o o 



< 



Ms T a 
a (t + r) a 



f 



Cq ,oc (E) 
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for all £, t e [0, T]. Finally we have 



t+T 

IIMOIIe < J Ml(t + T — s)~ 1+e dsM 2 T £ \\f (t + T)\\ E < Ms + T ^ a || / ||Cg ’“(B) • 
0 

Combining the estimates for Lk(t) for any k = 1,2, 3, 4, 5,6,7, we obtain 
estimate (4.30) for t > 2r. Therefore, 

M 

\\J 2 W C°' a (E) < — \\ f II C^ a (E) • (4-31) 

Now let us estimate J 3 (t). Using estimate (4.21), we obtain 

t 

II Mt) ||b< J ||A(i)v(t,s)||B-B||/(s) - f(t) || e ds 

0 



, || _ M 

J IIC“'“(B)- — II J llc“'“(B) 

0 

for all t, t e [0,T]. Now let us estimate the difference J 3 (t + t) — J 3 (t) for 
0<t<t + r<T. We will consider separately the cases t < 2r and t > 2 r. If 
t < 2 r, then from the last estimate it follows that 



< M 



f ds 

J (t-sy-ot* 



II hit + r) - Js(t) ||e<|| Js ( t + t) \\e + II J3 (t) II E 

9 M3 a Mi 

< II / llc-(*) r“(* + r)~ a = 11 / WcS’ a (E) r a (t + r)~ a . 

Now let t > 2 r. Let us represent the difference J 3 (t + r) — J 3 (t) as the sum of the 
following integrals: 

t + T 

+ r) - J 3 (f) = J A(t + r)v(t + t, s)(f(s) - f(t + r))ds 

t — T 



t 

- j A(t)v(t,s)(f(s) - f(t))ds 

t — T 

t — T 

+ J A(t + T)v(t + T,s)(f(t) - f(t + r))ds 

0 

t — T 

+ J [A(t + r)v(t + t,s)~ A(t)v(t, s)\(f(s) - f(t))ds 
0 



= Pi{t) + P 2 (t) + P 3 {t) + Pi(t) 
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where 

t+T 

Pi(t) = J A{t + r)v(t + T,s)(f(s) - f(t + r))ds, 

t — T 

t 

P 2 (t) = - J A(t)v(t,s)(f(s) - f(t))ds, 

t — T 

t — T 

p 3 (t) = J [A{t + r)v(t + t, s) - A(t)v(t, s)}(f(s) - f(t))ds, 

0 

t — T 

Pi (t) = J A(t + r)v(t + t, s)(f(t) - f(t + r))ds. 

0 

Let us estimate P k (t) for any k = 1,2, 3, 4 separately. We start with Pi{t). Using 
estimate (4.21), we obtain 

t + T 

I+i(^)||b < J \\A{t + T)v(t + T,s)\\ E ^E\\f(s) - f{t + T)\\ E ds 

t — T 



t + T 



< , U f Ml(t + T-s) a X ds || / || c a, afg '^ — T II f || r a,a fF v 

(■ t + T) a J " NG ° {tj) a ( t + r) a 11 J NC o (s) 

t — T 

for all t, t € [0,T]. In a similar manner one establishes the estimate 
\\P 2 (t)\\ E < II / llc“’“(£) 

for all t, t e [0,T]. Now let us estimate P 3 (t). Using estimate (4.22), we obtain 

t — T 

I|P3(0I|b< J \\A(t + T)v(t + T,s) - A(t)u(t,s)|| E _ >£ ;||/(s) - f(t)\\ E ds 



< 



< 



Mi 



t — T 

j(t-s) 



— 1+c* r_e 



T + 



II / llc£' Q (E) 



t° J " ' L t + T — S 1 

0 

MoT a MriT a 

a(l -a)t° 11 f llc o’ Q (£)< ^i_ a)(i + T)a II / Hco-(S) 



for all t, t € [0,T]. Let us estimate P 4 (f). Using property 4) of v(t,s), we can 
write 



Pi(t) = [A(t + r)v(t + r,t - t)A 1 (t + r) 




122 



Chapter 4. Partial Differential Equations of Parabolic Type 



-A(t + r)v(t + r, 0)A 1 (t + r)](/(i) - f(t + r)) 

+ f A(t + r)v(t + t, s)[A(t + t) - A(s)]A~ 1 (t + T)ds(f(t) - f(t + r)). 

Jo 

Using this formula and estimates (4.4), (4.18), (4.21) and (4.24), we obtain 
II^WIIb < IWMt + T)v(t + T,t-T)A~ 1 (0)\\ E ^E 
+|| A(t + r)v(t + r,0)A- 1 (0)|| B ^]P(0)^- 1 (i + r)\\ B ^ E \\m - f(t + r)|| B 

+ f \\A(t + T)v(t + T,s)\\E^E\\[A(t-hT)-A(s)}A^ 1 (t + T)\\ E -,Eds 

Jo 

x\\f(t) - f(t + » < 2MM\\f(t) -f(t + r)\\ E 

+ M f ( t + T - s) 1-£ ds||/(f) - f{t + t)\\ e 
Jo 

- MlT “ II f II 

- 11 f llc °“’ a(£) 

for all f, t G [0 ,T]. Combining the estimates for Pk{t) for any k = 1,2, 3, 4, we 
obtain the estimate 

|| Js(t + T) - J 3 (t) ||s< || / || C^iB) T a (t + T)-“ 

for t > 2 r. Therefore, 

M 

lk3||c“'“(E) < _ a j II / llc“'“(B) • (4-32) 

Finally, applying estimates (4.29), (4.31) and (4.32), we obtain the estimate 

M 

II M-) v llc£ )Q: (£) < II / II c£' a (E) +M || A(0)i;o||£;- 

By the triangle inequality, this last estimate and equation (4.1) yields 

M 

II v '\\c^ Q {E) < ^ II / II Co’ Q (E) II A(0)v o \\e- 

Theorem 4.1.6 is proved. 

With the help of A(t ) we introduce the fractional spaces E a , q (E, A(t)), 0 < 
a < 1, consisting of all v G E for which the following norms are finite: 

oo 

II v llfi a ,,= ( J [-z 1- “ II A(t)exp{-zA{t)}v \\ E ] q< ^) lq , l<q<oo, 

0 

II V ||e q =|| v 1 1 £/ Q ; oo “ sup z 1 a II A(f)exp{-zA(t)}v || B . 

z>0 
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Prom (4.3) and (4.4) follows 

Theorem 4.1.7. E a , q (E,A(t)) = E a , q (E,A( 0)) for all 0 < a < 1, 1 < q < oo and 
0 < t < T. 

Note that the coercivity inequality 

ll v IIf(e) + II^(-HIf(f) - Mc[\\f\\ F (E) + P(0)^o||f] 

fails if we set F(E) equal to C a (E ), (0 < a < 1), the Banach space obtained by 
completion of the set of all smooth J5-valued functions <p(t) on [0,T] in the norm 

II <P llc“(B) = mas ■ II</>(*)I|e + sup II <p(t + r) <p(t) ||e . 

°<*< T o <t<t+r<T T a 

Nevertheless, we have the following result. 

Theorem 4.1.8. Suppose Vg = /( 0) - i4(0)u o e E a , /(f) e C a (E)( 0 < a < 1). 
Suppose that assumptions (4.3) and (4.4) hold and 0 < a < e < 1. Then the 
Cauchy problem (4.1) is well posed in Holder space C a (E). For the solution v(t) 
in C a (E) of the Cauchy problem the coercive inequality 

l|u'||c“(E) + POI|c“(E) + ||u'||c(£ a ) < _ Q ) tll / llc“(£) + II Uollfia] 

holds, where M does not depend on a, Vo and /(f). 

Proof. By formula (4.28), we have 

AO = A(t)v(t, 0) A- 1 (0)v' 0 + ^(fMf,0)A- 1 (0)(A(0) - ^(f))^ 1 (*)/(*) 

+A(t)v(t,0)A-\0)(f(t) - /(0)) - f A(t)v(t,s)[A(t) - A^A-'^dsfit) 

Jo 

- f A(t)v(t, s){f(s) - f(t))ds = M0> 

Jo ^ 

Ji(t) = i4(i)»(t,0)>4- 1 (0K, 

MO = ^(fMi.O)^- 1 (0)04(0) - A(t))A-\t)f(t), 

M0 = A(t)v(t,Q)A~ 1 (Q)(f(t) - /(0)), 

M0 = - [ A(t)v(t,s)[A(t) - 4(s)],4 _1 (f)c2s/(f), 

Jo 

M0 = ~ [ A(t)v(t,s)(f(s) - f(t))ds. 

Jo 



where 
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Let us estimate Jk(t) for any k = 1,2, 3, 4, 5 in C a (E ) and C(E a ) separately. We 
start with J\(t). Using estimate (4.18), we show that, for 0 < t < T, 

||Ji(*)||e < P(^M)4T>)||^ £ |K|| £ < M\\v' 0 \\e < M\\v' 0 \\ Ea . 

Further, applying (4.16), we can write 

Ji(t) = exp{-tA(t)}v f 0 + exp {-tA(t)}[A(t) - A(0)]t4 _1 (0)uo (4.33) 

t 

+ J A(t) exp{-(t - s)A(t)}[A(s) - A(t)]v(s,0)A~ 1 (0)v' 0 ds 
o 

= Jn(t) + Ji 2 {t) + Jl3{t), 

where 

J n (t) = exp{-tA(t)}v f 0 , 

J u {t) = exp{-tA(t)}[A(t) - A(0)]A _1 (0)^, 

t 

Jis(t) = J A(t)exp{-(t - s)A(t)}[A(s) - A(t)]v(s,0)A~ 1 (0)v f o ds. 
o 

Using estimates (4.3) and (4.8), we obtain 
\\Jii(t+T) — Jn(t)\\E < ||exp{-(t+r)A(^+r)K-exp{-(t+r)A(t)K||£; (4.34) 



+ J \\A(t)exp{-(t + s)A(t)}v' 0 ds\\ E 



T 

<Mt* |K|| b + J 



(t + s y 



^0 1 1 Ea < ^^"IKIIb* 



for 0 < t < t + t < T. Using estimates (4.3), (4.6) and (4.8), we obtain 
\\Jn{t + r) - Ji 2 (t)\\E < II exp{— (t + r)A(t + t)}||.e_,£: 
x||[j4(t + r) — A(t)] J 4 _1 (0)||£;-*£;|bolls 



< || exp{— (t + r)A(t + r)} - exp{-(f + T)A(t)}\\ E ^ E 

x||[A(t) - ^(0)]^4 _1 (0 )IIb-^bII' i; oI|£ 

+|| exp{— (t + r)A(t)} - exp{-tA(t)}||£^ B ||[A(t) - j 4(0)] j 4 _1 (0)||£^b||voI|e 
< MMr £ ||no||js + MT £ Mf\\v' 0 \\ E + M +^ Mt e \\v ' 0 \\ E < M^Wv'^W^ 
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for 0 <t<t + r<T. Let us estimate Jis(t + r) — Ji 3 (t) for 0 < t < t + r < T. 
Using estimates (4.3), (4.4) and (4.18), we obtain 



IIJisWIIs < J ||A(i)exp{-(t - 44(t)}||^|P(t) - 

0 

t 

x||^(s)t>(s, 0)A -1 (0)||£_,£ds||uo||E — j MM(t- s)~ 1+e Mds\\v' 0 \\ E 

o 



- l^oll-E < — ^“IKII E a - 

a a 



If t < 2 r, then using the last estimate and the triangle inequality, we obtain 



+ / 7 ") ~ Jis(t) \\e < \\Jl3(t + t) | \e + \\Jl3(t)\\E 



- ^(( t + T ) a +ta )\\ V 'o\\E a < ^-T a \\v' 0 \\ Ea . 

a a 



Now let t > 2 r. We have that 



Ji3{t + r) - Ji 3 (t) 

t + T 

— J A(t + r)exp{-(£ + r - s)A(t + t )}[ j 4 ( s ) - A(t + r)]v(s,0).A -1 (0)vods 

t — T 

t 

— J A(t) exp {— (t — s)A(£)}[A(s) — A(t)]v(s,0)A~ 1 (0)v' o ds 

t — T 

t — T 

+ J [A(t + r)exp{-(t + r - s)A(t + r)} - A(t) 
o 

x exp{-(t - s)A(t)}][A(s) - A(t)]v(s,0)A~ 1 (0)v f 0 ds 

t — T 

+ J A(t + t) exp{-(t + t — s)A(t + r)}[A(t) - A(t + T)]t>(s,0)A _1 (0)7;ods 
o 

= K 1 (t) + K 2 {t) + K 3 {t) + K 4 (t) i 

where 

t + T 

K\ (t) = J A(t + r)exp{-(t + T - s)A(t + r)}[A(s) - A(t + T)]v(s,0)A~ 1 (0)v' Q ds, 

t — T 
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t 

K 2 (t) = - J A(f)exp{-(f - s)A(i)}[A(s) - 0) A - 1 



t — T 



t — T 



Kz{t ) = J [A(t + r) exp{-(f + r - s)A(t + r)} - A(t) 



x exp{-(t - s)A(i)}][A(s) - A(f)]u(s,0)A 



t — T 



K 4 (t) = J A(t + T)exp{-(t + T-s)A(t + T)}[A(t)-A(t + r)]v(s,0)A~ 1 (0)v' Q ds. 
o 

Using estimates (4.3), (4.4) and (4.18), we obtain 

t+T 



E^E\ 



\\Ki(t)\\ E < J ||A(f + r)exp{-(t + T-s)A(f + r)}|| 

t — T 

X |[A(s) - A(< + r)]i4 -1 (s)||£;_£; 
x | |i4(s)v(s, 0) A -1 (0) | | |«o 1 1 Eds 

t + T 

< J MM(t + t - s) _ 1 +£ M(/s||uo||e < 



t — T 



In a similar manner one establishes the estimate 

\\K 2 {t)\\E<^T a U\\ Ea . 
a 

Using estimates (4.4), (4.18) and (4.23), we obtain 

t — T 

\\K 3 (t)\\E< J ||A(f+r)exp{-(f+T-s)A(f+T)}-A(f)exp{-(f-s)A(f)}|| 



E^E 



x||[A(s) - A(t)\A 1 (s) 1 1 e^e | | A(s)v(s, 0) A 1 (0)|| E _ +£ ;||uo||£(is 

t — T 

< [ MM(t + r - s) _1+£ [r £ H — -—]Mds\\v' 0 \\E < 

J t-s 



Ml a 1 1 /|i 

T Ihlk 



a(l - a) 



Applying the formula 



Ki(t) = [exp{-2rA(t + r)} - exp{-(f + r)A(t + r)}] 
x [A(f ) - A(t + T)]v(t, 0)A _1 (0)uq 
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t — T 

+ J J 4(f + r)exp{-(t+r-s) J 4(f+r)}[ J 4(i)-^(t + r)][w(s,0)-w(f,0)] J 4 _1 (0)uo(is 
o 

and estimates (4.3), (4.4), (4.18) and (4.23), we obtain 

II-M^IIb < 1 1 exp{— 2 t A(t + t)} — exp{— (t + r)A(t + t)}||e-*e 

x|p(t) ~ A(t + r)]A _1 (t)|| E ^ E p(t)u(t,0)A -1 (0)|| B ^ £ ||t;o|| E 

t — T 

+ J ||A(i + r)exp{-(t + T-s)A(t + r)}|| E _ E 
0 



x|| [A{t + t) - A(t)\A 1 (s)|| £; ^ E ||A(s)(t;(i,0) - v(s,0))A ^He-^eIKIMs 

t — T 

< Mt £ M\\v' 0 \\e + j MM(t + r - s) - 1 t £ [t e + ~^—]Mds\\v' 0 \\E 
J t s 



< -^Sr“|K Ik 



a(l — a) 

Combining the estimates for Kk(t) for any k = 1 , 2 , 3, 4, we obtain the estimate 

\\Jis(t + r)-J 13 (t)\\E < -^—,T“H\\E a 

o(l — a) 



for t > 2 r. Therefore, 

\\Ji 3 (t + r) - J 13 (i ) ||e < ^o) Ta H\\E a 
for 0 < t < t + r < T. Using estimates (4.3), (4.6) and (4.8), we obtain 

l|Jlllca ^-^r^ IKIl£ - (4 - 36) 

Using formula (4.33) and estimates (4.3), (4.6) and (4.8), we obtain 

z 1-a || A(t)exp{-zA(t)}Ji(t)||E < z x ~ a || A(f)exp{-(z + t)A(t)}v' 0 \\ E 
+z 1 ~ a || ^(t)exp{-(z + t)i4(t)}||E-,E||[i4(t) - A(0)]A -1 (0)||e^e|K||e 



+ 



t 

J z || A 2 (t) exp{-(z + 1 - «)i4(i)}|| B ^E|P(«) - 4(*)M -1 



S)\\E->E 



y l — a 



x P(s)w(s,0)yl 1 (0)llB-elkollErfs < 7 ; , A1 _ a || « 0 ||e q 



(t + z y 



+z 



1—a 



Mt e 
z -\~ t 



)||£- + £||^llEdS < Jj~ Z 

IK|| E + M ' 1 1.' 1 



(z + t- s) 



TII^O 



v o\\e < 



1-a 



'Oil E a 
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for all z > 0 and t G [0,T]. Therefore, 

\\Ji\\c(E a) < ^^iKlk- (4.37) 

Now let us estimate ./ 2 (f). Using estimates (4.4), (4.18), we show that, for 

0 < t < T, 

\\J2(t)\\E < ||A(t)u(t,0)A- 1 (0)|| M ||(^(0) - A(t))A-\t)\\ E ^ E \\f(t)\\ E 
< MMf\\m\\ E < II / || C « (E) . 

Therefore, 

II^MOII# ^ -^2 1 1/ || C a (E) • 

Moreover, if t < 2r, then using the last estimate and the triangle inequality, we 
obtain 

II Mt + r) - J 2 (t) \\ E < || J 2 (t + t)|| £ + || J 2 (t)|| E 
< M 2 ((t + t)“ 4- t a )\\f ||c Q (e)< M?,T a \\f ||c q (E) • 

Now let t > 2 r. Using estimates (4.3), (4.6), (4.23), (4.24) and (4.18), we obtain 

WMt + r) - J 2 (t) Hb < \\A(t + T)v{t + r,0) J 4 _1 (0)|| £ ;_ £ ; 

x\\{A{0)-A(t + T))A- 1 (t + T)\\ E ^ E \\f{t + T)-f(t)\\ E 
+||[A(t + r)v(t + T,0) - ^(t)w(t,0)]yl _1 (0)||£;^£ 
xlK^O) -yl(t + r)) J 4- 1 (t + r)||E_£ ; ||/(t)||£; 

+\\A(t) v (t, 0) A -1 (0 )| \ E -> E I |>l(0)i4 _1 (t)\ \ E ^ E 
x||(A(0 - A(t + r))^ _1 (t + tJIIb^bII/^He 

< MM(t + t) £ t q ||/ \\ Ca(E) +M[t £ + ^}M(t + t) £ ||/ || C „ (B) 
+MMr £ ||/ ||c a (£)— MiT a \\f ||c“(B) 

for t > 2 r. Therefore, 



lk||c a (E) < MiT a \\f ||c“(B) • (4.38) 

Using formula (4.33) and estimates (4.3), (4.4), (4.6) and (4.8), we obtain 
z 1-a || A(t) exp{-zA(t)}J 2 (t)\\ E 

< z || A 2 (t)exp{-(^+t) J 4(t)}A- 1 (0)|| M ||(A(0)-A(t))^l- 1 (t)|| e ^||/(t)|| £ 
+z 1 ~ a || J 4 2 (t)exp{-(z + t)y4(t)} J 4 _1 (0)|| B ^B 
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x||(i4(0) - A(t))A 1 (0)||e^e||(A(0) - A(t))A ^OIIe-eII/WIIe 



+ 



t 

J z 1-Q: || A 2 (f)exp{-(2; + f-s) J 4(0M _1 (0)||E^E||[A(s)-^(t)]yl _1 (s) 



\E->E 



x||A(s)v(s,0)A 1 (0)|| 



E->E\\E-*E 



\\(A(0)-A(t))A-'(t)\\ E ^E\\m\\Eds 



< 



z x - a t £ 
t + z 



II/WIIe + z 



1—a 



Mt 2e 
z t 



\\m\u 



t 



i „M(t - s) £ t £ ds M ... 

+ / z + t _ 8 HMIIfi ^ -^\\f\\c(E a ) 



for all z > 0 and £, t G [0 ,T]. Therefore, 



1 1 *^ 2 1 |c(£ a ) < -^-||/l|c(E a )- 



(4.39) 



Now let us estimate ./3(f). Using estimate (4.18), we show that, for 0 < t < T, 



IIJsWIIe < ||^(t)^0)^- 1 (0)||E^||/(t) - /(0)|| 



< Mt £ || / ||c“(£)— Mt £ || / Hc“(£) • 



Therefore, 



II^WIIs < Mi\\f ||c“(b) • 

Moreover, if t < 2 r, then using the last estimate and the triangle inequality, we 
obtain 



1 1*^3 + T) ~ J$(t)\\ E < ||^3(^ + t)\\e + \ \J3{t)\\E 
< M 2 ((t + r) a + t a )\\f \\c~(E)< M 2 r a \\f \\ C ~ {E ) • 
Now let t > 2 t. Using estimates (4.23) and (4.18), we obtain 



|| Mt + r) - J 3 (t)lb < \\A(t + r)v(t + T,0)A-\0)\\ E ^ E \\f(t + r) - f(t)\\ E 
+|p(t + r)v(t + t, 0 ) - A(t)u(t,0p- 1 (0)|| £ ^ B ||/(t) - /(0 )||e 

< Mr“||/ ||c-(B) +M[t £ + ^}Mt a \\f \\ C * (E) < M 1 r a \\f ||c«(£) 
for t>2r. Therefore, 



||^3||c q (£) < Mir a \\f || c a (E) • (4.40) 

Using formula (4.33) and estimates (4.3), (4.4), (4.6) and (4.8), we obtain 
z x ~ a || A(t) exp{-zA(t)}J 3 (t)\\ E 
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<z 1 " M 2 (f)exp {-(2 + t).4(i)},4 1 (0)|| E _ >jB ||/(t) - /(0)|| B 
+z 1 ~ a || J 4 2 (i)exp{-(2: + f) J 4(f)},4 _1 (0)|| E _ (E 
x||(A(0) - A(t))A-'m\ E ^ E \\m - /(0)|| E 

t 

+ j z 1-a II A 2 (t)exp{-(z + f - s) J 4(f)}v4 _1 (0)|| E ^ E ||[A(s) - A^A-'^We^e 



x||A(s)u(s,0) J 4 ^O)! 



e^eWe^e 



ll/W -/(o)IMs 



< 



yl— OL4.CX. 



t + Z 



C(E a ) + * 



1—a 



Mt 



ot+e 



Z + t 



\\m\\i 



t 

j 



+ / < ^n/iic (£ „, 



for all z > 0 and £, t £ [0,T]. Therefore, 



\\J 3 \\c(E„) < -^\\f\\c(E a) . (4.41) 

Using this formula and estimates (4.4) and (4.21), we obtain 

\\J 4 (t)\\ E < [ \\A(t)v(t,s)\\ E ^E\\[A(t) - A(s)]i4 _1 (t)||^E^||/(t)||£; 

Jo 

<M [ ( t - s) 1-e ds||/(*)|| E < —t a || / ||c«(£) 

Jo a 

for all t, t e [0, T]. Now let us estimate J 4 (t + r) - J 4 (£) for 0 < t < t + r < T. 

To this end we shall examine separately the two cases t < 2r and t > 2r. If 
t < 2 r, then using the last estimate and the triangle inequality, we obtain 

II J 4 (* + r) - J 4 (t)||E < || J 4 (i + r)|U + || J 4 (t)IU (4.42) 

< [ — ~(t + r) a H -£ a ] || / || c a (E)< M 2 r a || / ||c a (E) • 

a a 

Now let t > 2 r. We have that 



J 4 (£ + t) - J*(t) 




A(t + r)v(t + r,s)[A(t + r) - j4(s)]A *(£ + r)ds[/(£ + r) - f(t)} 



t + T 

- J A(t + r)v(t + t, s)[A(s) - + r)] J 4 -1 (<)ds/(<) 

t — T 
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+ 



A(t)v(t, s)[A(s) - A(t)]A 1 (t)dsf(t) 



t — T 

- J [A(t + r)v(t + t,s) - A(t)v(t, s)][A(s) - A(t)]A~ 1 (t)dsf(t) 
o 

t — T 

- j A(t + r)v(t + T,s)[A(t) - A(t + r)}A~ 1 {t)dsf(t) 
o 



t — T 

+ J A(t + r)v(t + r,s)[A(f) - A(s)]A _1 (t)[A(t) - A(t + r)].A~ 1 (£ + r)dsf(t + t) 
o 

= Li(t) + I/2(t) + L^it) + Li(t) + L§{t) + Le(t), 

where 



Li(t) = 



A(t + r)v(t + t, s)[A(t + t) -^( 5 )] A 1 {s)ds}[f(t + t) 



t+T 

L 2 (t) = - J A(t + r)v(t + r,s)[A(s) - A(t + T)]A~ 1 (s)dsf(t), 

t — T 



L: i(t) = - J A(t)v{t,s)[A(s) - A(t))A 1 (s)dsf(t), 

t — T 

t — T 

L 4 (t) = J [A(t + r)v(t + t,s) - A(t)v(t, s)][A(s) - A(t)]A~ l (s)dsf(t), 
0 

t — T 

L 5 (t) = J A(t + r)v(t + r,s)[A(t) - A(t + T))A~ 1 (s)dsf(t), 

0 

t — T 

L 6 (t) - J A(t + r)v(t + r, s)[A(f) - A(s)] 

0 

x A~ l (t)[A(t) — A(t + r))A~ l {t -f r)dsf(t -f r). 
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Let us estimate Lk(t) for any k = 1,2, 3, 4, 5,6 separately. We start with L\(t). 
Using estimates (4.4), (4.18), (4.21) and (4.24), we obtain 

\\Ll{t)\\ E < f \\A(t + T)v(t + T,s)|| f ;_ f ;|p(t + T) - ^l(s)]A _1 (s)|| E ^£;(is 
Jo 

X \\f(t + T)-f(t)\\ E 

< m [ ( t + T - s) 1 ~ £ ds\\f(t + r) - f(t)\\ E < —T a II / ||c“(B) 

Jo a 

for all t, t £ [0,T]. Let us estimate L 2 (t). Using estimates (4.3), (4.4), (4.8), (4.23) 
and (4.24), we obtain 

t+T 

\\L2{t)\\E < j \\A(t + T)v(t + T,s)\\E^E\\[A(s)-A(t + T)}A~ 1 (t)\\ E -^E\\f{t)\\Eds 



t+T 

< J M\(t + T — s) e_1 ds||/(f)||E = ~~T S ||/||c“(B) 

t — T 

for all t, t G [0,T]. Thus, 

\\L 2 {t)\\E < —~ tOL II f II C«(E) 
a 

for all t, t G [0,T]. In a similar manner one establishes the estimate 

II^COIIe < — ~ tOL II / II c<*(e) 

a 

for all t, t e [0,T]. Now let us estimate L±(t). Using estimates (4.4) and (4.22), 
we obtain 

t — T 

\\L4(t)\\ E < J \\A(t + T)v(t + T,s)-A(t)v(t,s)\\ E ^E 

0 

x ll[^( s ) _ ^( i )]^ _1 ( i )l|E— Eds\\f(t)\\ E 

t — T 

<Ml J (t - s)~ 1+£ [t £ + ^ + ^_^ a ]<fa||/(*)Hfi < ^T a \\f(t)\\ E 

0 

^ M 2 a || f || 

< — T || / ||C“(E) 

for all £, t G [0,T]. Now let us estimate L$(t). We have that 

L 5 (t) = [exp{-2r.A(i + r)} - exp {-(t + r)A(t + r)}][.A(t) - A(t + t)] A - 1 (t)/(t) 
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+ J [A(t + r)v(t + r, s) - A(t + r) exp {-(t + r - s)A(t + r)}] 

o 

x [A(t) - A(t + r)]A~ 1 (t)dsf(t) 

t — T 

+ J A(t + T)v(t + T,s)[A(t) -A(f + Tp~ 1 (fp(s) - A^A -1 (t)dsf(t). 
o 

Using estimates (4.3), (4.4) and (4.21), we obtain 

ll-MOP < ||exp{-2r^(t + r)} - exp{-(t + r)A(t + r)}||£;^ E 
x ||[A(t + r) - ^4(t)]^4 _1 (t)|| B ^ £ ||/(t)|| £ ; 

t — T 

+ J \\A(t + r)v(t + T,s ) - A(t + r)exp{-(t + r - s)A(t + t)}|| b ^.e 

o 

X IP(* + r) - A(t)]A~ 1 (t)\\E^Eds\\f(t)\\ E 

t — T 

+ J P(t + rHt + T,s)|| B _ £ ||[A(t + r) - A{t)}A-\t)\\ E ^E 

0 

x|p(s) - A(fp _1 (f)|| B _ B 6?s||/(t)|| B 

t — T 

< [Mt £ + Mi J ( t - s)~ 1+e T e ds 
0 

t — T 

+Mi J (t + T- s) _1+e r £ ds]||/(t)|| B < || / ||c«( B ) 

0 

for all t, t e [0,T]. Finally let us estimate L 6 (t). Using estimates (4.3), (4.4) and 
(4.21), we obtain 



t — T 

ll-MOP < J \\A(t + r)v(t + t, s)\\ e ^e 

0 



x ll[^(0 — 1 (t)\\E-+E\\[A(t + r) — A(t)]A x (t + r)\\E^Eds\\f(t + t)\\e 
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for all t,t£ [0,T]. Combining the estimates for Lk(t) for any k = 1,2, 3, 4, 5,6, 
we obtain estimate (4.30) for t > 2 r. Therefore, 

ll^4||c“(E) < — II / llc“(B) • ( 4 -43) 

Using estimates (4.3), (4.4) and 

|| A 2 (t)exp{-zA(t)}v(t,s)\\ E ^E <M min{T, ( 4 - 44 ) 



we obtain 



y l— a 



A(t) exp{-zA(t)}J 4 (t)\\ E 



< z 1 “ [ II A 2 (t)exp{-z^(t)}w(t,s)||£;^£;||[yl(t) — ^4(s)]A 1 (i)l I^ e— s| I/O) |b 
Jo 






7- 



{z + t- s ) 2 



1 - a 



C(E a ) 



for all z > 0 and t, t € [0 ,T\. Therefore, 



\\J4\\c { E a ) < (4.45) 

Now let us estimate Js(t). Using estimate (4.21), we obtain 

t 

II MO I|e< J ||A(t)u(t,s)||£_£||/(s) - /(f) IIb ds 

o 



- M J 11 f llca{E)= 77 ^ 11 f llc “ (£) 

0 

for all t, t G [0,T]. Now let us estimate the difference J$(t + r) — J^(t) for 
0<t<t + r<T. We will consider separately two cases, t < 2r and t > 2r. If 
t < 2 r, then the last estimate yields 

II M* + T ) - MO lle<ll M l + r ) lb + II MO IU 

< ~[(t + r) a + t a ] || / ||c“ ( b)= —r a || / || co(E) . 
a a 

Now let t > 2 r. Let us represent the difference J^(t + r) — J^(t) as the sum of the 
following integrals: 



£+t 

M t + r )~M0= J A(t + T)v(t + T,s)(f(s) - f(t + T))ds 

t — T 
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t 

- J A(t)v(t, s){f (s) - f{t))ds 

t — T 

t — T 

+ J A(t + T)v(t + T,s){f(t) - f(t + r))ds 
o 

t — T 

+ J [A(t + T)v(t + T,s)~ A(t)v(t,s)](f(s) - f(t))ds 
o 

= P^t) + P 2 (t) + P 3 (t) + P 4 (t), 

where 

t+T 

Pi(t) = J«t + r)v(t + t, s)(f(s) - f(t + r))ds, 

t — T 

t 

Pv{t) = - J A(t)v(t,s)(f(s) - f(t))ds, 

t — T 

t — T 

P, ?(f) = J [A(t + r)v(t + r, s) - A(t)v(t, s)}(f(s ) - f(t))ds, 

0 

t — T 

p 4 {t) = J A(t + r)v(t + r, s)(f(t) - f(t + r))ds. 

0 

Let us estimate Pk(t) for any k = 1,2, 3, 4 separately. We start with Pi(t). Using 
estimate (4.21), we obtain 

t~\-T 

11-PiWIU < J P(< + r)v(t + r,s)|| E _ jE ||/(s) - f(t + r)\\ E ds 

t — T 

t + T 

< J M\(t + T - s) a ~ 1 ds || / ||c“(E)= II / llc“(E) 

t — T 

for all t, t £ [0, T], In a similar manner one establishes the estimate 

II^WII# < Mif“ || / ||c“(E) 

for all t, t £ [0,T]. Now let us estimate P)(t). Using estimate (4.22), we obtain 

t — T 

||e 3 (f)||f: < j \\A(t + T)v{t + T,s) - A(t)v(t,s)\\ E ^E\\f(s) - f{t)\\ E ds 
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< M, J (I - «)-> + “[T* + j-j-I-j ] ds || / || C „ (£) < 2^ || / || C .(E) 

0 

for all t, t € [0,T]. Let us estimate P^t). Using property 4) of v(t, s), we can 
write 

P*{t) = [A(t + r)v(t + r,t- r)A~ l (t + r) 

-A(t + r)v(t + t, 0 )A~ 1 (t + r)](f(t) - f(t + r)) 

pt-T 

+ A(t + r)v(t + t, s)[j 4(£ + r) - .A(s)],4 _1 (f + r)ds{f(t) - f(t + r)). 

Jo 

Using this formula and estimates (4.4), (4.18), (4.21) and (4.24), we obtain 
II-P 4 WIIb < [||A(t + r)u(t + r,t-r)^ -1 (0)||£;^£; 

+\\A(t + r)v(t + T,0)A- 1 (0)|| £ ^ B ]P(0) J 4- 1 (t + T)\\ E ^ E \\m ~ f(t + t)\\ e 

+ [ 1 1 A{t + T)v(t + r, s) II e^e 1 1 [A(t + t) - A(s)] 

Jo 

xA _1 (t + T)\\ E ^Eds\\f(t) - f(t + t)\\e < 2MM\\f(t) - f(t + t)\\ e 

+M [ ( t + r - s)~ 1+£ ds\\f(t) - f(t + t)||£ < M\T a || / ||c a (B) 

Jo 

for all £, t e [0,T]. Combining the estimates for Pk(t) for any k = 1,2, 3, 4, we 
obtain the estimate 

II Mt + t) - J 5 (t) || E < || / || C „ (B) r“ 

for t > 2 r. Therefore, 

\\M\ c a {E) < —p, — “T II / II C*(E) • (4.46) 

a{l — a) 

Using estimates (4.3) and (4.44), we obtain 

z 1 ~ a || A(t)exp{-zA(t)}J 5 (t)\\ E 



<z x a [ || A 2 (t)exp{-zA(t)}v(t,s)\\ E -+E\\f{t) - f(s)\\ E 
Jo 



t 

/ 



+ 2 



vl _ a M(t - s) a ds 
(z + t- s) 2 



II / ||c“(E)< ^ _--||/llc(jB a ) 
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for all z > 0 and t, t £ [0 , T]. Therefore, 

\\M\c(E a ) ^ ( 4 * 47 ) 



Finally, applying estimates (4.36), (4.37), (4.38), (4.39), (4.40), (4.41), (4.43), 
(4.45), (4.46) and (4.47), we obtain the estimates 

i. / M m * „ ii /ii i 

II V II C(E a ) < HI * W Ca ( E ) + II V o\\E a l 

ii / ii M rn *11 ii /ii i 

II V II CHE) < a ^_^[ll / II C*(E) + || V Q \ |eJ- 

By the triangle inequality, this last estimate and equation (4.1) yield 



M 

IMOMI C a (E) < » (1 3 a) -[|| / II C“(E) + II JoUeJ- 
Theorem 4.1.8 is proved. 

Second, one can enrich the family of spaces of smooth functions in which the 
boundary- value problem (4.1) is well posed by introducing the spaces 
(0<7</3, 0 < /? < 1), obtained by completion of the set of all smooth E - valued 
functions tp(t) on [0,T] with respect to the norm 



T II C^{E) 



™ax ||<£(£)| \ e + sup 

0<t<T 0 <t<t+r<T 



<p(t + T) - |U 

r (3 



Let us give, without proof, the following result. 

Theorem 4.1.9. Suppose v f 0 £ Ep- 1 , f(t) £ Cq ,1 (E)(0 < 7 < /?, 0 < f3 < 1). 
Suppose that assumptions (4.3) and (4.4) hold and 0 < (3 < e < 1. Then for the 
solution v(t) in Cq’ 7 (E) of the Cauchy problem (4.1) the coercive inequalities 

II v' llc(E/3 — ,) — M[|| v' 0 ||e /3 _ 7 (3)- 1 II f \\ c 0 .y {E) ], 

II V llc^^CB) "*■ II A(-) v llc®' 7 (£) 

< mhc + /? _1 (i - pt 1 11 / Hcq , 7 (b)I 

hold, where M does not depend on (3,"f,v' 0 and f(t). Here, |w|q ’ 7 denotes that the 
norm of the Banach space consists of those w € E for which the norm 

Mo’ 7 = max \\e- zA{t) w\\ E + sup T _/3 (z + T) 7 ||(e- ( * +T)yl(t) -e~ zA(t) )w\\ E 

°< Z < T 0 <z<z+t<T 



is finite . 
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Note that the parameter 7 can be chosen freely in [0, /?), which increases the 
number of function spaces in which problem (4.1) is well posed. In particular, it is 
important that problem (4.1) is well posed in the Holder space without a weight 

(7 = 0)- 

Problem (4.1) is not well posed in C(E) for arbitrary E. It turns out that 
a Banach space E can be restricted to a Banach space E' in such a manner that 
the restricted problem (4.1) in E ' will be well posed in C(E'). The role of E f will 
be played here by the fractional spaces E a = E a (E , A(t)) (0 < a < 1). 

Theorem 4.1.10. Suppose j4(0)?;o £ E a , f(t) E C(E a ) (0 < a < 1). Suppose that 
assumptions (4.3) and (4.4) hold and 0 < a < £ < 1. Then for the solution v(t) in 
C(E a ) of problem (4.1) the coercive inequality 

II v f II C(E a ) + II A(.)v || c(E a ) 

< Ma~ l { 1 - a) -1 [|| j4(0)vo || Eq + || / ||c(e q )] (4-48) 

holds, where M does not depend on a, Vo and f(t). 

Proof Using formula (4.5), we obtain 



A(t)v(t) = A(t)v(t, Q)vq + 



rt 2 

/ A(t)v(t, s)f(s)ds = V J k {t), 

k= 1 



where 

Ji(t) = A(t)v(t,Q)v 0 , 




A(t)v(t , s)f(s)ds. 



Let us estimate Jk{t) for any k = 1,2 separately. We start with J\(t). Using 
formula (4.33) and estimates (4.3), (4.6) and (4.8), we obtain 



1 a || A(t)exp{-zA(t)}Ji(t)\\ E < z 1 a || A(t) exp{-(z + t)A(t)}A(0)vo\\E 



-hz 1 a \\ A(t)exp{-(z + t)A(t)}\\E->E\\[A{t) - A(0)]A 1 ( 0 )|| £ ;-,£;||^( 0 ) i ; o ||£; 

t 

+ J z II >l 2 (0exp{-(2 + t-s)^)}||E-.£||[A(s) 

0 



v l — a 



x||i4(s)v(s,0)A 1 (0 )||e-^ j e;||^oII^^ s ^ 



(t + z y 



■4(0)v o | 



+ z '-°Mf-\\A(0)v 0 \\ E + f 

0 



1 _ a M(t-s) £ ds 

(. Z + t - s ) 2 



||^(o)vo||b < 



OMk 

1 — a 
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for all z > 0 and t, t E [0 , T]. Therefore, 



Pl|lc(£ 0 ) < a (l _ Q ,^ll il ( 0 )' t; o||£ Q - 

Now let us estimate J 2 (t). Using formula (4.33) and estimates (4.3), (4.6) and 
(4.8), we obtain 

z 1 ^ 01 II A(t)exp{-zA(t)}J 2 (t)\\ E 

<z 1_Q f || ^ 2 (t)exp {-(2 + t - s) J 4(t)}/(s)|| f ; 

Jo 

+ zl ~° [ [ II >l 2 (t)exp {-(2 + t- p)A(t)}\\ E ^ E 
Jo Js 

x IP(0 - ^(p)]^ _1 (p)llB-B||^(p)exp{-(p- s)A(p)}f(s)\\ E dpds 

+zl a L Is II yl 2 M eXp {-(^ + * - P)A{t)}\\E^E 
x||[ J 4(t)-A(p)]^ _1 (p)|| £ ;^ B P(p)[u(p,s)-exp{-(p-s)A(p)}|| £ ;^ £ ;||/(s)|| £ ;dpds 



M JI/(^)l| g ^ + jg l-a 

(z + t — s) 2 ~ a 



■ \\f( s )\\E a M(t - pfdpds 
(z + t- p) 2 (p - s) 1_ “ 



,1-a f M M(t- P Y\\f(s)\\ E dpds < _M L 



Jo Js {z + t- p) 2 (p - sy- £ a(l - a) 
for all z > 0 and t, t e [0,T]. Therefore, 



Il/Ilc(£7 a 



\\ J 2\\c {Ea) < ' a) \\f\\c(E a y 



Combining the estimates for /i, I 2 , we obtain estimate (4.48). Theorem 4.1.10 is 
proved. 

Let us give, without proof, the following result. 

Theorem 4.1.11. Suppose that assumption (4.3) holds. Suppose that the operator 
A(t)A~ 1 (s) is Holder continuous in t in the uniform operator topology for each 
fixed s, that is, 



\\[A(t) - A(t)]A 1 (s)\\ Ea ^Ea<M\t-T\ £ ,0<e<l, (4.49) 

where M and £ are positive constants independent oft, s and r for 0 < t, s, r < T. 
Suppose A(0)uo E E a , f{t) E C(E a )( 0 < a < 1). Then for the solution v(t) in 
C(E a ) of problem (4.1) the coercive inequality 

II v' llc(£ Q ) + II A(.)v \\c(E a ) 

< M[|| A(0)v 0 || +o“ 1 (l - a ) -1 || / ||c(£ q )] 
holds, where M does not depend on a, vq and f(t). 
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For our third step, let us study now problem (4.1) in the spaces Cq n (E a -p), 
(0<7 </?<a, 0 <a<l). To these there correspond the spaces of traces E^2p, 
which consist of elements w £ E for which the norm 

| wf a 2 0 = max || 

Q P 0 <Z<T \\ oc p 

+ sup t -/3 (z + T) 7 ||(e“( z+T ) A ^ - e~ zA ^)w\\E a _ (3 

0 <z<z+t<T 

is finite. Let us give, without proof, the following results. 

Theorem 4.1.12. Suppose that assumptions (4.3) and (4.4) hold and 0 < a < e < l. 
Let v' Q G Expand f(t ) G Cq n (E a -p), (0 < 7 < (3 < a, 0 < a < 1). Then for the 
solution v(t) in (E a -p) of problem (4.1) the coercive inequality 

II V> II C^(E a .p) + II A (‘) V II C^(E a . 0 ) + II V ' Hc(£!f^) 

< M[\v 0 \a’2p+ ot 1 (1 — a) II / llc^' 7 (£ a _ /3 )] 
holds, where M does not depend on a, (3 , 7 , Uq and f(t). 

Theorem 4.1.13. Suppose that assumptions (4.3) and (4.4) hold and 0 < a < £ < 1 
Let v' 0 G E a - 7 and f(t) G Cq ,7 (£' a _ 7 ), (0 < 7 < (3 < a, 0 < a < 1). Then for the 
solution v(t) in Cq ’ 7 (E a -p) of problem (4.1) the coercive inequality 

II V ' II C^(E^ 0 ) + II A (-) V II Cg'->(E a - P ) + II V ' llc(S Q _ 7 ) 

< Ma-\ 1 - a)- 1 !!! v' Q \\ Ea _ y + || / \\ c 0 n {Ea _ e) } 

holds, where M does not depend on a, (3 , 7, v' Q and f(t). 

Note that the spaces of smooth functions Cq n (E a -p), in which coercive 
solvability has been established, depend on the parameters a , (3 and 7 . However, 
the constants in the coercive inequalities depend only on a. Hence, we can choose 
the parameters (3 and 7 freely, which increases the number of function spaces 
in which problem (4.1) is well posed. In particular, Theorem 4.1.13 implies the 
well-posedness Theorem 4.1.10 in C(E a ) established in the above. 

Fourth, let us study now the Cauchy problem (4.1) in the spaces L P (E) = 
L p ([0,T],E), (1 < p < 00) of all strongly measurable ^-valued functions v(t) on 
[0, T] for which the norm 

T 

II V ||i p (B)= ( / II v(t) II P E dt)t 
0 



is finite. 
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A function v(t) is said to be absolutely continuous if it has a derivative v f (t) 
for almost every t such that v'(t) G L\(E) and if the Newton-Leibniz formula 

t 

v(t) —v(t) = J v'(s)ds 

T 

holds for all t, r G [0,T]. Here the integral is understood in the sense of Bochner. 

A function v(t) is said to be a solution of problem (4.1) in L P (E) if it is abso- 
lutely continuous, the functions v'(t) and A(t)v(t ) belong to L P (E ), and equation 
(4.1) is satisfied for almost every t and v(0) = Vo- Prom this definition it follows 
that a necessary condition for the solvability of problem (4.1) in L P (E) is that 
f(t) G L P (E). It will be shown that in certain cases this condition is also suffi- 
cient for the solvability of problem (4.1). As concerns the boundary elements, in 
contrast to the situation considered earlier, from the solvability of problem (4.1) 
in L P (E) it follows only that Vo G E. In the case of an unbounded operator A(t) 
this does not allow us to prove the solvability of problem (4.1). 

Prom the unique solvability of (4.1) it follows that the operator v(t\ f(t),v o) 
is bounded in L P (E) and one has coercive inequality 

ll v II L P (E) + P(>WIIl p (£) — ^C'[II/IIl p (£;) + II^W^oIIjs]? 

where Me (1 < Me < +oo) does not depend on and f(t). 

Let us give, without proof, the following results. 

Theorem 4.1.14. Suppose that assumptions (4.3) and (4.4) hold and 0 < e < 1 
Suppose problem (4.1) is well posed in L Po (E) for some po, 1 < Po < oo. Then it 
is well posed in L p (E ) for any p,l < p < oo and the coercivity inequality holds: 

+ PCHImb) + IMIcxei-vp.p) 

< ^rfllfhAE, + 

where M(po) and M does not depend on p, vo and f(t). Here the Banach space 
E x _ i = E 1 _ i ( E,A(t )) consist of all these v G E for which norm 

pir p->y 

\ 1/p 

Aft) exp{— zA(t)}\\ p E dz J (1 < p < oo) 

is finite. 

Theorem 4.1.15. Let 1 < p < oo and 0 < a < 1. Suppose that assumptions (4.3) 
and (4.4) hold and a < e < 1. Then problem (4.1) is well posed in L p (E a , p ) and 
the coercivity inequality holds: 

M 

11^ IIl p (£? Q)P ) + POIU P ( B«,p) < ll/ll Lp(E atP ) +M\\vo\\ El _ 1/pAEa<p , A[t)) , 

where M does not depend on a , p, z;q and f(t). 





142 



Chapter 4. Partial Differential Equations of Parabolic Type 



Theorem 4.1.16. Let 1 < p < oo and 0 < a < 1. Suppose that assumption (4.3) 
holds. Suppose that the operator A(t)A~ 1 (s) is Holder continuous in t in the uni- 
form operator topology for each fixed s, that is, 

|p(£) -^(r)]^ _1 (s)|| BQ p -^ Ea) p < M\t — t| £ ,0 < e < 1, 

where M and £ are positive constants independent oft, s and r for 0 <t,s,r<T. 
Then problem (4.1) is well posed in L p (E aiP ) and the coercivity inequality holds: 

Ill'll L p (E a , p ) + PO w IIl p (E q , p ) < a (l _ a ) ll/lk p (£ a , p ) +^1l j4 ( 0 HI|E a , p , 



where M does not depend on a, p, Vo and f(t). 

Theorem 4.1.17. Let 1 < p, q < oo. Suppose that assumptions (4.3) and (4.4) 
hold and 0 < a < e < 1. Then problem (4.1) is well posed in L p (E a , q ) and the 
coercivity inequality holds: 



|l^||L p (E a , q ) + m(-) v IU p (E, 



) < 
a,q) — 



M(q) 

a(l — a) 



P (E a ,,) + MWA^volh 



where M(q) and M does not depend on a, p, Vo and f(t). 

Theorem 4.1.18. Let l < p, q < oo. Suppose that assumption (4.3) holds. Suppose 
that the operator A(t)A~ 1 (s) is Holder continuous in t in the uniform operator 
topology for each fixed s, that is, 



IP(0 - a ( t )] a H^IIeo.^Ec^ < M\t - t| £ ,0 < £ < 1, 



where M and e are positive constants independent of t, s and r for 0 < t,s,r <T. 
Then problem (4.1) is well posed in L p (E a , q ) and the coercivity inequality holds: 



ll u/ ||L p (E a , q ) + P(-HIl p (E q 



< 



M(q) 
a(l — a) 



p{Ea,q) + M \\ A (Q)Vo\\l 



where M(q) and M does not depend on a, p, vq and f(t). 



Finally, we consider the applications of these results to the parabolic equa- 
tions. First, we consider the mixed boundary-value problem for parabolic equation 



{ du , . d z u r . 

— - a(t,x)— +6u = f(t,x), 0 < t <T,0 < x < 1, 

u( 0,x) = <p(x), /( 0,x) = 0, 0 < x < 1, 
u(t,0) = u(t, 1), u x (t,0) = u x (t, 1), 0 < t < T, 



(4.50) 



where a(t , x), <p(x) and f(t , x) are given sufficiently smooth functions and a(t , x ) > 
0, 6 > 0 is a sufficiently large number. 
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We introduce the Banach spaces C^[0, 1] (0 < (3 < 1) of all continuous 

functions ip(x) satisfying a Holder condition for which the following norms are 
finite: 



II ¥> llc^[o,i] II V llc[o,i] + SU P 

0<x<x+r<l 



\<p{x + t) - <p{x)\ 

r (3 



where C[0, 1] is the space of all continuous functions <p(x) defined on [0,1] with 
the usual norm 



<P llc[ 0 ,l]= 



It is known that the differential expression 



A t,x v = - a(t , x)v"(t, x ) + Sv(t, x ) 

defines a positive operator A l ' x acting in C@[ 0,1] with domain C^ +2 [0, 1] and 
satisfying the conditions v(t,0) = v(t, 1), v x (t, 0) = v x (t, 1). 

Therefore, we can replace the mixed problem (4.50) by the abstract Cauchy 
problem (4.1). Using the results of Theorems 4.1.6, 4.1.8, 4.1.9, 4.1.10, 4.1.11, 
4.1.12 and 4.1.13, we can obtain that 

Theorem 4.1.19. For the solution of the mixed problem (4.50) the following coercive 
inequalities are valid: 



u llc 0 1 +/ 3 ) 7 (c>[o,i]) + II u Hc^ 7 (C 2 +m[o,1]) 



- (/? - 77(1^7?) ^ f llcf 7 (<>[o,i]) + M (m)I|¥ 5 IIc2+m+203-7)[0,i], 
0 < 7 < /? < 1, o < n + 2(0 - 7) < 1, 

II U llc i 5 + ' 5 ’ 7 (c 2 <°-f)[0,ll) II U llc^’' T (C2+2(«-0)[o,l]) 

J ^ II / Ilc^' , (c 2 <°-«[ 0 , 1 ]) +^( a >/5)ll¥’llc 2 +2(«-7)[0,l]’ 



< 



0<7</?< a, 0 < a — (3 < -. 
Here M(p) and M(a,(3) are independent of 7, /(£,#), ip(x). 



Second, let fi be the unit open cube in the n-dimensional Euclidean space 
R n (0 < Xk < 1, 1 < k < n) with boundary 5, fi = QuS. In [0, T] x we consider 
the mixed boundary- value problem for the multidimensional parabolic equation 



[ du(t,x) 

~di 

x = (a?i,.. 



Y a r(t , X) 9 + Su ( f ’ X ) = /(*> X )> 

r = 1 r 

. ,x n ) e H,0 < t < T, 



u(0,x) — tp(x), f(0,x) = 0, x e fl, 
^ u(t,x) = 0, x e S, 



< 



(4.51) 
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where a r (t,x), f(t,x) (t G [0 ,T], x G fl), <p(x)(x G fi) are given smooth functions 
and a r (t,x) > 0 , <5 > 0 is a sufficiently large number. 

We introduce the Banach spaces (/? = (/?i, . . . , /? n ), 0 < Xk < 1, fc = 

1, . . . , n) of all continuous functions satisfying a Holder condition with the indicator 
/? = (0i,---,Pn),Pk G (0,1), 1 < k < n and with weight xf fc (l - x k - h k Y k , 
0 < x k < x k + h k < 1,1 < k < n which is equipped with the norm 

II f llc® 1 (H) = ll f llc(fi) 



+ sup \f(x\,. .. ,x n ) — f(x\ + hi, . . . ,x n + h n )\ 

0<Xfc<Xfe+/ifc<l,l<fc<n 

n 

x Yl h k 0 kx k k ( l - x k-hk) l3k , 

k= 1 

where C(£l)- is the space of all continuous functions defined on 0, equipped with 
the norm 

II / llc(fi)= max l/( ;r )l- 

It is known that the differential expression 

Atx u X d 2 v(t,x) 

A 1 ' v = - 2_^a r (t,x ) — ' +Sv(t,x) 

r= 1 

defines a positive operator A t ' x acting on 0^(0) with domain D(A t,x ) C 
and satisfying the condition v = 0 on S. 

Therefore, we can replace the mixed problem (4.51) by the abstract Cauchy 
problem (4.1). Using the results of Theorems 4.1.6, 4.1.8, 4.1.9, 4.1.10, 4.1.11, 
4.1.12 and 4.1.13, we can obtain that 

Theorem 4.1.20. For the solution of the mixed boundary-value problem (4.51) the 
following coercive inequality is valid: 

ii ii v" ii ii 

II u IlcS+^c^n)) + 2-J dx 2 IIc ot 7 (c£iW) 

r = 1 r 

^ (i 3 _ 7 )(l_^) II / llc„V(cff l( n)) + M WE II Q^W czt 2 ^\ny 

0 < 7 < P < 1, h = {mi, • • • , Mr*}, 0 < Pk + 2(/3 - 7 ) < 1, 1 < k < n, 
where M(p) is independent of (3 , 7 and f(t,x), <p(x). 
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Third, we consider the Cauchy problem on the range {0 < t < T, x G R n } 
for the 2mth-order multidimensional parabolic equation 



( du 
dt 



+ ^2 a r{t,x) 



d\ T \i 



dx\ l • • • dx r n 



+ 6u(t,x) = f(t,x ), 



\r\=2m 

0 < t < T, x,r e R n , |r| = rq + • 
l u(0,x) = <p(x), /(0,x) =0,i6 



(4.52) 



where a r (t,x ) and f(t,x), <p(x) are given sufficiently smooth functions and <5 > 0 
is the sufficiently large number. 

Let us consider a differential operator with constant coefficients of the form 



£= £ 6 r 

\r\=2m 



^ri + ---+r n 



acting on functions defined on the entire space R n . Here r € R n is a vector with 

nonnegative integer components, |r| = n H hr„. If <p(y) (y = (yi,. . . , y n ) G R n ) 

is an infinitely differentiable function that decays at infinity together with all 
its derivatives, then by means of the Fourier transformation one establishes the 
equality 

F{B v ){Z) = B{!Z)F{<p) ( 0 - 

Here the Fourier transform operator is defined by the rule 

F (<P) (0 = (2tt) - ” /2 J exp {-* (y, 0} tp {y) dy, 

R n 



(ill 0 — yi£l + • • ' + yn£n- 

The function B (£) is called the symbol of the operator B and is given by 

b(o= £ 

\r\=2m 

We will assume that the symbol 

£ t,x (0= £ ar{t,x){i^) ri ---(i^ n ) r \^ = (^,...^ n )eR n 

\r\=2m 

of the differential operator of the form 



B t,x — £ a r (t,x) 

\r\=2m 



d\ r \ 

dxl 1 . . . dxl » 



(4.53) 
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acting on functions defined on the space M n , satisfies the inequalities 

0 < Mi|£| 2m < (-l) m B t » x (0 < M 2 |£| 2m < oo 

for £ ^ 0. Problem (4.52) has a unique smooth solution. This allows us to reduce 
problem (4.52) to the abstract Cauchy problem (4.1) in a Banach space E = 
C fJ, (R n ) of all continuous bounded functions defined on R n satisfying a Holder 
condition with the indicator p E (0, 1) with a strongly positive operator A t,x = 
B l ' x + 51 defined by (4.52). 

Theorem 4.1.21. For the solution of the Cauchy problem (4.52) the following co- 
ercivity inequalities are satisfied: 



1 



(C"(R n )) 



+ 



E 

lrl=2m 



d^u 

dx \ l . . . dxn 



I C&iCmR")) 



< 



(0 _ 7 )^_ ft II f II C&7(<>(ii")) +M M ^ J2 II Q x ri _ _ ^rn || 
0 < 7 < /? < 1, 0 < jU + 2m(f3 — 7 ) < 1, 



d\ r \ 



dW 



11 || c/' a 11 

u II Co+ /3,7 (c 2m ( Q -/ 3 )(H n )) + 2^ II g x r i Q x r n II c oT 7 (c 2m(a_/3) (# n )) 

|r|=2m 1 U 



d\ r \ 



<M(a,p)\\f\\ c 0n^ c2rnia -p)( Rn ^+M(a,(3) ^ || ^ ri ^r n ll c>+ 2m(c *-^)(ft") 

|r |=2m n 

0 < 7 < /?, 0 </z + 2 m(a - /?) < 1 , 
w/iere M(/i) and M(a,(3) does not depend on 7 and f(t,x),ip(x). 



The proof of Theorem 4.1.21 is based on the abstract Theorems 4.1.6, 4.1.8, 
4.1.9, 4.1.10, 4.1.11, 4.1.12 and 4.1.13, the coercivity inequality for an elliptic 
operator A t,x in C lx {R n ) and on the following theorem on the structure of the 
fractional spaces E a (C(R n ),A t ^ x ). 

Theorem 4.1.22. E a {C(R n ),A^ x ) = C 2ma (R n ) for allO < a < -^ andO < t < T. 



4.2 Difference Schemes Generated by an Exact Difference Scheme 

In this section we consider the difference schemes of a high order accuracy for the 
approximate solutions of problem (4.1). On the segment [0, T] we consider again 
a uniform grid space 



[0, T] T = {t k = fcr, k = 0, 1 , . . . , TV, Nr = T} 
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with step r > 0. Here N is a fixed positive integer. Prom formula (4.5) it follows 
that 

~{v{tk) - v(tfc-i)) + ^{1 - v{tk,t k -l))v{tk-l) 

1 f tk 

= - v(tk, s)f(s)ds, l<k< N, v(0) = v 0 
T Jt k -! 

or 

~{ U k ~ u k- 1 ) + -{I — v(tk, tk-l))Uk-l (4.54) 

I f tk 

— fk, fk = - / v(tk,s)f(s)ds, 1 < k < N,U 0 = Vo- 

T Jt k - 1 

The last system is called the single-step exact difference scheme for the so- 
lution of the initial- value problem (4.1). 

Let us investigate the well-posedness of the exact single-step difference 
scheme (4.54). This problem is uniquely solvable and the following formula holds: 

k 

Uk = v(tk, 0)uo + 52 v ^k,tj) fjT. (4.55) 

3= 1 

Let us reduce the difference scheme (4.54) to an operator problem in the space 
F t (E) of vectors v T = {vk}^ =1 - Recall that the space F r (E) can be equipped with 
various norms and thus become a normed space. Thus, for instance, the vector 
space F t (E) generates the normed space C T (E) = C([0,T\ t ,E) with the norm 

II ¥’ T llc T (£j) = 1 °^ v ll IIb. 

the normed space C?(E) = C /3 ([0,T] t , E), 0 < (3 < 1, with the norm 

II v\\c? ( E) = II f\\ CAE) + !<*“£*<„ II Fk+r - Fk \\e -^—0, 

the weighted normed space C^ n (E) = C ;3 ' 7 ([0,T] r ,£),0 <7</3, 0</3<l, 
with the norm 



II V T Wc?^ 



( E ) 



<P || c (E) + max 



fk+r ~ \\E 



((fc + r)r) 7 



i<k<k+r<N " r " (rr)P ’ 

and the normed space L p +E) = L p ([0,T\ t ,E), 1 < p < oo, with the norm 

N 



F T \\ L p , t (E) = (52 II Fk\\E T )^ 



k = 1 
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First we will define the operator D r , acting from the space E x F r (E) of vectors 
w T = {wk}k=o ^ nto s P ace Ft{E) of vectors v T = {vk}% =1 by the rule 

v T = D r w T ,v k = -(w k -w k - i),fc = 
r 

Second we will define an operator A r from the space E x F T (E) of vectors w T = 
{wk}% = o into the space F T (E) of vectors v T = {vk}% =1 by the rule 

V T = A t w t ,Vk = T~ 1 (I -v(tk,t k - 1 ) )w k - 1 , k = l,...,N. 

Next, let us introduce the continuation operator H(uq), which acts from E x F T (E) 
to F t (E) according to the rule 

nK)K, • • • ,Un) = {v>o,Ui,. . . ,Ujv). 

Then the difference schemes (4.54) can obviously be rewritten as the equivalent 
operator equation 

D T U(uo)u T + A t II(uq)u t = f r . 

Here f r is defined by the formula 

The last operator problem will be considered in the space F r (E). From its unique 
solvability for any Uo £ E and f T G F T (E) it follows that its solution u T defines 
an additive and homogeneous operator u T (f T ,uo). 

The initial- value difference problem (4.54) is said to be stable in F r (E) if we 
have the stability inequality 

II uT {f T ) U o) II Fr(E) — M[\\ f T II Fr{E) + II ^0 II e\i 

where M is independent not only of / r , uq but also of r. 

From formula (4.55) one derives the following results. 

Theorem 4 . 2 . 1 . Suppose that assumptions (4.3) and (4.4) hold and 0 < e < 1. 
Then difference problem (4.54) is stable in C T (E). 

Theorem 4 . 2 . 2 . Suppose that assumptions (4.3) and (4.4) hold and 0 < a < e < 1. 
Then difference problem (4.54) is stable in C? ,a (E). 

Theorem 4 . 2 . 3 . Suppose that assumptions (4.3) and (4.4) hold and 0 < e < 1. 
Then difference problem (4.54) is stable in L PjT (E), 1 < p < oo. 

The initial-value difference problem (4.54) is said to be well posed (coercively 
stable) in F r (E) if we have the coercive inequality 

|| {r (uk — Uk-i)}i ||/p t (£) + || ^4 r n(^o)^ \\f t (e) 

< M[\\ f T || f t (e) + II ^(0) u ollj5;]» 
where M is independent not only of / T , uq but also of r. 
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Since the initial- value differential problem (4.1) in C(E) is not well posed 
for the unbounded operator A(t) and space E, then the well-posedness of the 
difference initial- value in C r (E) norm does not take place uniformly with respect 
to r > 0. This means that the coercive norm 

II U II K t (E) HI { t ( U k ~ u k-l)}i Hcvt#) II A r Il(uo)u 

tends to oo as r +0. The investigation of the difference problem (4.54) permits 
us to establish the order of growth of this norm to oo. 

Theorem 4.2.4. Suppose that assumptions (4.3) and (4.4) hold and 0 < e < 1. 
The solutions of the difference problem (4.54) in C r (E) obey the almost coercive 
inequality 

II uT II k t (E) — ^i[ll A(0)u q \\ e (4.56) 

+ min{lnl,l + |ln|| J 4(0)|| £; ^ £ }||| f T || Cr(£;) ], 
where M\ is independent not only of f r , uq, but also of r. 

Proof Using formula (4.55), we can write 

r _1 (/ - v(tk,tk-i))u k -\ = t~ 1 {I - v{t k ,t k -i))v(tk-\,<S)uQ (4.57) 

fc-i 

+ £r- 1 (/ - ) fjT = Jk + Gk, 

i = i 

where 

J k = T~\I - v(tk,tk-l))v(tk-l,0)uo , 

k—1 

Gk = - v ( t k,tk-l))v(tk-l,tj) fj. 

j = 1 

Let us estimate Jk and Gk separately. We start with Jk . Using property 4) of 
v(t,s) and estimates (4.17), (4.18) and (4.21), we obtain 

||r _1 (7-t;(t fc ,4_i))v(4_ 1 ,0) J 4 _1 (0)|| £ ;^ B < M, 1 < k < N, (4.58) 

||(7 — v(tk,tk-i))v(tk-i,0)\\E^>E < M min{l,r||j4(0)||£_£;}, 1 <k<N. (4.59) 

Prom estimate (4.58) it follows that 

\\Jk II b < || r _1 (7-w(ffc,i fc _i))w(ife_i,0)A _1 (0)||£;^£|| J 4(0)uo II e 

< M\\A(0)u 0 \\ e 

for all fc, k = 1, . . . , N. Using the last inequality, we obtain 

II J T \\c A E) < MU(0 )u o \\ e . 
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Now let us estimate Gk separately. From estimate (4.59) it follows that 
k- 1 

II Gk II E < X] II ( 1 “ v (tk,tk-l))v(t k -utj)\\E^E\\f j | \e 

3= 1 

- M EtH f T Wc t (E) - ln “II f T II Cr(E) 

3 = 1 J 

for all fc, k = 1, . . . , N. Using the last inequality, we obtain 

\\G T \\c r{ E)<Mx\n l -\\r\\ CAE y (4.60) 

Further, using the triangle inequality, we obtain 

k-i 

II Gk || £<5^|| (/ - v(tk,tk-l))v(tk-l,tj)\\E^E\\fj ||fi 

3 = 1 
fc-1 

< XI II (r-v(*fc,tfc-l)Mtfc-l,*j)||E^£|| T II C r (E) 

3= 1 

for all fc, k = 1, . . . , N. Let us estimate 
fc-i 

&k — E || (1 - v{t k ,tk-l))v{t k -i,tj)\\ E ^E- 

3 = 1 

If ||j4(0)||£_>.e > AT, then 

N _ 1 N 1 1^(0) 1 1 £—>•£; 

a k <Mj2-< M J^-< M j 7 <M|lnp( 0 )|| M |- 

3 = 1 1 1 

If ||A(0 )|| j e_ > £ < 1, then 

N- 1 

ak < M ^ t\\A(0)\\e^e < Mi. 

3 = i 

Finally, if 1 < ||^4(0)||£_*£ < N, then 

[ ii^(o) J m jE7 _ >jE ] n - l . 

a k <M[ Y. r||^(0)|| E ^+ Y J 

J = 1 M||A(0)M £ ;_ £ ;] + 1 

T 

<M( 1+ J — ) < M(1 + ln ||A(0 )|| j e_> j e). 

||A(0)|| jE _ +£ ; 
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Thus, in all three cases we have the estimate 



ak < M(1 + | In || j4(0)||£_>£|). 

Therefore, 

\\G t \\ CA e) < Mi(l + | In ||^(0)||^)||| r IIc t(B) - (4-61) 

Finally, the estimate 

\\ GT \\c A E) < MnninOnl 1 + | In P(0)|| M |}|| f T \\ Cr(E) 
follows from (4.60) and (4.61). Combining the estimates for J T and G T , we obtain 
ll{ T (/ — v(tk, tk-l))uk-l}i Ilc' r (£;) < Mi[\\A(0)Uq\\ e 

+ min{lnl,l + |lnP(0)|| £ ^ £ ;|}|| f T \\ CAE) ]. 

The estimate for ||{T _1 (ufc - Uk-i)}i\\c r (E) f°U° ws from the triangle inequality 
and the last estimate. Theorem 4.2.4 is proved. 

Now let us study the well-posedness of the difference problem (4.54) in the 
various Banach spaces. 

Theorem 4.2.5. Suppose that assumptions (4.3) and (4.4) hold and 0<o<£<1. 
The solutions of the difference problem (4.54) in C^ a (E) obey the coercivity in- 
equality 

||{r (iLk — Uk-l)}^ || qOl >«(£)+ || {T X (I — V(tk, tk-l))Uk-l}l \\ C aL,c*( E j 



- Mi [ a (i _ a) \\n\c AA E) + p(okii e ], 

where M\ is independent not only of f r , uo , a, but also of r. 

The proof of Theorem 4.2.5 follows the scheme of the proof of Theorem 4.1.6 
and relies on estimates (4.3), (4.4), (4.17), (4.18), (4.19), (4.20), (4.21), (4.22), 
(4.23), (4.24) and on the formula 

r _1 (/ - v{t k ,tk-i))u k -i = t~\I - v(tk,t k -i))v(tk-i, 0 )u o 

+(I - exp{-tk-iA(tk-i)})fk 

fc-i 

+ v (tk,tk-i) v (tk-i,tj) - (I — exp{— rA(ife_i)}) exp{-tk-iA(tk-i)}]fk 

3 = 1 

Jfe-1 

+ Tj {I - v(tk, tk-i)v(tk-i, tj){fj - fk). 

3 = 1 
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Theorem 4.2.6. Suppose that assumptions (4.3), (4.4) hold and 0<a<£<l. The 
solutions of the difference problem (4.54) in C r (E a ) obey the coercivity inequality 

||{r- 1 (u fc -u fc _i)}f Hc T (E a )+ II {T~ 1 (/-v(ik,tfc_i))ii fc _i}f r || Cr(Ba) 

- *[ a(1 _ a ^n r iic T (£ Q ) + ii ^( 0 ) u oIIeJ> 

where M\ is independent not only of f T , uo , a, but also of r. 

The proof of Theorem 4.2.6 follows the scheme of the proof of Theorem 4.1.8 
and relies on estimates (4.3), (4.4), (4.17), (4.18), (4.19), (4.20), (4.21), (4.22), 
(4.23), (4.24) and on the formula 

T _1 (/ - V(tk,t k -l))u k -l = T~ l (I ~ V(t k ,tk-l))v(t k -i,0)u 0 
k - 1 

+ B' - exp{-TA(tk-i)})exp{-tk-i-jA(tk-i)}]f 8 

j= i 
k - i 

+ ^[(/ - v(U e, tk-iMtk-x , tj) -{I- exp{—r A(t k -i)}) exp{-^-i-j^(^-i)}]/j. 
j= i 

Let us give, without proof, the following results. 

Theorem 4.2.7. Suppose that assumptions of Theorem 4.1.11 hold. Then for all 
0 < a < 1 the solutions of the difference problem (4.54) in C r (E a ) obey the 
coercivity inequality 

||{t 1 (u k — U k -l)}i \\c T (E a )+ II i r (7 — v(t k , tk-l))uk-l}i II Cr(E a ) 

- _ a )ll ^ IICr(Ba) + II A (°) U oll E J. 

where M\ is independent not only of f T , uq, ol , but also of r. 

Theorem 4.2.8. Suppose that assumptions (4.3) and (4.4) hold and 0 </?<£< 1. 
The solutions of the difference problem (4.54) in C@ n (E) (0 < 7 < /?, 0 < (3 < 1) 
satisfy the following coercivity inequalities: 

II {-r \uk-U k - i)}f || Ct(jB/3 _ 7 ) < _ pj II r II C ^(E) 

+Mi\\ (I-e-^y-'uo-hW^, 

II {r 1 (u k — Uk-l)}^ II C? n (E)^~ II { r (^ — tk-l))uk-l}i II C? ,y (E) 

< p^Tpj II f T II c?^E) + Mi\ (J - e-^r-'uo ~ 

where M\ is independent not only of f T ,uo, (3, 7 but also of r. 
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Note that the parameter 7 can be chosen freely in [0, /?), which increases the 
number of spaces Cf ,7 (£), (0 < 7 < /3,0 < /3 < 1) of grid functions in which 
difference problem (4.54) is well posed. 

Theorem 4.2.9. Suppose that assumptions (4.3) and (4.4) hold. The solutions of 
difference problem (4.54) in CP^(E a -p), (0<7</3 <a<e<l) satisfy the 
following coercivity inequalities: 

|| {t l (u>k — uj, c — 1 )}i II C? n (E a - (3 )+ II { r ( Uk ~ u k-l)}i II C r (E^ 2 0 ) 



< 



+ II {t 1 (I - v(t k ,tk-l))Uk-l}i II C?’-'(E a - l3 ) 

~ a( l^- 1 a) 11 r ^(E a . p ) + - e- Tm )T' l u Q - 

{T _ 1 (Ufe-Ufc_ 1 )}i r \\c?’->(E a .f,) + II {T~\u k -U k - i)}f || CAEc-y) 

+ II {T _1 (7-u(^,ife-i)K_i}f || c ^ (Ea _ 0 ) 

Ml II 7T 11 , */r 11/ r _ -rA(0)\ -1 _ 



a(l-a) 11 ^ ^c?^(E a . p ) -- )' "U-JLWEo-t 

where M\ is independent not only of f T , Uq, ol, (3, 7 but also of r. 



+ Mi 1 1(/ -e tA ^) t u 0 -f 1 \\ 1 



Note that the spaces C^ n {E a -^) of grid functions, in which coercive solv- 
ability has been established, depend on the parameters a, (3 and 7. However, the 
constants in the coercive inequalities depend only on a. Hence, we can choose the 
parameters (3 and 7 freely, which increases the number of spaces of grid functions 
in which difference problem (4.54) is well posed. 

Now let us consider the initial- value difference problem (4.54) in the spaces 
L p ^ r (E) = L p ([0,T] r ,i£), 1 < p < 00 of all grid functions. We have not been able 
to obtain the coercivity inequality 



|| {r Htifc-Uk-i)}? IIl p , t (£) + II i T 1 (I-v(t k ,t k -i))u k -i}? \\ Lp AE) 

— M[|| f T II L PtT (E) II ^(0)^0 II J 5 ]’ 

in the arbitrary Banach space E and for the general strong positive operator A(0). 
Nevertheless, we have established the almost coercivity inequality. 



Theorem 4.2.10. Suppose that assumptions (4.3) and (4.4) hold. The solutions of 
the difference problem (4.54) in L P , T (E) obey the almost coercive inequality 

II ( r l ( U k~ U k- 1 )} 1 Hl P jT (£;) + II { T (I ~ v {tk, tk-l))^k-l} I \\l PjT (E) 



<Mi[|| yl(0)u 0 || B + min jln^.l + llnll 4(0) ||b_b| 



where M\ does not depend on f T , uq, p and r. 



I L PtT (E)b 
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Note that if A(0) is the unbounded positive operator in E , then 
. jlnl,l + |ln|| .4(0) = lnl. 



mm « 



Finally, let us give, without proof, the following results about well-posedness of 
the initial-value difference problem (4.54) in the spaces L p , r (E) = L p ([0, T] t , E), 
1 < p < oo. 

Theorem 4.2.11. Suppose that assumptions (4.3) and (4.4) hold and 0 < e < 1. 
Suppose that difference problem (4.54) is well posed in L Po , r (E) for some po, 1 < 
p 0 < oo. Then it is well posed in L p ^ r (E) for all p, 1 < p < oo and the following 
coercivity inequality holds: 

II ll Lp , T (E) + ll {t~\i - v{t k ,t k - i)K_i}f \\ LpAE) 



+II uT ||c c (e 1 _ 1/j ,, p ) < M(po)[\\ Uo 



+ 



Lp, T (E) 



1 /p,p) ~ — V^^/UI II E x _ 1/p , p ' 1 

where M(po) does not depend on f T , uq, p and r. 

Theorem 4.2.12. Let 1 < p < oo. Suppose that assumptions (4.3) and (4.4) hold 
and 0 < a < £ < 1. Then problem (4.54) is well posed in L p , T (E a , p ) and the 
following coercivity inequality holds: 

II {r~\u k -u k - i)}f \\ LpA E aJ>) + || {T-\l-v{t k ,t k -l))u k - l}f ll LpiT (E Q , p ) 

< MlMfoKlu.,, + ^ » r II ], 

where M does not depend on f T , uq, p, a and r. 

Theorem 4.2.13. Let 1 < p < oo and 0 < a < 1. Suppose that the assumptions 
of Theorem 4.1.18 hold. Then problem (4.54) is well posed in L p , r (E a , p ) and the 
following coercivity inequality holds: 

II {r~\u k -u k - i)}f || tpiT(Eaip) + || { r_1 (^ — v(tk,tk-i))u k -i}i || LpiT ( BoiP ) 

- M[ H j4 (°) ri °lk., + a (i_ a ) II E II I’ 

where M does not depend on f T , uo, p, a and r. 

Theorem 4.2.14. Let 1 < p, q < oo. Suppose that the assumptions (4.3) and (4.4) 
hold and 0 < a < £ < 1. Then difference problem (4.54) is well posed in L PyT (E a , q ) 
and the following coercivity inequality holds: 

II {-r _ 1 K-Wfc-i)}f h pA E a , q ) + II {r - 1 (/-w(^,*fc-i))«fc-i}i r II L pA E aA 

r>2 

r 



<M(q )[ || ^(OKII Ea „ + ^i 
where M(q) does not depend on f r , uq, p, a and r. 



Ep, t (Eat , q ) 
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Theorem 4.2.15. Let 1 < p, q < oo and 0 < a < 1. Suppose that the assumptions 
of Theorem 4.1.18 hold. Then difference problem (4.54) is well posed in L p ^ r (E a , q ) 
and the following coercivity inequality holds: 

IK 7 " ( U k~ U k-l)}l llL PiT (J3 a| ,) + II i T (I ~ V (tk,tk-l))'U'k-l}i llL p>T (E Q>g ) 

< m(,)[|| a(o)« 0 ii e „,+ -f- ii r ii ], 

L P ,AE a , q ) 

where M(q) does not depend on f T , uq, p, a and r. 

Now, we will consider the applications of this exact difference scheme (4.54). 
From (4.54) it is clear that for the approximate solutions of problem (4.1) it is 
necessary to approximate the expressions 

1 f tk 

v{tk,tk- 1 ) and - / v(t k ,s)f(s)ds. 

T Jt k 

The choice of v(tk,tk- 1 ) and ^ f** i v(tk, s)f(s)ds is not unique. In this section we 
consider two approaches. The first approach is carried out in three steps. Applying 
the definition of v(t , s), we can write 

oo 

v(t,s) = V 0 (t,s) = exp{-(t- s)A(s)}, 

i= 0 

Vi(t, s) = j z)[j4(s) - A(z)\ exp {-(2 - s),4(s)}d2, i > 1. 

Therefore, in the first step we consider 

m 

u T (k, k — 1) = u}(k, k — 1) = y%i(tfc,ffc-i) 

4=0 



771 ^ ptk rtk rtk 

= exp{-rA(^_i)} + ’ • / ex P{~(^ - Zi)A(zi)} 

i = l Jtk- 1 j Zi J Zi- 1 

x(A(zi_i) - A(zi)) exp{-(zi - Zi-i)A(zi-i)}dzi 
x(A{zi- 2 ) ~ 4(zi_i))exp{-(zj_i - z i -2)A(zi- 2 )}dzi^ 1 
x • • • (A(zi) - A(z 2 )) exp{— ( z 2 - z 1 )A(z 2 )(A(z 1 ) - A{z 2 )) exp {-(z 2 - z^Afa)} 
x(A(t k -i) ~ A(zi))exp{-(zi - t k -i)A(tk-i)}dzi. 

Suppose that the operator J 4 r (t)A(z)^4 _ ( r+1 ^(s) satisfies the condition 



A r (t)[A(z 2 ) - A( Zl )}A-^ +1 \s) 



E-+E 



<M\z 2 -zi\, r = 0,1,..., 



(4.62) 



where M is a positive constant independent of t, s, z\ and z 2 for 0 < t,s, z\, 
z 2 < T. 
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Note that if r = 0, then it follows that 



v(t k ,t k -!) - u T (k,k- 1)11^ < 



If 0 < r < rh, then it follows that 






< Mr 2m+2 . 

E 



Prom the formula for it is clear that for the approximate calculation of 

it is necessary to approximate the expressions A(t),exp{-sA(z)} and 
their product. For an analytic semigroup we have the formula 



oo 

exp {-(t - s)A} - exp {-{t-s)B} = '^2ip i (t,s-,A,B), 

2=1 



where 






( t,s-,A,B )= f z; A, B)(A - B)i> 0 (t,s, A,B)dz,i - 1,2, • • • , 

J S 



(£, s, A , B) = exp {—(t — s)B }, 0 < s < t < T. 

Therefore, in the second step applying the last formula and Taylor’s formula and 
neglecting the small terms, we can write 

u T (k , k - 1) = u} T (k, k-1) = exp{-rA(t fc -i)} 



m rt k pt k nt k 

+£ •••/ E VV,ai \pki A(^Z r ^ A{t^— i)] 

r = 1 ^fc-i ai =0 



m— r— ai 

x(A( 2 f r _i) ->l( 2 f r )) E ,02 [z r , tk— 1 5 A(z r — i), A{tk—\ )]dz r 

a2=0 

fh—r—ai—a2 

X (^ 4 (^ 1 — 2) — ^(^9 — l)) E V^a 2 ,a ,3 [z r _i, t/c— I? ^(^9 — 2)9 A(tfc— i)]dz r _ 1 

a 3 — 0 

fh—r—ai —ci2 a r _ i 

x-»(«-«) £ ^ r ,a r [Z 2 , «l;A(zi), i4(tfc_i)]dz 2 

a r = 0 

X {A(th— 1) ))VV,0 [-^l 9 tk— 19 A(tk— 1)9 A(tk— i)]d^i, 



VV,o[^l 9 tk — 19 A{tk— 1)9 A(tk— 1)] 

2 rh— 2 r , w 

= — — 2:1 , fc ~ — ^fa-i)exp{-T>l(^fc-i)}, 

i=0 



where 
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2m— 2r— 2a n 



ip, 



n z pz _ ~ 

••• / E 

^ Sa n- 1 2=0 

xA^tfe-Oexpl-r^fc-i)}^^-!) - A(x n )) 

2m 2 t 2a n / w 

X X] ~ — Sl , S2 ^ 8 fa-i)exp{-rvl(4-i)} 



(r-z + si)^ 



2=0 



2m—2r—2a n 



X • • • X 



(A(t k -i) -A(x n )) X] 



i=0 






x exp{-rA(t fc _i)}dsi • • -ds an , 
a n = 1, . . . ,m;n = 1, . . . ,r;r = 1, . . . ,ra. 

Finally, in the third step replacing the operator exp{-rA(tk~i)} by its Pade 
approximant Rjj(rA(tk~ i)), we obtain 

u T (k, k — 1) = u T m (k,k- 1) = B l 0 ^[t k ,t k -i;A(t k ),A(tk-i)] 

l ftk rt k pt k l~ r 



_ _ r l k r^k pt k ‘ ' 

+£/ / •••/ £ B S 

r= 1 Jt k~ 1 •'^l ^-l ai= Q 



-2r— 2ai 



[tfc, A(z r ), A(tk—l )] 



l—r—ai 



X 



E Bi^ 2r - 20a [«T,«fc-i;^r-l),^(t fc -l)]d*r 

a 2=0 

/ — r — oi — a 2 

x(A(z r _ 2 ) - A(zr-i)) E ^+i; 2r_2a3 [z r _i,4_i;^(z r _ 2 ),A(ifc_i)]d2: r _i 

0-3 —0 

l—r—a\—a 2 a r _ i 

x ... x (^( Zl ) - A(* 2 )) E ^- 2r - 2 “’-[z 2> z 1 ;^ 1 ),^(t fc _i)]dz 2 

a r =0 

x (A(tk- 1 ) - i4(zi ))5'+ J_2r [^ 1 , tk- 1 ; A(tfc_i ), A(2 fc _i )] dzi , 



where 



-E 

2=0 



B$[t k ,t k -i]A(t k -i),A(t k -i)\ = RjjirAfa- 1)), 
Bl n,0~ 2r [Zl,tk-i;A(t k -l),A(t k -l)\ 

(r - zi f _ r+j+iMfa _ i)); 
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Xj ^j-r-[f],Z-r+a n +z+l- L 2 



_[i]M(^-i))(r^(t fc _i) - A(x n )) 



l-\-j—2r—a n 



E 

2=0 



(T - S an + Xu) 1 



A%- 1) 



X^_ r _ [i]>I _ P _ aB+i+1 _ [i] (Ti4(*fc_i) • • • (A(tfc-i) - ;4(s n )) 

/+j-2r-a n f w 

x £ (T-^.+X„) 

2=0 

xiJ J -_ r _ [4 ] iI _ r+aB+i+1 _ [i] (Ti4(t fc _i))(Ti4(i fc _i))dsi---ds OB ; 
a n = 1 = = 1,...,/. 

Here [a] denotes the integer part of a > 0. In exactly the same manner using the 
three steps, we can obtain the formula for f^ 1 such that 

\\fk-fi' l \\E<MT l+ >, 
where M does not depend on r. 

Thus, replacing the operator v(tk,tk- 1 ) by u T (k , k - 1)) and the elements fk 
by elements /^’ Z , we obtain the difference schemes of approximation order l + j, 

r _1 (u fe -Ufc_i) + r _1 (/ -u T (k,k -l))u k -i =fi’\ (4.63) 



1 < k < N, uo = v o 

on the solutions v(t) of the Cauchy problem (4.1). 

Note that the difference schemes (4.63) for j = l — 1 and j = l — 2 include 
difference schemes of arbitrary high order of approximation. Moreover, the main 
corresponding functions Rj,i(z) tend to 0 as z — > oo for j = l — 2, l — 1. Such 
difference schemes are simplest, in the sense that the degrees of the denominators 
of the corresponding Pade approximants of the function exp{— z} are minimal for 
a fixed order of approximation of the difference schemes. 

Now let us give, without proof, the following estimates concerning Rj^(rA(t)) 
for j = l — 1 and j — l — 2 which will be useful in the sequel. 

Lemma 4.2.16. Suppose that the assumption (4.3) holds. Then for anyt, t, E [0,T] 
the following estimates are satisfied: 



\\RU TA (t))\\E^E<M,l<k<N, 



\\A(t)R k jtl (TA(t))\\ E ^ E < M(kr)-\ 1 < k < N, 

|| exp (-krA(t)) - R^(rA(t)) \\ E ^ E < Mk~i~ l , 1 < k < N, 



\Rl(TA(t))-R^ r (rA(t)) 

Here M does not depend on k, r and t. 



< m T, r 

e — e ( k + ry 



: ,1 < k < k + r < N. 



(4.64) 

(4.65) 

(4.66) 

(4.67) 
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Now we shall investigate the well-posedness of the single-step difference 
schemes (4.63). This problem is uniquely solvable and the formula 



k 

U k = U T (k, 0)u 0 + uT ( fc ’ r )/r’ (r 

r=l 



holds, where 



u T (k,n) 



u T (k , k — 1) • • • u T (n + 1, n), k > n, 
/, k = n. 



(4.68) 



(4.69) 



Let us reduce the difference scheme (4.63) to an operator problem in the space 
F t {E) of vectors v T = {vk}k =v Recall that the space F T (E) can be equipped with 
the various norms and thus become a normed space. 

First we will define the operator D r , acting from the space E x F r (E) of 
vectors w T = {wk}^ =0 into the space F r (E) of vectors v T = {vk}% =1 by the rule 

v T = D r w r ,v k = ~(w k - Wk-i),k = 1,. . . , N. 

T 

Second we will define an operator A r from the space E x F T (E) of vectors w T = 
{wk}^=o i n t° space F r (E) of vectors v T = {vk}^ =1 by the rule 

v T = A T w T ,Vk = r~ l (I — u T (k , k — 1) )wk~ i, k = 1, . . . , N. 

Next, let us introduce the continuation operator H(uo), which acts from E x F r {E) 
to F t (E) according to the rule 

n(u 0 )(ui,...,U 7 v) = (u 0 ,ui,...,u N ). 

Then the difference schemes (4.63) can obviously be rewritten as the equivalent 
operator equation 

D t II(uq)u t + A T Il(uo)u T = f T . 

Here f T is defined by the formula 



The last operator problem will be considered in the space F T (E). From its unique 
solvability for any uo G E and f T G F r (E) it follows that its solution u r defines 
an additive and homogeneous operator u T (f r ,uo) and is continuous. 

The initial- value difference problem (4.63) is said to be stable in F r (E) if we 
have the stability inequality 

II uT {f T 1 U o) II F t (E) — ^III f T IIf t (E) + II U o\\ e\"> 

where M is independent not only of / r , Uq but also of r. 
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Let us prove a number of estimates for u T (k,n) that will be needed in the 
sequel. First we consider u T (k,n) defined by 

{ 2 r (fc, k - 1) • • • u r (n + 1 ,n), k > n, 

(4.70) 

I,k = n, 

where u T (k , k — 1) = Rjj(rA(tk- 1 ))- 

Lemma 4.2.17. For any 0 <n <r < k < N the following identities hold: 

5 r (fc,n) = u T (k,r)u T (r,n), 0 <n<k<k<N , (4-71) 

u T (k,n) — R*J n (TA(t n -i)) (4.72) 

k 

r=n+l 

2 r (M) = (4.73) 

k 

+ ^2 rfj r ( TA ( t r-i))[RjA TA (tk-i)) - %(r^ r _ 1 ))]u T (r- l,n). 

r=n+l 

Proo/. Identity (4.71) follows from the definition of iT(fc,n). Using formula (4.70), 
we obtain 

r~ 1 (u T (k, n) - u r (k - l,n)) + r" 1 ^ - P j? zM(^_i)))S T (fc - l,n) = 0. 

From this it follows that 

r -1 (u r (fc,n) - u T (k — l,n)) + r _1 (7 - Rjj(rA(t q -i))u T (k - 1 ,n) 

= t^P^tA^-i)) - P^(rv4(t fc -i)))2 T (A: - l,n) 

for any 1 < q < N. Therefore 

k 

u T (k,n) = RjJ n (TA(t q -i)) + ^ i$7 r (rA(i,_i)) 

r=n+l 

x[^ ; (T>l(i 9 _i)) - ^((rA^r-i))]^^ - l,n). 

Choosing q = fc, we obtain the identity (4.72). In a similar manner one establishes 
the identity (4.72). Lemma 4.2.17 is proved. 

Lemma 4.2.18. Suppose that assumption (4.62) holds for r = 0. Then for any 
0 < n < k < N the following estimates hold: 



\\u T (k,n)\\ E ^ E — 



(4.74) 
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\\A(tk)u T (k,n)A- 1 (t n )\\ E _ fE < M, (4.75) 

\\A{t k )u T {k,n)\\ E _^ E < yz n y ( 4 - 76 ) 

where M > 0 does not depend on r, k , n. 

Proof. Using identity (4.72) and estimates (4.64), (4.65) and 

\\[Rj,i(TA(tt-i)) - Rj t i{rA{t n - 1 )] A~ 1 (t n -i)\\ E ^ E < M(r - n)r 2 , (4.77) 

we obtain 

\\u r (k,n)\\E^E < \\RjJ n (TA(t n -i))\\E-*E 
k 

+ ^2 \\u T {k,r)\\E^E\\[Rj,i{ T A{t r -\)) - Rjj(r A(t n -i))]A~ 1 (t n -i)\\E^E 

r=n+l 

k 

x\\A(t n -i)R r j J n ~ 1 (TA(t n -i))\\ E -.E < M + M ^2 l|2 T ( fc ) r )ll e^e t - 

r=n+ 1 

Therefore, 

k 

\\u T (k,n)\\ E ^E < M + M ^2 ll“ T ( fc > r )ll e->e t - 

r=n+ 1 

Now using the difference analogy of the integral inequality, we obtain (4.74). In a 
similar manner one establishes the inequality (4.75). Interpolating estimates (4.64) 
and (4.65), we obtain 

\\AHt)RU TA (t))\\E^E < M(kr)-i, 1 < k < N, (4.78) 

Using identity (4.72) and estimates (4.64), (4.65), (4.77) and (4.78), we obtain 

\\A* (tk)u T (k,n)\\E^E < PM^)^7 n (^n-i))||^ 

k 

+ ^2 \\ A Htk)u T (k,r)\\E-^E\\[RjA T Mtr-l)) - RjA TA ( t n-l))]A~ 1 (t n - 1 )\\ B ^E 

r=n+ 1 
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Now using the difference analogy of the integral inequality, we obtain the estimate 

A 1/2 (t k )u T (k,n) < M . . 

e-+e ((fc-n)r) 1 / 2 

In a similar manner one establishes the estimate 

A{t k )u T (k,n)A~ 1/2 (t n ) < M . 

e-+e (( k — n)T) L / z 

Prom these and the identity 

A(t k )u T (k,n) = A(tfc)S r (fc,z)A _1/2 (^)A 1/2 (^)u r (i,n) 
it follows that 

\\A(t k )u T (k,n) \\ E ^ E < A{t k )ff (kJ)A~ 1/2 {ti)\\ E ^E\\A 1/2 (ti)u T (i,n) 

E-+E 

< M 1 

“ ( k — n)r‘ 

Lemma 4.2.18 is proved. 

Lemma 4.2.19. Suppose that the assumption (4.62) holds for r = 0. Then for any 
0 <n<r<k<N and 0 < a < 1 the following estimates hold: 

R k + r - n (rA(t k+r )) - R k ~ n {r A(t k )) < Mtf, (4.79) 

’ ’ E — *E 

[A(t k+r )R k + r - n (rA(t k+r )) - A{t k )R k j n {TA{t k ))}A-\t n ) < M<S>, (4.80) 

\A(t k+r )R k y~ n (rA(t k+r )) - A(t k )R k J n ( T A(t k ))\\ E ^ E < M (4.81) 

|| u T (k + r,n) — u T (k,n) \\ E ^ E < M'P, (4.82) 

\\[A(t k+r )u T (k + r,n) - A(t k )u T (k,n)]A~ 1 (t n )\\ E ^ E < M'S!, (4.83) 

M'S! 

\\A(t k+r )u T {k + r,n) - A(t k )u T (k,n)\\ E ^ E < (4.84) 

where M > 0 does not depend on r, k , r, n. Here ^ = r a (k — n )~ a . 

Proof. We have that 

R$ r (TA(t k+r )) - R* jtl (TA(t k )) = R)^{rA{t k+r )) - R$ r (rA(t k )) 



+R«i r (rA(t k )) - Rit(TA(t k )) = J x + J 2 
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where 

Ji = R?i r (rA(t k+r )) - R^ r (rA(t k )), 

J 2 = R^i r (rA(t k ))-Ri l (rA(t k )). 

Prom estimate (4.67) it follows that 

II ^2 II E^E = R )\i r ( T A{tk)) - R l jj{TA(t k )) < M(rT) a (iT)~ a . 

Now let us estimate J\ . We have that 

ri+ri 

L 2 J i+r — 1 

J i = (£+ £ )R$ r - s (TA(t k+r )) 

S=0 »=[^] + l 

x (Rj,i{ T A(t k -\- r )) — Rj,i{TA(t k )))R s it i (r A(t k )) = Jn + Ji 2 , 

where 

[*+] 

Jl1 = £ ^‘^Mtk+rMRjArMtk+r)) - RjA T A(t k )))Rjj ( TA(t k )) , 

s=0 

2+7 1 

*=[+] + ! 

Using estimates (4.64), (4.65) and (4.77), we obtain 

z+r— 1 

l|J 12 ||^ e < X ^r s (rA(t k+r )) 
x || (RjArA(t k+r )) - Rj,i( T A(tk)))A~ 1 (tk)\\ E _ tE 

2+r-l 

x || A(t k )Rjj (rA(t k )) \\ E ^ E < M X rT ~ < M\tt < Mi 4/. 

*=[^]+i S 

Applying Abel’s formula, we can write 

m 

s=0 

[l±r] 

x ( R h ( rA(t k )) - R s u ( rA(t k ))) = X (^ r ~* +1 M(*fc+r)) - R^ r - s (rA(t k+r ))) 
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x (RjjirAih+r)) - R jt i(r A(tk))) (I - 

-Rfi r {TA(t k+ r)) [Rj t l(TA(t k+ r)) ~ Rj,l(TA(t k ))} . 

Using the last formula and estimates (4.64), (4.65), (4.77) and 

||(Tj4(i fc )) -1 (J - Rj,i(TA(t k ))\\ E ^ E < M, 

|| rA(t k )(I - Rj,i(TA{t k )))~ 1 R jtl (TA{t k ))\\ E _ tE < M, 

|| R jt i(TA(t k+r )) - R jt i(r A(t k ))\\ E ^ E < Mrr, 

we obtain 

Ji + rj 

lknll^< E ||H;y- i (r^(t fc+r ))-ii;+ r --(r^ fc+r ))|| 

S— 1 

x \\RjA TA (tk+r)) ~ Rj,i(rA(t k ))\\ E ^ E ||(/ - i? j ,;(ryl(^))- 1 i?* i (rA(^))|| B _ E 

+\\^r m (rA(t k+r ))\\ E ^ E || Rj tl (TA(t k+r )) - RjA T A(t k ))\\ E ^ E 

x|| J Rjf ]+1 (rA(i fc ))llE^E 

+ lV^ r (t A(tk+r )) \\Rj,l{TA(tk+r)) ~ Rj,l{TJ l(£fc))|| 

[^] 1 

< Mrr + Mr < M\rr < M \ \P 

' n + r — s 

s = 1 

Combining the estimates for Jn and J 12 , we obtain 

II ^11 II — ^1^- 

Prom this and the estimate for J 2 follows estimate (4.79). The proofs of estimates 
(4.80) and (4.81) follow the scheme of the proof of estimate (4.79). Now let us 
establish (4.83). Let us denote 

w r (k,n) = A(t fc )S r (A:,n)A _1 (t n ). 



By (4.73), 

w T (k,n) = A(t k )R^J n (t A^k-i^A -1 (t n ) 

+ A{t k )R^ + \rA{t k .A){R^rA{t k ^)) 

r=n+ 1 

-R j: i(TA(t t -i)))A~ 1 (t r - 1 )w T (r - 1 ,n) = J\{k,n) + hiKn), 
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where 



Ji(k,n) = A{t k )R k tl n {TA(t k -i))A 1 (t n ), 



J 2 (k,n)= ^2 A{tk)Rjj r+1 {TA(t k -i)){Rj,i(TA{t k -i)) 



r=n-\-l 

-i? ji ;(rA(i t _i)))^ _1 (t r _i)u; T (r - 1 ,n). 

Applying the identity 

J i (k + r, n) - Ji (k, n) = i(( fc+r )[^ r - n (dfe + r-i)) - 

+(.A(tk +r ) - A{t k ))R k ~ n (TA(t k ))A~ l {t n ) 
and estimates (4.64), (4.65), (4.62), we obtain 

|| Ji(fc + r,n) - Ji(k,n)\\ E ^ E 
A(t fc+r )[^| r -"(r^(t fc+r _ 1 )) - R';j n (TA(t k - 1 ))]A- 1 (t n ) 

+ \\(A(t k+r )-A(t k ))A-\t n )\\ E ^ E R k J n ( t A( t k )) 

E — >E 

Now let us estimate J 2 (fc+r, n)- J 2 (fc, n). Using estimates (4.65), (4.62), we obtain 



< 



E->E 



\\Mk,n)\\ E ^ E <M £ |A(t fc )^r +1 M(4-i)) 



r=n+ 1 






X ||(-Rj,/M(^-i)) - Rj,i( TA (tt-i)))A 1 (t r - 1 )\\ E ^ E II w T (r - 1 ,n)\\ E ^ E 

< M Y. n (k ~ r K <M(k-n)r. 

(k-r + 1)t ~ v ' 

r=n+l v 7 

Prom this and the triangle estimate it follows that 

||J 2 (fc + r,n) - J 2 (k,n)\\ E ^ E < Mrr 
for all k — n < 2 r. Now let k — n > 2 r. We have that 

fc+r 

J 2 (fc + r,n) — J 2 (*,n) = ^ A(t fc+r )^+ r - i+1 (rA(t fe+r _ 1 )) 

i=k—r+\ 



x {Rj,i(r A(t k + r —i')') - Rjj(T A(U-i)))A 1 (t i -i)w T (i - 1 ,n) 



k 

- J] ^(t fe )^7 t+1 M(t fc _ 1 ))(i? j , ; (r^(t fc _ 1 )) 

i—k — v -|- 1 

-i? J -,;(r^(t i _i)))yl _1 (t i _i)u; T (i - l,n) 
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k—r 
i=n -\- 1 



x(R jt i(TA(t k - 1 )) - Rj,i(r A(ti-i)))A 1 (t i -i)w T (i - 1 ,n) 



k—r 

+ 53 A(i fc+r ) J R*;| r - i+1 (ri4(i fc+r _ 1 ))(^ ) ,(^(tfc + r- 1 )) 

z=n+l 

4 

-i?j,j(T>l(ifc-i)))i4 -1 (t<_i)tu T (i - l,n) = 53-^n- 

n=l 



where 



fc - (“T* 

L\ = 53 A(i fe+r )^+ r - i+1 M(^ +r _i))(ii j ,/(rA(^ +r _ 1 )) 

i=k— r+1 



1 (t i _ 1 )io' r (i - l,n), 

k 

L 2 = - 53 ^ fc )47 i+1 (r J 4(4_ 1 ))(il i , / (r^(i fc _ 1 )) 

i=k— r+1 



-R jt i(TA{ti-i)))A 1 (t i -i)w T {i - 1, n), 

L 3 = 53 (j4(ijfc+ r )i?^| r_i+1 ( , rA(tfc +r _ 1 )) - J 4(ffc_i)i?^7 i+1 ( T ^(^fc-i))) 



k—r 



i=n+l 



x(Rjj(TA(tk- 1)) - jRj,i(rA(ti_i)))i4 (tz— i)w T (i - l,n), 



k—r 



L 4 = 53 ^(^ +r )^+ r - i+ 1 (T^(^ +r _l))(i? j , i (T^(^ +r - 1 )) 



i=n+l 



—Rj,i( T A(tk-i)))A 1 (t i -i)w T (i - 1 ,n). 
Using estimates (4.65), (4.62) and (4.75), we obtain 

fc+r 

11-Me^e < m 53 |^(i fc+r )^+ r - i+i M(t fc+r _ 1 )) 

i=k— r+1 






x ||(iej,i(r J 4(ifc+ r _i)) - Rj t i(TA(ti-i)))A 1 (t i 



\ £->£ 



| w T (i — 1 ,n) 






/c+r 



E 



(fc + r - z)r 2 
(A: 4- r — z + 1 )r 



< M\rr. 



i—k—r + 1 

In a similar manner one establishes the estimate 



II-Me-b ^ M i rr - 
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Now let us estimate L3. Using estimates (4.82), (4.62) and (4.75), we obtain 



H-^3 1| e^E 



< 



k—r 

£ || 4 (*fc+r)ft 

i = 1 



^ r - i+ \rA(t k+r 



))-^ fc _ 1 )47 i+1 (rA(i fc _ 1 )) 



E^E 



x ||(i? ji; (r^(4_i)) - R^i{TA{ti-i)))A 1 i t i-i)\\ E ^ E \\w T (i - l,n) 



I E-+E 



k—r 



< 






rr 



+ 



rr 



;)(k - i)r 2 < M\rr. 



(k + r - i + l)r ((k — i)r ) 2 J 
Finally let us estimate L4. Using estimates (4.65), (4.62) and (4.75), we obtain 

k—r 

\\A(t k+r )R k A r - i+ 1 (TA(t k+r ^)){ 

I E^E 



\\E\\ e ^e< £ A(t k+r )R k + r - i+ 1 (rA(t k+r ^)) 



2 = 71+1 



x \\(Rj,i( T A{tk+r-i)) Rj,i( r A(tk-i)))A (ti-i)|| £ ,_ >£ , \\w ( i l,n)||^_^^ 

k—r 

< M £ — 1 -E — — < Mirr(l + |ln(rr)|). 

^ (k + r-i + l)T K 1 ^ n> 

2 = 72+1 v ' 

Thus, the operator L 4 has “worse” properties than the operators L n for n = 1,2, 3. 
Combining the estimates for L n for n = 1, 2, 3, 4, we obtain 



\\w T (k + r, n) — w T (k,n)\\ E _^ E < M(a)(rr) a ((k - n)r) a 

for all a < 1. Nevertheless this estimate permits us to establish the same estimate 
for L4. Indeed, using the formula 



L A = A(t k+r )(I - Rj'i(TA(t k+r - 1))) l (R?j(TA(t k+r - 1)) 
-iiJ| r - n (Ti4(t fc+P _ 1 )))(ii,- l (r^(t fc+r _ 1 )) 

k—r 

-%Kr+i fc _ 1 )))^l- 1 (4-i)w T (A: - l,n) + £ A(t k+r )R k y- i+ \rA(t k+r _,)) 

2 = 72+1 



x(Rj,i{ T A(t k +r- 1)) - Rj,i(TA(tk-i)))(A 1 (t i - 1) - ^4 1 ( 2 fc _ 1 ))tD T (i - 1 , n) 

k—r 

+ £ ^(2 fc+r )i?5;} r - l+1 M(2 fc+r _ 1 ))(^ v (ryl(i fc+r _ 1 )) 

2 = 72+1 

-RjjirAttk-^A- 1 (t k -i)(w T (k - 1 ,n) - w T (i - l,n)) 
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and estimates (4.65), (4.62) and (4.75), we obtain 

k—r 

\\L 4 \\ E ^ E <MrT + M (k + r _ i)T i k - i ) TT 

2 = 71+1 ' 



k—r 

+M(a) Y, 

2 = 71+1 



rr (( k - i)r) a 

(k + r — i)r ((i + 1 — n)r) a 



T < M.2TT. 



Now combining the estimates for L n for n = 1,2, 3, 4, we obtain estimate (4.83). 
In a similar manner one establishes estimate (4.82). Finally let us establish (4.84). 
Estimate (4.84) for k-n < 2 follows from estimates (4.76) and (4.77). Let k—n > 2. 
Then using the formula 



A(t k + r )u r (k + r,n) - A(t k )u T (k,n) = ( w T (k + r, 



k — n 
2 



]) 



r/i ~ n i\\ Ank ~ n i \~r/r^ _n i \ 

-w T (k ,[— —]))+[— — }t)u ([ ^ ]> n ) 

and estimates (4.82) and (4.76), we obtain estimate (4.84) for k - n > 2. Lemma 
4.2.19 is proved. 

Suppose that the assumption (4.62) holds for r = 0 and r = 1. Then 
|| u T {k,k- 1) - R j: i(rA(t k -i))\\ E _^ E < Mr , 

\\[u T {k,k - 1) - R j> i{TA(t k - 1 ))]A- 1 {t k -i)\\ E ^ E < Mr 2 . 

Now using the formulas 



k - 1 

u T (fc, n) — u r (fc, n) = ^ u T (fc, i + l)(u T (i + 1, 0 — u T (z + 1, z))u T (i, n), 

2=72 



fc-1 

u r (fc, n) — S T (fc, n) = ^ 2T(fc, i + l)(u T (i + 1, i) — u T (i + 1, i))u T (i, n) 

2 = 72 

and the last estimates and estimates of Lemma 4.2.18 and Lemma 4.2.19, we can 
establish the estimates for u T (fc,n). 

Lemma 4.2.20. Suppose that the assumption (4.62) holds for r — 0 and r = 1. 
Then for any 0<n<r<k<N,0<a<l the following estimates hold: 

\\u r (k,n)\\ E ^ E < M, ||A(4)^ T (fc,n)A“ 1 (t n )|| £; ^ £; < Af, 

M 

||A(tfc) , u T (/c,n)|| £; _ >£; < ^ ^ 
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|| u T (k + r, n) - u T (k,n)\\ E _^ E < M\I>, 

|| [A(t k+r )u T (k + r,n) - A(t k )u T (k,n)\A~ 1 (t n )\\ E ^ E < MV, 

MV 

\\A(tk+ r )u T (k + r,n) — A(t k )u T (k, n)\\ E _ tE < — — , 

[k — n)r 

where M > 0 does not depend on r, k, r, n. Here vf> = r a (k — n)~ a . 

From formula (4.68) and the estimates of Lemma 4.2.20 one derives the 
following results. 

Theorem 4.2.21. The difference problem (4.63) is stable in C r (E). 

Theorem 4.2.22. The difference problem (4.63) is stable in C? ,a (E). 

Theorem 4.2.23. The difference problem (4.63) is stable in L p , r (E), 1 < p < oo. 

Theorem 4.2.24. The solutions of the difference problem (4.63) in C r (E) obey the 

almost coercive inequality 

||{t (uk — Uk-l)}i \\c t (E)^~ II { r 1 (I— uT ~ l-)) u k-l} I i \\c r (E) 

<Mi[W ^(0)« 0 || B + min{lnl,l + |ln||i4(0)||E-, B |}|| f T || Ct(e) ], 
where M\ is independent not only of f T , uo, but also of r. 

The proof of Theorem 4.2.24 follows the scheme of the proof of Theorem 

4.2.4 and relies on the estimates of Lemma 4.2.20. 

Now let us study the well-posedness of the difference problem (4.63) in the 
various Banach spaces. 

Theorem 4.2.25. The solutions of the difference problem (4.63) in C^ a (E) obey 
the coercivity inequality 

||{t (uk — i ) } i \\cr ,a (E)^~ II { r 1 (I ~ uT {k, k — 1))u/ c _i}] v || c ,q ; ,q ! ^^ 

— ^^(1 Wf T \\c?’ a (E) + ll^(0) w olljE7]> 

where Mi is independent not only of f T , w 0 , a, but also of r. 

The proof of Theorem 4.2.25 follows the scheme of the proof of Theorem 

4.2.5 and relies on the estimates of Lemma 4.2.20 and on the formula 

r~ l (I - u T (k,k - l))ttfc_i = t _1 (J - u T (k,k- l))u r (k - l,0))u o 

+(7-^7 1 {-^_i)})/^ 
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k— 1 
2=1 



+ - uT ( fc > “ l)K(^ - 1. *)(//’* - fk 1 )- 

2=1 



Now let us give the definition of positive operators and introduce the fractional 
spaces that will be needed in the sequel. 

The operator A is said to be strongly positive if its spectrum a (A) lies in 
the interior of the sector of angle </>, 0 < 2</> < tt, symmetric with respect to the 
real axis and if on the edges of this sector, Si (</>) = {pe l(t> : 0 < p < oo} and 
S 2 (</>) = {pe~ i(f) : 0 < p < oo} and outside of the resolvent (A - A ) -1 is subject to 
the bound 



(A -A)" 1 



E-* E ~ 1 + |A| ' 



(4.85) 



The infimum of all such angles (f) is called the spectral angle of the strongly positive 
operator A and is denoted by </> (A) = </> ( A , E). Since the spectrum a (A) is a closed 
set, it lies inside the sector formed by the rays S\ (</> {A)) and S 2 (0 (A)) and some 
neighborhood of the apex of this sector does not intersect a (A). We shall consider 
contours T = T (</>, r) composed by the rays Si (</>), S 2 (</>) and an arc of circle of 
radius r centered at the origin; </> and r will be chosen so that a (A) < \a\ < 7r/2 
and the arc of circle of radius r lies in the resolvent set p (A) of the operator A. 

Let f (z) be an analytic function on the set bounded by such a contour T 
and suppose that / satisfies estimate 



\f{z)\<M\z 



for some e > 0. Then the operator Cauchy-Riesz integral 

f{A) = ±~i^ f { z ){ z -Ay ldz (4.86) 

converges in the operator norm and defines a bounded linear operator / (A), a func- 
tion of the strongly positive operator A. If / (z) is continuous in a neighborhood 
of the origin, then in (4.86 ) we shall consider that r = 0, i.e., T = S\ (</>) U 5 2 (0). 

As in the case of a bounded operator A one shows that / (A) does not depend 
on the choice of the contour T in the domain of analyticity of the function / (z) 
and that the correspondence between the function / (z) and the operator / (A) is 
linear and multiplicative. 

The function / (z) = z~ a defines a bounded operator A~ a whenever a>0. 
Here the contour T is chosen with r > 0. By the multiplicativity property, 
^-(a+/3) _ A~ a A~P = A~@A~ a for any powers of the strongly positive oper- 
ator A and not only for negative integer ones. From this identity it follows (when 
a + (3 is an integer) that the equation A~ a x = 0 has the unique solution x = 0. 
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Hence, the positive powers A a = (A -Q ) 1 of the strongly positive operator are 
defined. The operators A a (a > 0) are unbounded if A is unbounded; they have 
dense domains D ( A a ) and one has the continuous embeddings D ( A a ) C D 
if (3 < a. 

The theory of fractional powers of operators can be constructed for a wider 
class of positive operators. For such operators the estimate (4.85) is required to 
hold for some (j) and not only from the interval [0, 7 t/ 2] , but from the larger interval 
[0,7T). 

Now let us consider the function f (z) = e~ tz . For any t > 0 this function 
tends to zero faster than any power as \z\ — > oo and its values lie inside any 
sector bounded by a contour T. Therefore, formula (4.86) can be used to define 
the function exp{-tA} of the strongly positive operator A. By multiplicativity, 
the semigroup property holds: 

exp{- (ti + t 2 )A} = exp {-tiA} exp {-t 2 A} , t\,t 2 > 0. 

Consider the function # (z) = z a e~ tz for some a > 0 and t > 0. Since, 
obviously, (z) — > 0 faster than any negative power of z as \z\ — > oo, 'F (z) defines 
the operator function 

$ (A) = -h [ z a e~ tz (z - A) -1 dz. (4.87) 

2m J r 

Let us show that the operator exp{-tA} maps E into D ( A a ) and A a exp {—tA} 
= ^ (A). Let x be an arbitrary element of E. By the multiplicativity property, 
(4.69) implies that 

A~ a '$ (A) x = - — : [ e~ tz (z — A)~ l xdz = exp {— tA} x, 

2m J p 

which proves our assertion. Thus, we have the formula 

A a exp{-tA} = — ^ [ z a e~ tz (z - A) -1 dz. (4.88) 

2m J r 

In the above argument we must assume that the contour V contains an arc 
of radius r, since we applied the operator A~ a , which corresponds to the function 
z -a . The final formula (4.88) is valid for any (small) r > 0. Since the integrand in 
(4.88) is continuous at the point z — 0, letting z — ► 0 we obtain the formula 

;4 a exp{-M} = -h[ f° p a e ia 4 > e -tpe^ ( i* _ ^) — * dp 

J oo 

poo 

+ / (pe~ l(j> - A) dp] 

Jo 
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for some 0 < (j) < 7r/2. Prom this and estimate (4.85 ) it follows that 



\\A a exp{-tA}\\ E ^ E < 



f°° p a - l e~ tp cos0 dp = 

7T 7n 



7r(cOS (f)) a 



(4.89) 



In particular, we have the estimate 

||exp{-a}||^ E <^. (4.90) 

Let us show that the estimate (4.90) can be sharpened by a factor that decays 
exponentially when t — > +oo. 

Let A be a strongly positive operator. We claim that for sufficiently small 
5 > 0 the operator A — 5 is also strongly positive and 4>(A — 5) = 4> (A). Indeed, 
let A G T (0). Consider the equation A x - (A — S)x = y for an arbitrary y G E. 
The substitution A x — Ax = z yields the equation z + 5 — A)~ x z = y. Since 



<5 (A -A) -1 



< SM (<f>) 

E^E 



if A G T (</>), we see that for 5 < [2 M (</>)] 1 the equation for z has a unique solution 
and ||z|| < 2 || y|| . Consequently, the equation for x has a unique solution and 

||*|| < M (4) [|A| + If 1 ||*|| < 2 M (4) [|A| + lp 1 ||y|| . 



This means that the operator A — (A + 5) has a bounded inverse for 0 < S < 
[2 M (7>)] -1 and 



[ A -^- 5)]- 1 



<2 M(4) [|A| + l]-\ 



Thus, we have shown that A — 5 is a strongly positive operator. Hence, by (4.90), 
we have the estimate 



l|exp{— (A — 5) t}\\ E ^ E < 



This obviously yields 

\\exp{-At}\\ E ^ E <^^-e- St , (4.91) 

where we can put 8 = [2 M (</>)] -1 . 

Let t > 1. Then, using the semigroup property, we can write 



exp {—tA} = exp {—A} exp {— ( t — 1) A} . 



Next, applying estimates (4.89) with t = 1 and (4.91), we obtain 



||A“exp{— < 



M(<t>)T(a) 2 
7r(cos 0) a 7 r 
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Hence, the following estimate holds for t > 1: 

\\A a exp{-L4}|| £_,£ < Mi ((/>) e~ St . 

If 0 < t < 1, then estimate (4.91) prevails. Combining these two estimates, we 
conclude that 

\\A a exp {-tA} \\ E ^ E < M (<fi) e~ 6t t~ a (4.92) 

for some M (</>)> 0 and 8 > 0. 

Further, formula (4.86) allows us to establish that the operator-valued func- 
tion exp{— tA} is differentiable in the operator norm for t > 0 and 

d 

— exp {-tA} = -Aexp{-tA} . (4.93) 

In particular, this implies that exp {-tA} is continuous in the operator norm. 
Using the semigroup property we deduce that the derivative of exp {-tA} is also 
continuous in the operator norm for t > 0. Finally, formula (4.93) shows that 
the operator- valued function exp {-tA} has derivatives of arbitrary order in the 
operator norm for t > 0. 

Now let x G D (A). Then the (E- valued) function exp {-tA} x has a deriva- 
tive for t > 0 and, by (4.93), 

exp {-tA} x = - exp {—tA} Ax. (4.94) 

Next, for x as above we can write 

(z — A) -1 x = z~ l x + z~ l (z — A)~ l Ax. 

Using formula (4.86), we obtain 

exp {-tA} x = [ e~ tz [z~ 1 x + z~ x (z - A)~ x Ax\dz. 

Z7TI Jp 

Here the contour T has the form 
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Using the Cauchy theorem, we get 

exp{— tA}x = -^-7 [ e~ tz z~ 1 (z — A) -1 Axdz + x. 

2m J p 

Estimate (4.85) shows that in the last equality one can pass to the limit 
under the integral sign when t — > +0. Hence, the limit 

lim exp{— tA}x = x + — ^ [ z~ l (z — A)~ l Axdz 
o ^ 1 J 2m J r v ' 

exists (in the norm of E). By Cauchy’s theorem, the integral 

i p i r— cr+ioo 

i? = -— I z _1 (z — v4) -1 Axdz = — - I z~ l (z — A) -1 Axdz 

J r 2m J_ a _ ioo 



for some a > 0. Hence, by (4.85), 



M 



M 

e ~ 2 ^ 



/: 



dt 



\\M 



a 2 +t 2 

Since d does not depend on <j, it follows that d = 0. Hence, we proved that 



lim^exp {—tA} x = x (4.95) 



for any x G D(A). Since the norm ||exp{— tA}\\ E _^ E is uniformly bounded for 
t > 0, the limit relation (4.95) holds for any x G E. 

Thus, if we extend the operator-valued function U ( t ) = exp{— tA} ,t> 0, 
at t = 0 by U (0) = I, we obtain a strongly continuous semigroup. From estimate 
(4.92) (with a = 0) it follows that this semigroup is analytic. Finally, let us show 
that its generator is U f (0) = —A. From (4.94) and estimate (4.91) we derive the 
identity 

U (t)x — x = — U (s) Axds 

Jo 

for x G D (A). Since U ( t ) is strongly continuous to the left at the point t = 0, this 
implies that x G D (U' (0)) and U' (0) x = -Ax. Hence, U' (0) is an extension of 
the operator —A. By estimate (4.91), the operator U' (0) + A and -A + A have 
bounded inverses for any A < 0. Therefore, U' (0) = —A. 

We have shown that the operator- valued function exp {—tA} is an analytic 
semigroup with generator — A and with an exponentially decaying norm. Operators 
—A that generate such semigroups were called strongly positive operators. 

Let A be a strongly positive operator. With the help of A we introduce the 
fractional space E f a q (E,A), 0 < a < 1, consisting of all v G E for which the 
following norms are finite: 



IMk* = 



X a A{\ + A)~ 1 v 



9 d\\« 



sup 

A>0 



E A 

X a A(X + A)~ 1 v 



, 1 < q < oo, 
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Recall that in Section 4.1 of Chapter 4 we introduced the fractional spaces 
E aiq in which the norms are defined with the help of the semigroup exp{-L4} 
generated by a strongly positive operator A. 

Theorem 4.2.26. E f aq (E,A(t)) = E a , q (E , A(t)) for all 0 < t < T, 0 < a < 1 and 
1 < q < oo. 

Now let us consider the well-posedness of the difference problem (4.63) in the 
various Banach spaces. 

Theorem 4.2.27. The solutions of the difference problem (4.63) in C T (E' a ) obey 
the coercivity inequality 

II {t _1 K - u k -i)}i IIc t (e;)+ II { r_1 U - u(k, k - l))u k -i}i II c r (E> a ) 

- Ml [ Q (i _ II f T \\c t (e>J + II ^W^oIIe;]’ 

where M\ is independent not only of f T , uq, a, but also of r. 

The proof of Theorem 4.2.27 follows the scheme of the proof of Theorem 
4.2.6 and relies on the estimates of Lemma 4.2.20 and on the formula 

r~ 1 (I — u r (k , k — 1 ))uk~i = r _1 (/ — u T (k , k — 1 ))u T (k — 1, 0)^o 

k~ i 

i— 1 



k—1 

+ ]T[(J - u T (k , k - 1 ))u T (k - 1, *) - (I - R^i-rAitk^)}) 

i — 1 

xR jj i ^ 1 {- TA (tk-i)}}fi’ 1 - 
Let us give, without proof, the following results. 

Theorem 4.2.28. The solutions of the difference problem (4.63) in C^ n {E) 
(0<7</?, 0 < (3 < 1) satisfy the following coercivity inequalities: 

|| {T-\ Uk - «*_!)}? || Ct (E'_ 7 ) < ^TT^) II / T II C?"(E) 



+M 1 \\(I-R u (TA(0)))r- 1 u o -f 1 ’ l \\ E , , 

J P-1 

|| {T~\u k ~ U k -l)}i || C ?-->(E) + II { T_1 ( 7 - uT ( fc > k ~ II C^-’(E) 

- 0) ^ ^ H^^(E) + Ml K J - RjArAm^uo - 

where Mi is independent not only of f T ,Uo, (3, 7 but also of r. 
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Here, |u>|q ’ 7 denotes the norm of the Banach space Eq ,7 and consists of those 
w G E for which the norm 

Ho’ 7 = o<kw 

+ sup (rr) _/3 ((i + r)r)^||(i?*+ r - 1 (rA(t)) - ^(t^HIe 

0<i<i+r<N 

is finite. 

Note that the parameter 7 can be chosen freely in [0 ,0), which increases 
the number of spaces Cf ,7 (£)(0 < 7 < / 3,0 < /3 < 1 ) of grid functions in which 
difference problem (4.63) is well posed. 

Theorem 4.2.29. The solutions of the difference problem (4.63) in 
( 0 < 7 </?<a<l) satisfy the following coercivity inequalities: 

II {T~ l {u k -u k - i)}f II c^{E' a _ g ) + II {r~ l {u k -u k - i)}f II c T (E^ 0 ) 



+ II { T l (I - U T (k,k — l))uk- l}i II c^ 1 {E' a _ (3 ) 

< -J^-A r II c?" ( E> „) + W - ^•,/M(0)))r- 1 uo - f(’ 1 tip, 

a(l — a) T ^<*-0) 

II {r -1 (Ufc-«fe_i) }f II C?^(E' a _ /3 ) + II {T~Huk-u k - i)}f |lc T (E^_ 7 ) 

+ II ( T 1 (I — U T (k, k — l))ltfc_i}i || elf’ 1 (E’^-p) 

< ^4^11 r iiof- (E ;_») + v 

where M\ is independent not only of f T , uo, a, (3, 7 but also of r . 

Here, \w\^2p denotes that the norm of the Banach space E^2p consists of 
those w G E for which the norm 



Mo’ 7 = m^.ll- R }/(' rj4 W) w llea-0 



+ sup (r -^)-^(0 + r)^ril(^7 I ' _ 1 (^(*)) -^ 1 (^( 0 ))^IU a - /s 

0 <i<i+r<N 

is finite. 

Note that the spaces Cf’^E^) of grid functions, in which coercive solv- 
ability has been established, depend on the parameters a, (3 and 7 . However, the 
constants in the coercive inequalities depend only on a. Hence, we can choose the 
parameters (3 and 7 freely, which increases the number of spaces of grid functions 
in which difference problem (4.63) is well posed. 
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Now let us consider the initial-value difference problem (4.63) in the spaces 
L p ,r(E) = L p ([0,T\r,E),l < p < oo of all grid functions. We have not been able 
to obtain the coercivity inequality 

II {' r_1 K- u fe-i)}] V IIl p , t (e) + II { r_ V - u T (k, k - l)W-i}f II Lp r(E ) 

— ^[11 f T IIl p , t (b) + II ^(0) u oIIe]> 

in the arbitrary Banach space E and for the general strong positive operator A(t). 
Nevertheless, we can establish the almost coercivity inequality. 

Theorem 4.2.30. The solutions of the difference problem (4.63) in L p , r (E) obey 
the almost coercive inequality 

II { T ~\ U k~ U k- l)}f IIl p , t (£) + II -U T (k,k- || LpiT (B) 

<Mi[|| ^(0)ti 0 || E + min(lnl,l + |ln|| A(0) || £ _ B |)|| f T || Lpt(£) ], 

where M\ does not depend on f T , u$, p and r. 

Note that if A(0) is the unbounded positive operator in E , then 

min (in 1,1 + |ln|| 4(0) || E _ E || = lnl. 

Finally, let us give, without proof, the following results about well-posedness 
of the initial-value difference problem (4.63) in the spaces L p , r (E) = L p ([ 0, T] r , E), 
1 < p < oo. 

Theorem 4.2.31. Suppose that the difference problem (4.63) is well posed in 
L Po , T (E) for some po, 1 < Po < oo. Then it is well posed in L P}T (E) for all 
p, 1 < p < oo and the following coercivity inequality holds: 

II {‘ r-1 («fc-«fc-i)}f r II l p ,ae) + II - uT ( k - k - i)K-i}f IIl p , t (e) 
+IMIc t (e 1 _ 1/p , p ) < M(jpo)[\\ u 0 || El _ 1/p p + II f T 111’ 

where M(po) does not depend on f T , uo, p and r. 

Theorem 4.2.32. Let 1 < p < oo and 0 < a < 1. The problem (4.63) is well posed 
in L p , T (E' a p ) and the following coercivity inequality holds: 

II { r_1 K-Wfc-i)}f IIl p , t (b; > p ) + II {r _1 (/-u T (fc,A:-l)W-i}f IIl p , t (^, p ) 

<M[\\A(Q)u 0 \\ e , ], 

“• P ^ L pA E' a , p ) 

where M does not depend on f T , uq, p, a and r. 
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Theorem 4.2.33. Let 1 < p,q < oo and 0 < a < 1. The difference problem (4.63) 
is well posed in L P:T (E' a q ) and the following coercivity inequality holds: 



|| Ili,.,,^ + II {T-‘(J - U-(k,k- l))u t - 1 }{' || Ir r(£ , 



iMMIMOTnJ^ + ^llr ll t (j? ], 

where M(q ) does not depend on f T , uo, p , a and r. 

Now, the abstract theorems given above are applied in the investigation of 
difference schemes of higher order of accuracy with respect to the set of all variables 
for approximate solution of the Cauchy problem (4.52). The discretization of prob- 
lem (4.52) is carried out in two steps. Let us define the grid space (0 < h < ho) 
as the set of all points of the Euclidean space R n whose coordinates are given by 



Xfc — Sfc 0, il, i2, . . . , h 1, . . . , n. 



The number h is called the step of the grid space. A function defined on 
R 7 ^ will be called a grid function. To the differential operator A with constant 
coefficients of the form 



Qri-\ \- rn 

d r l • • • d x r n 
\r\=2m x i Xn 



A = E a 



we assign the difference operator 



A h = h~ m (4.96) 

2m<\s\<S 

which acts on functions defined on the entire space R JJ. Here s G R 2n is a vector 
with nonnegative integer coordinates, 

A k ±f h ( x ) = ± ( f h (x ± e k h) - f h (x )) , 



and ek is the unit vector of the axis 

An infinitely differentiable function of the continuous argument y G R n that 
is continuous and bounded together with all its derivatives is said to be smooth. 
Let (p(y) be a smooth function on R n . Using the Taylor expansion of <p(y), one 
can show that 

sup 

xeR^ 

Here the grid function tp(x) and are the traces of the functions (p(y ) 

and -^<p(y), respectively. The last inequality means that the difference operator 
h~ 1 Ak± is a first-order approximation for the differential operator 



d 

h _1 Ak±<f (a;) - -q^p( x ) 



< M {(p) h. 
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We say that the difference operator Ah is a Ath-order (A > 0) approximation 
of the differential operator A if the inequality 

sup \Ah<p ( x ) - Ap (x)| < M (p) h x 
x eR% 

holds for any smooth function p(y). We shall assume that the operator Ah ap- 
proximates the differential operator A with any prescribed order. 

A function of a continuous [resp., discrete] argument that decays at infinity 
faster than any negative power of \y\ [resp., |x|] is said to be rapidly decreasing. 
Let us define the Fourier transform of a grid function f h (x) by the formula 

f(Z) = (2*)~ n exp {-i(x,Z)}f h (x)h n ,ZeR n . (4.97) 



This formula defines a 2irh ~ 1 -periodic smooth function of the continuous argument 
£ whenever f h (x) is a rapidly decreasing grid function. In this last case (4.97) is 
just a Fourier series expansion of the function / (£) and the numbers f h ( x ) are 
the Fourier coefficients, given by the formula 

f h (x)= [ •••/ exp {i (£,£)} / (£) d£x ■ ■ ■ d£ n . (4.98) 

J\€i\<Trh- 1 j l^nl^Tr/i -1 

The inverse Fourier transform of a 27r/i _1 -periodic function p(£) is defined to be 
the grid function <p h ( x ) given by the formula 

<p h {x)= f ■■■ f exp {i(x,Z)}(p(Z)dZi ■■■(%„. (4.99) 

J |^1 |<7r/l _1 J\£ n \ <77/1-! 



Formulas (4.98) and (4.99) establish a one-to-one correspondence between 
rapidly decreasing grid functions of a continuous argument. In particular, if f h ( x ) 
is a rapidly decreasing grid function, then 



/ 



(x) = f h (x). 



If f h ( x ) is a rapidly decreasing grid function, then the grid function Ahf h (x) 
exists and is given by (4.97) and we have the equality 

A h f(0 = A(dh,h)f(0- 

The function A (£/i, h) is obtained by replacing the operator in the right-hand 
side of equality (4.96) with the expression ± (exp {±i£kh} - 1), respectively and is 
called the symbol of the difference operator. Since exp {±i^h} are bounded ana- 
lytic 27r/i - Aperiodic functions, the symbol A (£/i, h) is a bounded analytic 2 / irh~ 1 - 
periodic function. It follows that for large |£| one has the estimate 
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In the first step let us give the difference operator A^ x by the formula 






= £ %*D r h u h x + 6u h x . 

2m<\r\<S 



(4.100) 



The coefficients are chosen in such a way that the operator A approximates in 
a specified way the operator 

„ Q\ r \ 

£ ■■■ext +s ' 

\r\=2m 1 

We shall assume that for |^/i| < n and fixed t and x the symbol A t,x (£h, h ) of the 
operator A^ x - 5 satisfies the inequalities 

(-1 ) m A*’ x (th,h) > Mi\£\ 2m , \axgA t,x (£h,h)\ < <t> < 4>o < \ 

With the help of Al£ x we arrive at the initial-value problem 

+ A]l x v h (t, x) = f h (t, x ), 0 < t < T, (4.101) 



v h (0,x) = Vq(x),x € 



p n 



for an infinite system of ordinary differential equations. 

In the second step we replace problem (4.101) by the difference scheme 



;(«*(*) - ujUOr)) + 1(1 - .(x) 



(4.102) 



= f k ’ l (x), 1 < k < N - 1,Uq(x) =v%(x), x e Rl- 



Let us give a number of corollaries of the abstract theorems given in the 
above. To formulate our result we need to introduce the space C % = C^{R 1 f l ), 
0 < (3 < 1 of all bounded grid functions u h (x) defined on iiJJ, equipped with the 
norm 






U 



iic fc 



+ sup 

x,yeR™,x^y 



\u h (x) - u h {y ) I 
\x — y\P 



Here Ch = C{R%) denotes the Banach space of bounded grid functions u h (x) 
defined on R 7 f l1 equipped with the norm 



\u h \\ c h = sup \u h (x)\. 
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Theorem 4 . 2 . 34 . The solutions of the difference schemes (4.102) satisfy the fol- 
lowing stability estimates: 



|| U T,h \\ c a,a^c^ ^ II ^ ^ a < ^ < 1 , 

II U h II L PjT (c£)— M [IKIIcf + II f ’ II L P)T (cf)]’ 1 — P — °O,0 < /3 < 1, 



wftere M does not depend on f r ' h , Uq, a, (3, p, h and r 

The proof of Theorem 4.2.34 is based on the abstract Theorems 4.2.21, 4.2.22, 
4.2.23 and on the following two theorems. 

Theorem 4 . 2 . 35 . The operator A^ x is strongly positive in Ch- 

Theorem 4 . 2 . 36 . For any 0 < (3 < ^ the norms in the spaces E^Ch^A^*) and 
C are equivalent uniformly in h. 

Theorem 4 . 2 . 37 . The solutions of the difference schemes (4.102) satisfy the fol- 
lowing almost coercive stability estimates: 

||{r- 1 (4-4_ 1 )}r i |lL p , T (C,)<M[lnl £ ll^uolk 

\r\=2m 



+ ln -^Th II f T ' h IUp.r(Ch)], 1 < P < 00. 

where M does not depend on f T,h , Uq, p, h and r. 

The proof of Theorem 4.2.37 is based on the abstract Theorems 4.2.24 and 
4.2.30, the positivity of the operator A x h in Cf and on the almost coercivity in- 
equality for an elliptic operator A^ x in Ch and on the estimate 



min 



ln-,l + 
r 



ln 



At, X 

A h 



< Min -. 

r + h 



Next, to formulate our result we need to introduce the space W^ h = 
0</?<l,l<p<ooofall bounded grid functions u h {x) defined on equipped 
with the norm 



Ik 



I w lh 

p,n 



-iE E 

xeR™ yeR™,y^0 



\u h (x) - u h (x + y)\ p 



h 2n + \\u n 



\y\ 



n+/3p 



IP 

I Lp,h 



1 

p . 



Here L p ,h = L P (R%) denotes the Banach space of bounded grid functions u h (x) 
defined on iiJJ, equipped with the norm 
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Theorem 4.2.38. The solutions of the difference schemes (4.102) satisfy the coer- 
civity estimates: 

II {T~\u h k ~U h k _ i)}^ 1 || c a,a( c j9) 

< M(a,(3)[ Y ll^«ollcf+ II f T ' h llc?-(cf)]>° ^ a < 1,0 < /? < 1, 

\r\=2m 

II ( T ( u k~ u k- l)ll IIl PiT (W™“) 

< M{a,p,q)[ Y \\ D h u o\\w™+ || f T,h \\ Lp 1 < < °°> 0 < a < A 

\r\=2m 

where M(a,/3) and M(a,p, q) do not depend on f T,h , uft, h and r 

The proof of Theorem 4.2.38 is based on the abstract Theorems 4.2.25, 4.2.33 
and Theorems 4.2.35, 4.2.36 and on the following two theorems. 

Theorem 4.2.39. The operator A^ x is strongly positive in W^ h . 

Theorem 4.2.40. For any 0 < (3 < ^ the norms in the spaces E'p (L q ^,Aff) and 
are equivalent uniformly in h. 

Note that in a similar way the difference schemes of the high order of accuracy 
with respect to one variable for approximate solutions of the mixed problems (4.50) 
and (4.51) can be constructed. Abstract theorems given from above permit us to 
obtain the stability, the almost stability and the coercive stability estimates for 
the solutions of these difference schemes. 

Now, we will consider the second approach of choice v(tk,tk- i) and 

1 f tk 

- / v(t k ,s)f(s)ds. 

T Jt k - 1 



By (4.15) and (4.16), we have 

v(tkffk-i) = e~ A ( tk -^ r 

rtk 



- [ v{t k , z)[A(z) - A{t k -i)]e A(tfc - l)(z tk ~^dz, 

Jtk.! 

v{t k ,tk- i) = e~ A( J k)T 

+ ( e~ A(tk)(tk ~ s) [A(t k ) - A(z)\v(z,t k -i)dz, 

'Jtk- 1 



v(t k ,t k - 1 ) = e ' * i 

~ A (t k _i)(z-tk-i ) 



[ v(t k ,z){A(z)~ A{t k _i)]t 

'Jtk- 1 



dz. 



(4.103) 



(4.104) 



(4.105) 
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Using Taylor’s formula, we obtain 

j'tk 
T 

j+l — 1 m 



l f tk 

~ / v(t k ,s)f{s)ds 
T Jt k - 1 



(4.106) 



= ££(”) v(t k , t k -l)B m -x(t k - 1 )f W (t k - 1 ) - ^ T + ^ + o(r j+l ) , 



- [ v(t k ,s)f(s)ds 

T Jtk - 1 



(4.107) 



j+J-l m 



m=0 A=0 



e e r »- A (t k )f W {t k ) 



Hf 



(m + 1)! 



+ o(t 3+1 ), 



1 f tk 

- / v(t k ,s)f(s)ds 

^ ''tk-1 



(4.108) 



l — 1 2m 



EE' w(ifc , i )B 2 m-\(t k _ i )/ (A) (2 fc _ i ) 



771=0 A = 0 




r 2m 



2 2m (2m + 1)! 



+ 0(T*) 



where 



f Bi(t) = 1, i = 0, 

\ Bi(t ) = Bl'l^t) + Bi-i(t)A(t), 1 <i<j + l. 

Now, we will study the approximate formulas for the expressions v(tk,t k - 1 ) and 
v(tk,t k _ i). Using Taylor’s formula and formulas (4.103), (4.104) and (4.105), we 
obtain 

v(t k , ifc-0 = e~ A ^ T - r(A(t k ) - Aitk-^e-^-^ 

+ 'E ^9" E (?) Bi(t k )[(A(t k ) - A(7,_ 1 ))(-7l(4_ 1 ))"- i 



“ (n + 1)! 

7=1 7 7 = 0 

+ E ( n 7 *) ^ (s) (^)(-^(ife-i)r _i_s ]e“ A(tfc - l)T + o(T j+l+1 ), 



s = 1 



= e-^ )T + r(A(t*) - A(tk-i))e- A ^ T 

n -(-l 77 / \ _ 

+ E t^tt)! E u ) - ^(t fc -i))(^)) r 

77=1 ' 7 2=0 ' 7 



E 

S= 1 



n — i 



7l( 5 )(2 fc _ 1 )(A(7 fc ))"- i - s ]e-^ t '‘) T + o(T j+l+1 ), 
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v(t k ,t k - i) = e A{tk 2 )T -T(A(t k )~ A{t k _i))e A{tk 2 )r 



j+l — 1 / \n+l n / \ 



“ (n + 1)! 4- 

ri=l V 2=0 



E 

S=1 



n — i 
s 



X > I l#(^)M(t fc .i)r- s ]e A(i ‘4 )r + o(r^+ 1 ), 



where 



fBi(t) = l, _ * = 0, 

\Bi{t) = ~ 1 < * < 3 + /• 

Further, using the last formulas and Pade fractions for the function e~ z , we 
can write 

v(tk,tk- i) = Rj,i(A(tk-i)r ) - r(A(tk) - A(t k -i))Rj-i,i-i(A(t k -i)T) (4.109) 

j+l— 1 / \n+l n / \ 

E SiT E (") 

n=l ' 2=0 ' ' 



+ 



s=l 



+ E [ s J ^ (8) (*fc)(-^fc-i)) n_i " S ]^-n+[fl-i,J-[»l(^fc-i)r) + 0 (r^ i+1 ), 



v(t k ,tk- i) = Rj t i{rA(tk )) + r(yl(tfc) - .A(ifc_i)).Rj_i,j_i(.A(tk)T) (4.110) 

'e nsi E (?) 

n = 1 '■ n+ z=0 ' ' 



+ 



jr r M ^ s >(t fc -i)(A(t fc )) n - i - s ]i? g _ n+[t] _ 1 , p _[ ?] M(t fc )) +o+ +l+i ), 



s= 1 

v(tk,tk- i) = Rj,i(rA(t k _ l)) - r(A(tk) - A(t k _i))Rj-i,i-i(TA(t k _i)) (4.111) 

1+*- 1 /_,\n+l 



+ 



/-ft— 1 / \T2+1 71 / \ 

E S™ E ” B ‘^ A ^ ~ Mh-im-Mh-tW- 

n=l ' ' 2=0 ' ' 



s=l 



+ Er s J AW(tO(-^ fc -p) n " i "1^-n + [ ? ]-i, I -[ ? ](ri4(2 t _ i )) + o(^ +I+1 ). 



The approximate formulas for the expression v(t k ,t k _i) can be constructed using 
Pade’s rational functions. We have that 



v(t k ,t k _i) = e 






2 + / e A(tfc )(t* z) (A(t k ) - A{z))v(z,t k _i)dz, 
J h-i 



v(t k ,t k _,)=e A{tk ~i n - [ k v(t k ,z)(A(z)-A(t k _ i))e ^ dz. 

Jt k- 1 
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Using Taylor’s formula, we obtain 



Kt k ,t k _ i) = e-^>i + -r(A(t k ) - A(t k _,))e^ A ^ 



3+ 1 - 1 T n + 1 n 

E 2" +1 (n + 1)! E 

n= 1 v ' i=0 



T E (") - A(t k _,))(A(t k )y 



A (s) (t k _ 1 )(A(^)) n_i_ 1e" A(t ' t)f + o(r J+m ), 



w(tfc,^_i) = e A(tfc i )2 - ^T(A(t k ) - A(t k _i))e * A{t *~h )T 

— 1 / \n+l n / \ 

■ E 2-+%,+ D! E (") g .fo)K^fa) - Mh-0)(-A( 

71=1 ' ' 1=0 ' ' 



A^(t k )(-A(t k _A) 



n ~i~ s \ e A{t *~h )l +o(r- 



Therefore, using the last formulas and Pade’s approximants of the function 
e -z , we can write 

v(t k ,t k _x) = Rj^A{t k )) + ^T{A(t k ) — 1 )) J R J -_ 1 , z _i(^A(t fe )) (4.112) 

J+i_1 _n+l « / \ 

+ E 2 n + i (n + 1), E (?) - Mh-omh))^ 



^ i) (* fe -i)(^(tO) n " i “ i ]^-n +[ j ] - 1 .i-[ t] (^(* fc )) + o(r^ +1 ), 



v(t k ,t k _ k ) — Rj^i(^A(t k _i)) 2 r(A(t k ) (4.113) 

1 / \ n _|_2 n / \ 

+ E 2^ ?„ + Di E (") ftfo)P(‘>) - 

71=1 ' ' 1=0 ' ' 

+ E (” 7 *) j)) + o(T' +,+1 ). 

Finally, replacing the expression v(tfc, ^- 1 ) by its Pade approximants from (4.109) 
or (4.110) or (4.111) (neglecting the last terms, respectively) and the expression 



v(tk,s)f(s)ds 
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by the expressions from (4.106) or (4.107) or (4.108) and replacing the expressions 
v(tk,tk- i) and v(tk,t k _i) by their Pade approximants from (4.109) or (4.110) or 
(4.111) or (4.112) or (4.113) (neglecting the last terms, respectively), we obtain 
the following difference schemes of (j + Z)-th order of accuracy for the approximate 
solution of the initial- value problem (4.1): 

r _1 (u fc - Ufc_i) + t -1 [1 - Rjj(A(t k -\)T ) (4.114) 



+r(A(tk) - A(tk-i))Rj-i,i-i(A(t k -i)T) 

TTTT E (?) Bi(tk)[(A(t k ) - Aitk-M-Aitk-!))"-* 

n = 1 ^ + ' i= O'' 

s = 1 ' ' 

xiJj_ n+[ a ] _ li i_ [ n ] (i4(t fc _i)r)]]u fc _i = f k l , 1 < k < N,u 0 = 2 / 0 ; 

r _1 (u fc - Wfe_i) + r -1 [l - Rj t i(rA(tk)) (4.115) 

-T(A(tk) - A(tk-i))Rj-i,i-i{A(t k )T) 

j+l — 1 n _|_ i n / \ 

- E T^TlM E (?) - Aitk^iAih))^ 

n—1 ' ^ '* i=0 ' ' 

-E( n ^) ^ (B) (*k-i)(^fc)) n " i "' 

xi? J _ n+[? ]_i )i _ [? ](rA(tfc»]]u fe _i = /fc',1 < k<N,u 0 = 2/o; 

T~ 1 (uk - u k -i) + r _1 [l - Rj,i(TA(t k _i)) (4.116) 

+T{A(t k ) - A(t k _i))Rj-i,i-i(TA(t k _i)) 

j~\~l — 1 / \f2_j_l Tl / \ 

n=l ' ' i=0 ' ' 

+£( n ;*) AMitkX-Aitk^r-*-' 
xi? j _ n+[t] _ 1); _ [t ](ryl(t fc _i))]]ufc_i = f k ’ 1 , 1 < fc < N,u 0 = y 0 . 

Here, f 3 k l can be defined by one of the following formulas: 



f j,i 

Jk 



j+l — 1 m 

EE 

m = 0 A=0 



B m - X (tk)f ix) (tk) 



( ~r) m 

(to + 1)!’ 
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j+l-l m 



tf- £ £ 7 



X (j/l _|_ 1^1 ^ 1 )' 7 ") T(A(t k ) 

-A(t k -l))Rq- m -[rn.]-i, p+ [f]-i(A(t k -l)T) 

+ E E (i) Bi(t k )[(A(t k ) -A(t k ^))(-A(t k ^)Y 



A^ s \t k )(-A{t k - i))" * s ]Rj_ n+ [R}_ij_^](A(t k -i)T)}f w (t k -i) 



j+l-l m , \ 

ft = ££(?) 



X (m + lj| f ].'+[f 1 ( r ^(^)) + ' r 0 4 (*fc) — ^4(ifc_i)) 



^ r”+! 



E (n + 1)! E 

n=l v 7 z=0 



T E (") Bi(t k ^)[(A(t k ) - A(t k ^))(A(t k )Y 



^W(t fc _ 1 )(A(i fc )) T, - < - i ^-„ +[ t ] - 1 , J - [ # ] (rA(t fc ))]/ (A) («fc-i), 



j+Z— 1 m 



K l = EE ? 



X (m + 1)! l.i+lflMfa-i)) ~ - A(t k _ i)) 

xRj- m -[f]-i,i+[fl-i( T A(t k -±)) 

m—1 / \n+l n / \ 

£ ^TT)T £ (”J ^(‘OPfe) - 
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& = e e m B ^(t 



m = 0 A=0 x / 

j-2m T 1 T 

X o2mfO n T (Mtk) ~ A(t k _ i ))-Rj-m-l,i-m-l(;r.<4(tfc)) 



' 2 2 m ( 2 m + 1 )! 



E 2 J (n+1)! E (!) 






ft 1 = E E r 7) B ^(t 



q-2m j. ^ 

x 2 2 m ( 2 m + 1 )! ~ — ■A{t k -i))Rj—m-i,i-m-i 

x(^(4-i)) 

m— 1 / \n+l n / \ 

+ e 2 e[; +1) i e (”) j»”-‘ 



+ y '~ T ' — y 

^ 2 " +1 (n + 1 )! f-< 

n=l v ' i=0 



S=1 ' ' 

Note that in a similar manner with the difference schemes (4.63) one can investi- 
gate the stability, coercive stability of the difference schemes (4.114), (4.115) and 
(4.116) under the smooth assumptions for A(t). 

4.3 Single-Step Difference Schemes Generated 
by Taylor’s Decomposition 

We consider again the Cauchy problem (4.1). Let the function v(t), for (0 < t < T) 
have {l + j + 1) continuous derivatives and tk-i,tk € [0,T] r . Then by Theorem 
2.2.1 we have the following Taylor decomposition on two points 

i j 

v(t k ) - t/(i fc _i) + '£'<*ivM{t k )T i -Y^PiV^itk-iV (4.117) 



77—^77 f (tk - s) j (s - tk- 1 ) l v (l+j+1) {s)ds, 
V +J)- Jt k -! 
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where 



OL{ = 






< 






for any i, 1 < i < Z, 



for any i, 1 < i < j. 



(4.118) 



Now, we will consider the applications of Taylor’s decomposition of function on 
two points. Prom (4.117) it is clear that for the approximate solution of problem 
(4.1) it is necessary to find v^(tk) for any i,l < i < l and v^ l \tk- 1 ) for any 
i,l Using the equation 



v/(t) = -A(t)v(t) + /(f), 

we obtain 

= -Ai(t)v(t) + (4.119) 

where 



A\(t) = ~A(t), Ai{t) = A'-i(^) — Ai-i(t)A(t) for any i,2 < i < l, 

fi(t) = f(t), fi(t) = fi\(t) + Ai-i(t)f(t) for any i, 2 <i< l. 

Prom this formula for Ai(t) it follows that 

A i (t) = {-l) i A i+1 (t) + B i {t), (4.120) 

where 

B 0 (t) = 0, Bi(t) = A-_i (t) ~ Bi-\(t)A ( t),i> 1. 

Therefore, 

i 

Bi(t) = 5>ir r 4- \ (t) A>- r (t) . (4.121) 

r = 1 

Replacing the v^(t) by (4.119) and neglecting the last term, we obtain the single- 
step difference schemes of (l +j)- th order of accuracy for the approximate solution 
of problem (4.1): 

i 

r _1 (u fe - u fc _i) - '^2 a i' rt ~ 1 Ai- 1 (tk)uk (4.122) 

i= 1 
3 

+ Ai-I {tk-i)uk-i = f l’ 1 , 

1=1 

1 j 

f°k = (ffc) + (ffc-i) ,1 <k< N, 

i= 1 i=l 



^0 = 2 / 0 - 
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Suppose that the operator A r (t)A ^ r \t)A ( r+1 )(£) satisfies the condition 



A r ( t)A (i " r) {t)A 



-(l+r) 



(t) 



E^E 



< M, 1 < i < Z - r,0 < r < Z - 1, (4.123) 



where M is a positive constant independent of t, 0 < t < T. Then the following 
estimate holds: 

4_i (t) A~ r ( t ) < M, 1 < r < i. 

From this it follows that 

|| Bi^A-* (f)|U^ £ < M, 1 < i < l. (4.124) 



Using the identity 



i 

(I -^aiiT'Ai - x ( t k )) _1 - Q~l(TA(t k )) 

i= 1 



l l 

= (I - ^2 ®iT l Ai-i (ifc)) _1 T ^2 OUT 1 ' 1 Bi- 1 (tfc) QjJ{TA(t k )), 

i = 1 i=l 

the estimate (4.124) and 



QjJirMh)) 



E 



< Af, 

E 



we obtain that the operator 7 — (£/-) has the bounded inverse 

(/ — X)z=i ( tk )) _1 . Therefore the difference problem (4.122) is uniquely 

solvable and the following formula holds: 

k i 

u k = u T (k, 0)u 0 + ^2 u T (k, S)(I-]T ajrMi -1 (t s ))~ 1 f 3 s ' l r, (4.125) 

s = 1 i = 1 



where 



Here 



u T (k,n) 



u r (k , fc — 1) • • • u T (n + 1, n), k > n, 
7, fc = n. 



(4.126) 



u T (k,k- 1) = (/- ^airMi-x (i fc )) : (/ - ^ BirMj-x (ifc_i)). (4.127) 



i=l 



i= 1 



Let us reduce the difference scheme (4.122) to an operator problem in the space 
F r (E) of vectors v T = {vk}k=i- Recall that the space F r (E) can be equipped with 
the various norms and thus become a normed space. 
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First we will define the operator D r , acting from the space E x F r (E) of 
vectors w r = {wk}^ =0 into the space F r (E) of vectors v T = {vk}^ =1 by the rule 

V T = D T w T ,Vk = ~(w k -Wk-i),k = 1 

T 

Second we will define an operator A r from the space E x F r (E) of vectors w T = 
{ w k}k=o into the space F r (E) of vectors v T = {u/ c }^ 1 by the rule 

l 3 

V T = A r w T ,v k = ~'Y^otiT l ~ 1 Ai - 1 (t k )w k + ^/3 i r' _1 J 4i_ 1 (t k -i)w k -i, 

i= 1 i= 1 

fc = i,...,i\r. 

Next, let us introduce the continuation operator n(uo), which acts from E x F r (E) 
to F r (E) according to the rule 

n(uo)(ui,...,UAr) = (uo,ui,...,u N ). 

Then the difference schemes (4.122) can obviously be rewritten as the equivalent 
operator equation 

D r U(uo)u r + A r Il(uo)u r = f T . 

Here f T is defined by the formula 



r = vi’ 1 , •:,$). 

The last operator problem will be considered in the space F r (E). From its unique 
solvability for any Uo € E and f T £ F r (E) it follows that its solution u T defines 
an additive and homogeneous operator u r (/ r ,uo) that is continuous. 

The initial- value difference problem (4.122) is said to be stable in F T (E) if 
we have the stability inequality 

II u (/ i u o) IIf t (£;) — ^[11 f IIf t (f) + II ^oIIfI’ 

where M is independent not only of / r , uo but also of r. 

Let us consider the operator v T (k,n) defined by 

{ v T (k,k — 1) • • -v T (n + 1 ,n),k > n, 

(4.128) 

/, k = n, 

where 

3 l 

v T (k,k- !) = (/ — X) At%-i (tk-i))(I - Ys^Ai-i (tk- 1 ))" 1 . (4.129) 
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Using formulas (4.126), (4.127), (4.128) and (4.129), we obtain 

i 

i= 1 
L 

= (7 -^2,OLiT % Ai-i ( tk))~ 1 v T (k - l,n), 1 < n < k - 1. 

2=1 

Prom this and formula (4.125) it follows that 

l 3 

U k = (7 (t*))" 1 ^* - l,fc)(/ - (0 ))uo (4.130) 

i=l i=l 

fc l 

+ (ife)) _1 t; T (A:- l,s)/i’'r, fc > 2, 

S = 1 2=1 

Z 3 

ui = (/ (ii)) _1 (/ - 53 (0 ))uo 

2=1 2=1 
l 

+ (/ - 53 (*l)) _1 /l’ 1 ' 7 '- 

2=1 



By formula (4.127), 



v T (*,fc - 1) - Rj,i(TA(t k )) = v T (k,k- 1) - (/- Ytfc^Ai-i (tk))Q~j (t A(tk)) 

2=1 

+(/ (tk) - P j , i (rA(t fe )))Q- i 1 (rA(t fe )) 

2=1 

l 3 

= -v T (k,k- 1) 53^54-1 (tfcJQjKr^^fc)) -53/3^-! 

2=1 1=1 

Using estimate (4.124), we obtain 

IK(fc, k - 1) - P j)i (rA(i fc ))|| £ _ +E < Mr || V T (fc, fc - 1)||^ B + Mr. 

Prom this estimate it follows that 

|| v T (k, k - 1)\\ E ^ E < M, I K(fc, k - 1) - RjArMtk))\\ E ^ E < Mr. (4.131) 
In a similar manner one establishes the estimate 

\\[v T (k,k- 1) -RjArAitk^A^ih)^^ < Mr 2 . 



(4.132) 




4.3. Single-Step Difference Schemes Generated by Taylor’s Decomposition 



193 



Now we define the operator 



v T (&, k - 1) = Rj t i(rA(tk)). 



Since 



we obviously have 



?T(fc, k — 1) = u r (k + 1, fc), 



v r (k,n) = u T (k + l,n + 1). 

Therefore, by Lemma 4.2.18 and Lemma 4.2.19, we have that 



\\v T {k,n)\\ E ^ E < M,\\A(t k )v T (k,n)A 1 (t n )\\ E ^ E <M (4.133) 

for 1 < n < k < N, 

M 

\\A(t k )v T (k,n)\\ E ^ E < <n<k<N, (4.134) 

for 1 < n < k < N, 

M'S! 

|| A(t k+r )v T (k + r,n) - A{t k )v T (k,n)\\ E ^ E < — — , (4.135) 

[k — n)r 

\\[A{t k+r )v T (k + r,n) - A(t k )v T (k,n)]A~ 1 (t n )\\ E ^ E <MV, (4.136) 

forl<n<k<k + r<N. Here 'P = r a (k - n) _Q! ,0 < a < 1. 

Prom formula (4.130) and estimates (4.133), (4.134), (4.135) and (4.136) one 
derives the following results. 

Theorem 4.3.1. The solutions of the difference problem (4.122) in C r (E) obey the 
stability inequality 



«1 C(r,E) < M[\\ (I ~ (0)K||b + II/ T |Ic(., B )]> 



where M\ is independent not only of f T , uo, but also of r. 

Theorem 4.3.2. The solutions of the difference problem (4.122) in C^ a (E) obey 
the stability inequality 

II^IIcq ’ Q ( r,E) - M i\\( I ~ (0))u O ||e + \\ f T \\ c * ’ a (r,E)l 

i= 1 

where Mi is independent not only of f T , uq, a, but also of r. 
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Theorem 4.3.3. The solutions of the difference problem (4.122) in L p ^ r (E), 1 < 
p < oo obey the stability inequality 

h T \\ LpA E) < M[\\(I ~ (°))«0lU + II/1 l p , t (E)]> 

i= 1 

where Mi is independent not only of f T , uq, p. but also of r. 

Theorem 4.3.4. The solutions of the difference problem (4.122) in C r (E) obey the 
almost coercive inequality 

||{T -1 («fc -«fe-i)}J r || c , T(E) 

l 3 

+ || {-^ ’2a i T l ~ 1 A i ^ 1 (t k )u k + '^2/3iT t ~ 1 Ai-i{tk-i)u k -i || Ct(e) 

2=1 2=1 

3 

< Mi [|| A(0)(I - (0)) «o|| B 

2=1 

+ min{lnl,l + |lnP(0)|| £ ^£;|}|| f T || Ct(e) ], 

where M\ is independent not only of f r , u$, but also of r. 

Theorem 4.3.5. The solutions of the difference problem (4.122) in C?’ a (E) obey 
the coercivity inequality 

||{t X (uk — Uk-l)}i \\c?' a (E) 

l 3 

+ II {— 1 Aj - 1 ( tk ) Uk + 'y ^ f}jT i 1 Ai -1 (tk-l) Uk-l) I \\c?' a (E) 

2=1 2=1 

< \\n\c?-°(E) + P(«)(/ - (0)) uoU, 

' ' 2=1 

where Mi is independent not only of f T , ixo, but also of r. 

Theorem 4.3.6. The solutions of the difference problem (4.122) in C r (E' a ) obey 
the coercivity inequality 

||{t l (uk~Uk- 1 )}^ II Cr(E' a ) 
l 3 

+ || (tk)Uk + Ai-i (tk-l)Uk-l}i \\c r (E' a ) 

2=1 2=1 

< II / T llc T (^) + II A ( 0 )(I ~ (0)) «olUJ’ 

where Mi is independent not only of f T , uq , a, but also of r. 
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Theorem 4.3.7. The solutions of the difference problem (4.122) in L p , r (E) obey 
the almost coercive inequality 

II i T 1 ( u k'~ U k-l)}l IIl PiT (£7) 

l 3 

+n {~Y, aiTi ~ lAi -^ tk ) uk+ J2 l3iTi ~ lAi - i ^ k -^ uk - 1 ^ Hl p , t 

i = 1 i— 1 

< Mi[ II 1 (0)) uolls 

i = 1 

+ min|lnl,l + |ln|| A( 0) || B _ E || || f T || l p , t (e)L 
where M\ does not depend on f r , uo, p and t. 

Theorem 4.3.8. Suppose that difference problem (4.122) is well posed in L Po ^ r (E) 
for some po, 1 < po < oo. Then it is well posed in L p , r (E) for all p, 1 < p < oo 
and the following coercivity inequality holds: 

II IIl p , t( £) 



+ 



/ 3 

{- ^2 OLiT l ~ x Ai-x (t k ) U k + ^ 1 (tk-i) u k -i}i II Lp t(£ ) 

i = 1 1=1 



+ I | w T || c t (£ 1 _ 1/PiP ) 



< 



M(p 0 )[\\(I - £ (0)) u 0 \\ Ei _ i/p p 



+ 



1=1 



P-1 



r 



\L p , t {E)\i 



where M(po) does not depend on f T , uq, p and r. 



Theorem 4.3.9. Let 1 < p < oo and 0 < a < 1. Problem (4.122) is well posed in 
L PiT (E f a p ) and the following coercivity inequality holds: 



{T-'iu.-Uk-!)}? 



^p^{E' ap ) 



l 3 

+ 11 ( tk ) Uk + (t k -l)u k -l}T Hl P iT (£; p ) 

i = 1 i = 1 



< M [ || 4(0)(J -Ytfcr'Ai-i (0)) uo| 



i = 1 



' a ’P a(l — a) 



r 



'LpAE'oJ J 



where M does not depend on f T , uq, p, a and r. 




196 



Chapter 4. Partial Differential Equations of Parabolic Type 



Theorem 4.3.10. Let 1 < p,q < oo and 0 < a < 1. The difference problem (4.122) 
is well posed in L PtT (E' a q ) and the following coercivity inequality holds: 

II {r~\u k -u k - i)}? \\ LvAE>a q) 



+|| {~ y ] otjT* ^ Ai — i (tk) Uk + y ' (3j t Ai—i (tk-i) IIl p t (e^ 



a, a ) 



i— 1 



i— 1 



< M(q)[ || A(0)(I - '£(} i T i A i - 1 (0)) «o|| B , f4 + - 3 Y II r \\ Lp , r 



(K.aV 



i = 1 



where M(q) does not depend on f T , uq, p, a and r. 



Note that the difference schemes of the high order of accuracy with respect 
to one variable for approximate solutions of the mixed problems (4.50), (4.51) and 
(4.52) generated by (4.122) can be constructed. Abstract theorems given above 
permit us to establish the stability, almost stability and coercive stability of these 
difference schemes. 




Chapter 5 



Partial Differential Equations 
of Elliptic Type 



In the present chapter we consider the well-posedness of an abstract boundary- 
value problem for differential equations of elliptic type 

-v"(t) + Av(t) = f(t) (0 < t < T),v(0) = v 0 ,v(T) = v T 

in an arbitrary Banach space E with the positive operator A. The high order of 
accuracy two-step difference schemes generated by an exact difference scheme or 
by the Taylor decomposition on three points for the numerical solutions of this 
problem are presented. The well-posedness of these difference schemes in various 
Banach spaces are studied. The stability and coercive stability estimates in Holder 
norms for solutions of the high order of accuracy difference schemes of the mixed 
type boundary-value problems for elliptic equations are obtained. 

5.1 A Boundary- Value Problem. Well-posedness 

We consider the boundary- value problem for differential equation 

-v"(t) + Av(t) = fit ) (0 < t < T), v(0) = vo ,v(T) = v T (5.1) 

in an arbitrary Banach space E with the linear positive operator A. 

A function v(t) is called a solution of problem (5.1) if the following conditions 
are satisfied: 

i. v(t) is twice continuously differentiable on the segment [0, T\. The derivatives 
at the endpoints of the segment are understood as the appropriate unilateral 
derivatives. 

ii. The element v(t) belongs to D{A) for all t E [0,T], and the function Av{t) 
is continuous on the segment [0,T]. 

iii. v{t) satisfies the equation and boundary conditions (5.1). 
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A solution of problem (5.1) defined in this manner will from now on be 
referred to as a solution of problem (5.1) in the space C(E) = C([0,T], J5). Here 
C(E) stands for the Banach space of all continuous functions (p(t) defined on [0, T] 
with values in E equipped with the norm 

M\c(E) = 0 ™? t MO II E- 

If v(t) is a solution in C(E) of problem (5.1), then the data of the problem satisfy 
the following conditions: 

a) /(f) belongs to C(E) ; 

b) i>o and vt belongs to D(A). 

We say that problem (5.1) is well posed in C(E), if the following two condi- 
tions are satisfied: 

1. For any / G C(E) and vq, vt G D(A) there exists the unique solution 
v(t) = v(t; f (f) , Vo , vt) in C(E) of problem (5.1). This means that an 
additive and homogeneous operator v(t; f(t),vo,vr) is defined which 
acts from C(E) x D(A) x D(A) to C(E) and gives the solution of (5.1) 
in C{E). 

2. v(t\f{t),v o,vt), regarded as an operator from C(E) x D(A) x D(A) 
to C(E), is continuous. Here C(E) x D(A) x D(A) is understood as 
the normed space of the triplets (f(t),vo,VT), f{t) G C(E) and vq, 
vt G D(A), equipped with the norm 

IK/ V T ) | \c(E)xD(A)xD(A) = ll/llc(£) + ||^o||d(A) + II^tIId^)- 
By Banach’s theorem in C(E) and these properties one has coercive inequality 

IKIIc(£) + ll^llc(i?) ^ M C'[||/|lc(£;) + ll^olb + ( 5 - 2 ) 

where Me (1 < Me < +oo) does not depend on vq, vt and /(t). Inequality (5.2) 
permits us to investigate the spectral properties of operator A generated by the 
well-posedness in C(E) of problem (5.1). For any u e D(A) and A > 0 we will put 

ip = Xu + Au. 

Then, evidently, the function e l ' / ^ t u(i — \/-l) is a solution in C(E) of equation 

-v"(t) + Av(t) = /(f) 

with /(f) = e l '^ t p). Let w(t) be a smooth function defined on [0, T] by the formula 

'0, for any f £ [0, |] U [^,T], 

w(t) = < o(f), for any f G [|, f ] U [^, ^], 

.1, for any fG 
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where a(t) be some smooth function and | a( t)\ < 1. Then, the function v(t ) 
w(t)e ly ^ t u is a solution in C(E) of problem (5.1) with ^(0) = v(T) = 0 and 



m = { 



0, for anyf € [0, f]U[^,T], 

(a(t)e t ^ Xt ) u u + a(t)e l ^ Xt Au, for any t 6 [f, j] U [^, ^], 



for anyf e [^, 4 j. 
Therefore from the coercive inequality (5.2) it follows that 

A Hulls + Pulls = max \\v"(t)\\ E + max Pu(f)|| E 



\T 3Ti 



te 



T 3 T 
4 ’ 4 






< IKWIU + \\Mt)\\E 



\\C(E) 

= McmaxlH^llE, max 



= IKIIc(£) + P v llc(£) < M c 



IIC(E) 



+ a(t)e wxt Au\\E}- 






y/\t 



Since 



-(a(t)e iVxt ) u u + a(t)e iVxt Au = a(t)e iVxt V> - 2a'{t)iVXe l ^ Xt u - a'^e^u, 
we have that 

|| - (afye^^uu + a(t)e^ t J 4u|| E 
< K*)IMU + 2|a / (t)|||(e i ' /Xt )||HU + |a w (t)l||u|U 



< 



e + 2M 1 V\\\u\\ e + M, 



2||^||£o 



where 



Mi = max \a , (t)\,M 2 = max \a"(t)\. 

te{ TZ ]u{ 3 T^ 

Therefore 

^ \\ u \\e + II^IU < ^fc[||^IU + 2Mix/\\\u\\e + A^IHI#]. 

Using the inequality 

0 < 2\/A < eA + fT 1 

for e > 0, we obtain that 

[A(l — sM\Mc ) - (e~ l M\Mc + M 2 Mc)\ \\u\\ E + < McW^We- 

Let 



0 < e < (MiM c ) 1 ,5= min (e 1 M x Mc + M 2 M c )(l - £M 1 M C ) 1 

o <e<(M 1 M c )- 1 1 
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and A > S + rj for some rj > 0. Then the inequality 

(A + 1) \\u\\ E + ||Au||£ < M p (rj)\\^\\E 

holds for some 0 < M p (rj ) < oo. This means that there exists the inverse operator 
(XI + A) -1 , which is defined on the range R(XI + A) of operator XI + A. We will 
prove that R(XI + A) = E for sufficiently large A, A > 0. 

Then it follows that there exists the inverse operator (XI + A) 1 and the 
inequality 



(A + 1) 1 1 (A/ + A)-^\\ e + ||4(AJ + A)~^\\ e < M P ( V )M E 

holds for all A, A > 5 + rj and 0 G E. Now we will prove that R(XI + A) = E for all 
A, A > 0. We consider the boundary-value problem (5.1). Making the substitution 
t = ar for a > 0, we obtain the well-posed in C([0, ^], E) boundary- value problem 

— \v"(t) + Av(t) = f(r)( 0 < r < -),£(0) = vo,v(—) = v T - 
cr a a 



Let v(t) be the solution of this problem for vq = vt = 0 and f(r) = /o, where 
/o is an arbitrary element of E. Since fo and A are not dependent in r, we have 
that v(t) = v(j^ — t) for all 0 < r < Then, in particular, it follows that 
^'(O) = — Finally, choosing \/A — = (2m + 1)7 r for some m = 1,2,... and 
integrating by parts, we obtain 



— [ v" (r)e ly ^ T dr — [— v'( — — v f (0)] + iV X[v(—)e 1 ^* — v(0)l 

Jo ol a 

T T 

— (iy/X) 2 [ v(r)e ly ^ T dr = A I v(r)e l ^ T dr. 

Jo Jo 



Therefore, 




dr = \—v f ( — )e 1 ^* 
a 



a 



- v(0)] 



4 /“ v(T)e iVXr dT + A [ a viry^dr = [° 

aZ Jo Jo Jo W X 

for all A, A > 0 and fo £ E. This means that R(XI + A) = E for all VX^ = 

(2m + 1 ) 7r and m — 1,2, From that it follows that there exists the bounded 

inverse (XI + A)~ l for all A > <5 + rj. 

An operator A acting in a Banach space E and having a dense domain D(A) 
is called positive if the operator A/ + A has a bounded-in- inverse for all A, A > 0, 
and the estimate 



||(AJ + A) 1 \\ E _> E < M P (X + 1) 1 



(5.3) 
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is satisfied for some 1 < M p < +oo. Note that we are not able to obtain the 
estimate (5.3) for all A, A > 0. 

Is the positivity of operator A a sufficient condition for the well-posedness 
of (5.1) in C(E)7 As it turns out, problem (5.1) is not well posed in C(E) for all 
such operators. Let us give an example. 

Let A be the operator acting in E = C[0, 1] defined by the formula Av(x) = 
—v"(x) + v(x), with the domain 

D(A) = {t;(x) : v n {x) G C[0, 1], v(0) = v(l) = 0} . 



Evidently, the operator A I + A has a bounded inverse for any A > 0, and formula 
[(XI + = - 2 ^1_ (l - [ e -( 1 -^)' / I+^ _ e -(i+*)>/i+X] 



1 

x J [ e -V-T)Vi+X _ e -( 1 + T )' /I + x ] w ( T )dT 
0 

1 

1 

+ 2VTTx 

0 

holds. From this formula it follows that A is a positive operator in the Banach 
space E = C[0, 1]. Now let us show that in this case the boundary- value problem 
(5.1) is not well posed in C(E) = C([0, 1], C[0, 1]). Then (5.1) turns into the 
boundary- value problem 



J [ e -|*-r|x/I+A _ e -|*+r|vm] v ( r ) dr 



f 

+ u = f(t,x), 0<t<l, 0 < x < 1, 

u( 0,x) = u( l,x) = 0, 0 < x < 1, 

, u(t , 0) = u(t, 1) = 0, 0 < t < 1. 



(5.4) 



However, it is well known that problem (5.4) is not well posed in 



C(E) = C([0, 1], C[0, 1]). 



The corresponding counterexample can be given by 

”('■ x) = |l2(1 - 1)2 - ,2(1 - ln - i f 

It means that u(t,x), u t (t,x ), u x (t,x) G C([0, 1], C[0, 1]) and 

““<*• = “ 2 ln + * {t ' x) • 

*> = 2 >” + v{t ' x) 
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for some continuous functions ^(t, x) and (p(t , x). Therefore, evidently, the bound- 
ary-value problem (5.4) is ill posed in C([0, 1], C[0, 1]). It means that coercive 
inequality (5.2) is not true for any solution in C(E) of the boundary- value problem 
(5.1). 

Note that from the estimate (5.3), evidently, it follows that the operator 
A I + A has bounded inverse for all complex numbers 

\ = a + ir e G+ = G+(M P ) (0 < s < 1 ), 

such that 

M < “77“ (1 + a )i for a > 0 
“ M p 

or 

( CT 2 + r 2 ) l/2 < 1 _i£ for(T <0 

Mp 

and the estimate 

\\(XI + A)- 1 \\ E ^ E <M 1 e- 1 (l + \X\)- 1 

holds for some M\ E [l,+oo) but does not depend on e E (0,1). It means that 
the spectrum a (A) of A is a subset of set G~ = — G+ and inside of G~ and on its 
boundary dG~ the resolvent (XI — A)~ l is subject to the bound 

||(A/-^r 1 || M <M l£ - 1 (l + |A|)- 1 . (5.5) 

Let xp( z ) be an analytic function on a neighborhood of a (A), and suppose that -0 
satisfies the estimate 

(l + \z\) a \tl>(z)\<M 2 

for some 0 < a < -boo, 1 < M 2 < + 00 . Then the Cauchy-Riesz integral operator 
$(A) = J i)(z)(zl - A) _1 dz (5.6) 

dG~ 

converges in the operator norm and defines a bounded linear operator a 

function of A. In particular, the function 'ip(A) = z~ a defines a bounded operator 
A~ a whenever a > 0. The positive powers A a = ( A~ a )~ 1 (a > 0) of the operator 
A are defined. The operators A a (a > 0) are unbounded, and their domains 
D(A a ) are dense in E if A is unbounded. One has the continuous embeddings 
D(A a ) C D(A^) if (3 < a. The following moment inequality holds: 

< M(a,/3) (0 <a < (3 < -boo ,u E D(A (3 )) (5.7) 

for some M(a,/3) E [1,-boo) that does not depend on u E D(A (3 ). The operator 
A 1 / 2 has better spectral properties than the positive operator A. Indeed, using 
the identity 

XI + A = {y/)J - A*)(V\I + A*), 




5.1. A Boundary- Value Problem. Well-posedness 



203 



inequality (5.7) for a = (3 = 1 and estimate (5.5) we obtain 

(• \f\I-Ah ~ 1 = Ufxi + A*)(\I + A)- 1 

E-+E E^E 

< y/\X\ || (A/ + A)- 1 \\ E ^ E + M(a, S3) \\A(XI + A)- 1 || | ^ ||(AJ + A) -1 1|^ £ 

< \/\X\Mi£~ 1 {\ + |A|) -1 
+M(a,/3)(1 + M l£ ~ l |A| (1 + |A|)- 1 )(M l£ - 1 (l + lAI)- 1 )^. 

Thus, the operator \f\I — has a bounded inverse for A e G~ , and the estimate 

(VXI-A^)- 1 SMse-^l + ^Aj)- 1 

E — ► E 

holds for some M 3 G [1, -f-oo) and does not depend on G and A. This means that 
B = A 2 is a strongly positive operator in a Banach space E (see Chapter 4). 
Therefore, the operator —B is a generator of an analytic semigroup exp{— tB} 
( t > 0) with exponentially decreasing norm, when t — > +oo, i.e., the estimates 

\\exp(-tB)\\ E ^ E A\tB exp{-tB)\\ E ^ E < M(B)e~ a< ' B)t (t > 0) (5.8) 

hold for some M(B) G [l,+oo), a(B) G (0, +oo). Prom that it follows that the 
operator / - e~ 2TB has a bounded inverse and the following estimate holds: 

||(/ _ e~ 2TB )~ l | \ E ^ E < M(B)(1 - e- 2Ta ^)-\ (5.9) 

First of all let us prove a lemma that will be needed in the sequel. 

Lemma 5.1.1. For any 0 <t<t + r<T and 0 < a < 1 one has the inequality 

l|exp(— fB) — exp{— (f + t)B}\\ e _^ e < M + , (5.10) 

where M does not depend on a, t , and r. 

Proof. Using the formula 

t + T 

exp (—tB) — exp { — (t + r)B} = j B exp(—sB)ds 

t 

and estimate (5.8), we obtain that 

||exp(— tB) -exp{— (t + t)B}\\ e ^ e < Mij. 

||exp(— £B) -exp{-(f + t)B}\\ e ^ e < M 1 



The inequality 
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follows from (5.8) and the triangle inequality. Therefore 
||exp(-t.B) -exp{-(f + t).B}|| b ^ b < 

From this it follows that 

l|exp(— t.B) - exp{-(t + t)B}\\ e _ >e < 

Interpolating the last inequality and 

||exp(— f5) -exp{-(f + t)B}\\ e ^ e < Mi 

we obtain (5.10). Lemma 5.1.1 is proved. 

Now, we consider the boundary- value problem (5.1). It can be obviously 
rewritten as the equivalent boundary- value problem for the system of first-order 
linear differential equations 

v (t) + Bv(t) = z(t)( 0 < t < T),v( 0) = vo,v(T) = vt, 

< 

- z(t) + Bz(t ) = f(t). 

Integrating these, we at once obtain 

(v(t) = e~ tB vo + fg e~ ( - t ~ s ' )B z(s)ds, 

^z(t) = z(T) + e~( s -^ B f(s)ds. 

Prom these formulas and the condition v(T) — vt it follows that 
v{T) = e~ TB v 0 + [ e- 2(T ~ s)B dsz{T) 

Jo 

+ j J e~ {T+y ~ 2s)B f{y)dyds. 

Since / Q T e~ 2 ^ T ~ s ^ B ds — (2B)~ 1 (I - e~ 2TB ), we have that 
z(T) = (I - e~ 2TB )- 1 2 B[v t - e~ TB v 0 

-j e~ {T+y ~ 2s)B f(y)dyds ] 

= (I - e~ 2TB )~ 1 2B[vr - e~ TB v 0 

~(2B)~ 1 [ {e~ ( - T ~ y)B -e~ ( ' T+v)B )f(y)dy\. 

Jo 
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z(t) = e~ {T - t)B {I - - e~ TB v 0 

-(2 B) _1 j (e _(T_3/)B - e~( T+y)B )f(y)dy\ + J e~ ( ' s ~ t)B f(s)ds 

and 

v(t) = e- tB v 0 + f e-^ T+t - 2 ^ B ds(I - e~ 2TB )~ 1 2B[v T - e~ TB v 0 
Jo 

-(2 B)- 1 [ T (e~^ B - e~^ B )f(y)dy } 

Jo 

+ f ( e~^ s ~ 2y ^ B f(s)dyds. 

Jo Jy 

By an interchange of the order of integration, we obtain 

V (t) = e~ tB v 0 + (e~^ T ~^ B - e-^ B )(I - e- 2TB )-> T ~ e~ TB v 0 

-(2 B)- 1 [ T (e~^ B - e~^ B )f{y)dy] 

Jo 

+ ( f e~( t+s ~ 2y ^ B f(s)dsdy + f f e -( 4 +*- 2 y) B f(s)dyds 
Jo Jo Jt Jo 



= e~ tB v 0 + (e-^ B - e-( T+t > B )(/ - e" 2 ^)- 1 ^ - e~ Tt 



- 1 / ( p -(T-s)B _ _-(T+. 



-(2B)- 1 / (e 
Jo 



e - {T+S)B )f(s)ds} 



+(2 B)~ l f (e- {t ~ s)B - e~( t+s)B )f(s)ds 
Jo 

+( 2 B)- 1 J (e- {s - t)B - e-^ B )f(s)ds 



+(2 B)- 1 J (e- {s - t)B - e~( t+s ^ B )f(s)ds 
= (J - e- 2TB )- 1 {(e- tB - e-W-^vo + (e~^ B - e -( r+t >> T 

_( e -(T-t)s _ e -(T+t)B^2B )~ i [ (e _(T_s)B - e~ iT+s)B )f(s)ds} 

Jo 

+(2 B)- 1 [ (e~^ B - e~^ B )f{s)ds. 

Jo 

^hus, 

v(t) = (/ - e~ 2TB )~ 1 {(e~ tB - e~( 2T ~^ B )v 0 H- (e~^ T ~^ B - e~^ T+t>}B )vT (5.11) 
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_( e -(T-t)B _ e -(T+t)B^ 2B )-i f ( ( o-{T-s)B _ e -( T + s ) B )/( S )d S } 

Jo 

+(2 B)- 1 [ (e" |f - s|B - e~ {t+s)B )f(s)ds. 

Jo 

It is easy to show that v(t) defined on [0,T] by formula (5.11) is a unique solution 
in C(E) of problem (5.1) if, for example, vq, vt G D(A 2 ) and Af(t) G C(E) or 
f'(t) G C(E). Sufficient conditions for the well-posedness of the boundary- value 
problem (5.1) can be established if one considers this problem in certain spaces 
F(E) of smooth E- valued functions on [0,T]. 

A function v(t) is said to be a solution of problem (5.1) in F(E) if it is a 
solution of this problem in C(E) and the functions v"(t) and Av(t) belong to 
F(E). 

As in the case of the space C(E ), we say that problem (5.1) is well posed in 
F(E ), if the following two conditions are satisfied: 

1. For any / G F(E) and Vo ,vt G D(A) there exists a unique solution v(t) = 
v(t;f(t),v 0 ,v T ) in F(E) of problem (5.1). This means that an additive and 
homogeneous operator v(t] f(t),vo, vt) is defined which acts from F(E) x 
D(A) x D(A) to F(E) and gives the solution of (5.1) in F(E). 

2. v(t\ f(t), vo, vt), regarded as an operator from F(E) x D(A) x D(A) to F(E), 
is continuous. Here F(E) x D(A) x D(A) is understood as the normed space 
of the triplets (f(t),Vo,VT), f{t ) G F(E) and vq,vt G D(A ), equipped with 
the norm 

W(f(t)>VO>VT)\\F(E)xD(A)xD(A) = ||/||f(JE7) + \\ v o\\d{A) + \\vt\\d{A)- 



First, we set F(E) equal to Cq^(E) = Co^ a ([0,T],E),0 < a < 1, the Banach 
space obtained by completion of the set of smooth E-valued functions (p(t) on 
[0 ,T] in the norm 



\E)= Ikllc(E) + SUp 

0 <t<t+r<T 



\<p(t + t) 



As in the case of the space C(E ), from the well-posedness of the boundary- value 
problem (5.1) one derives the coercivity inequality 

\\ V "\\c^ a (E) + ll^ll C£f(E) - ^c(o^)[\\f\\c^ a (E) + ll^olb + II^tIU] (5.12) 

where Me (q:)( 1 < Me (a) < +oo) does not depend on vq,vt and f(t). 

Theorem 5.1.2. Suppose Vo ,vt G D(A),f(t) G Cqj?(E)(Q < a < 1). Then the 
boundary-value problem (5.1) is well posed in the Holder space Cq^[E), if A is 
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the positive operator in the Banach space E. For the solution v(t) in C^[E) of 
the boundary-value problem the coercive inequality 



IKIIc&,“(E) + ll>Mlc&,“(E) < II J IIC&“(E) -f^lll ^0||E -I- II^TIIBJ 

holds, where M does not depend on a,vo,vr and f(t). 

Proof If v(t) is a solution in Cqj?(E) of problem (5.1), then it is a solution in 
C(E) of this problem. Hence, by (5.11), we have the representation 

v(t) = (/ - e- 2TB )- 1 {(e- tB - e~( 2T ~^ B )vo + (e~^ B - e~^ B )v T 
-(e-( r -*) B - e-( T+t ) B )(2 B)- 1 f \e~^ B - e~™ B )f{a)ds} 

Jo 

+(2 By 1 F(e-^ B - e~^ B )f(s)ds. 

Jo 

To prove the theorem we must show that the functions v ff (t) and Av(t) belong to 
Cqj?(E), and finally obtain estimates for the norms of these functions. Here we 
address only the last task. Using formula (5.11), we obtain 

Av(t) = (/ - e- 2TB )- 1 {(e~ tB - e~ (2T ~ t)B )Av 0 (5.13) 



/ llc“'“(E) +M[\\ A.Vq\\e + II^WtIIe] 



-(T—t)B _ -( T+t)B 



)Av t } 



-( e -(T~t)B _ e HT+t)B)l B f ( e -(T- S )B _ e -(T+s)B- 

2 Jo 

+ Ib [ T (e-^ B - e-^ B )dsf(t) 

2 Jo 

_( e -(T-t)B _ e -(T+t)B)l B f T ^-{T-s)B _ e _(T +S )B )(/( < 

2 Jo 

+ \ B f\e - - e-^ B )(f(s) - f(t))ds 



)dsf(t)} 



-s)B _ e -(T+s)B 



)(/(«) - /(*))<*«} 



= (/ - e- 2 TB )-\e- tB - e^ 2 T -^ B )Av 0 + ( J - e ~ 2TB )- 1 (e~^ B - e^ T+t ^ B )Av T 
+(/ - e~ 2TB )-\l - e~ tB )(I - e~ {T ~ t)B ){I - e~ TB )f{t) 

+(/ - e - 2 ™)- 1 |(I - e -< 2T - 2t ) B ) J* e~^ B {I - e~ 2 sB )(f(s) - f(t))ds 

+(/ - e- 2TB )- x |(/ - e~ 2tB ) J* e^ s ~ t)B {I - e^ 2 T ~ 2 ^ B ){f{s) - f(t))ds 



)(/(«) - f(t))ds 



= '£j k (t). 
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Let us estimate Jk(t) for any k = 1,2, 3, 4, 5 separately. We start with Ji(t). Using 
estimates (5.8)and (5.9) we show that, for 0 < t < T, 

||Ji(f)||.E < || (I - e~ 2 TB )~ 1 \\ E -,E\\e~ tB - e~ (2T-t ) B || E _£|| J 4t> 0 ||£; < M\\Av 0 \\e- 

Further, applying (5.9) and (5.10) we show that, for 0 <t<t + r<T, 

+ r) - J^We < ||(7 - e- 2rB )- 1 ||^ £ [||e- tB - e~^ B \\ E ^E 

+ ||e-(2T- t )B _ e -(2T-t-r) B || E ^ B ]||^o|| B < + -^^-}\\Av Q \\ E . 

Thus, we have proved that 

\\Ji\\c^ a (E) < M\\Av*\\e. (5*14) 

In a similar manner we can show that 

\\J 2 \\c^ { e)<M\\Av t \\e. (5.15) 

Now let us estimate Jz(t). Using estimates (5.8) and (5.9), we obtain that 

II Jz{t) ||e< ||(7 - e _2TB ) _1 ||£^£||7 - e~ tB \\ E ^E 

x||7 - e _(T_t)B ||E^E||7 - e _B ||E^E||/(f)||E < M\\f\\ c ^(E) 
for 0 < t < T. Prom this inequality it follows that 

0<i?T 11 J3(f) l,B - M 11 f llc oT(£) ’ 

Since 

J 3 (t+T)-J 3 (t) = (I — e~ 2TB )~ 1 (I - e~ tB )(I - e^^ T ~^ B )(I —e~ TB )(f (t+r) — f (t)) 

+(7 - e“ 2TB )“ 1 {(e _tB - e- (t+T)B )(7 - e - (T " t)B ) 

+(7 - e- tB )(e-( T -^ B - e -( r - t - r ) B )}(7 _ e~ TB )f(t) 

it follows that 

II Js(t + r) - Mt) ||e< 11(7 - e _2TB ) _1 ||E_ > E 

x||J - e- tB \\ E ^ E \\I - e~ {T ~ t)B \\ E ^E\\I - e- TB \\ E ^E\\f(t + t) - f(t)\\ E 

+||(7 - e- 2TB )- 1 ||E^{||e- fB - e-( t+ ^ B ||E-.E||7 - e~^ B \\ E ^ E 
+||7 - e _tB || E ^E||e _(T_t)B - e _(T_t_T)B || B ^ £ }||7 - e _TB || £ ^E||/(i)||E 
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for 0 < t < t + r < T. Using estimates (5.8), (5.9) and (5.10), we obtain 

II J 3 (t + t) - J 3 (t) ||e < M[^ + ^ a + II / II c$f(E) 

for 0 <t <t + r <T. Prom this it follows that 



II J 3 II C*± a {E)< II / II C^ a (E) • (5.16) 

Now let us estimate J±(t). We have to consider two cases: 0 < t < ^ and ^ < t < 
T. In the first case, using estimates (5.8) and (5.9), we obtain that 

t 

II Mt) ||e< IKZ-e-^niE-^ J || B e -(‘-)B(7_ e -(2T-2t)B) ||^ £ 

0 

t 

X II I-e~ 2sB ||e-.e ll/(s)-/(i) II E ds<M j ^ _ s y_^ T _ g ^ a II f \\c^ a (E) 

0 

M M2 a 

II / ||c oT (E)< ^ II / llc o r(E) • 

In the second case, using estimates (5.8), (5.9) and (5.10), we obtain that 

t 

II Ja ( t) ||e< ||(/-e- 2TB r 1 ||E^4 J || \\ E ^ E 

0 

x||7 - e~ 2sB ||e_e ||/(s) - f(t) ||e ds 

< M [ 2 - ~ ~ - ~ ds II / || C “'“(E) • 

" J (t - s) 1-a (2T -t- s)t a (T - s) a ^ llc 0 T ( £ ) 

0 

Since 

f 2 (T-t)ds ^ 1 j 2 (T-t)ds 

J ( t - s) 1 ~ a {2T - t - s)t a (T - s) a ~ t a (T - t) a J (t- s) 1 -°‘(2T - t-s ) 

0 0 



1 

t a (T — t) a 



/ 



2 (T-t)dz ^ 1 f 2(T — t)dp 

z 1 ~ a (2T -2t + z) ~ t a (T - t) a (2T - 2ty~ a J 1 +p) 

o 



OO OO 

2 a f dp <4 a f dp 

fa J 4 - p) — T Q J p 1 ~ OL ( 1 4- p) ’ 
0 0 
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it follows that 



Mt) IU< 



M 



f 



a(l — a) 

Combining the estimates for || Ji(t) ||e, we obtain 

M 

max || J 4 (t) || E < —r. r 

o <t<T " w " a(l - a) 



cSfiJS) 



/II- 



(5.17) 



Now let us estimate the difference J±(t + r) - J^t) for 0 < t < t + r < T. We will 
consider separately the cases t < r, T — t < 2r and t > r, T — t > 2r. If t < r, 
then (5.17) yields 

|| + t) — J^(t) ||e<|| + t) || E + II II E 



M 2 1+a Mi 

<^^-ll/|| CoT(£) r“(t + rr“ = 



a(l - a) " ' IK ;ni ' v “ 1 ' ' a(l — a) mo ot 
If T — t < 2r, then (5.17) yields 

|| J±{t + t) — ||e<|| + r) || E + II J 4 (t) || E 



f \\c^ a (E)T a (t + r) a . 



< 



M2 1+ “ 



/ 



T a (T-t)- a = 



Mi 



a(l - a) 11 ^ llc oT(*) 



T a (T-t)-“. 



a(l — a) 

Now let t > t and T — t>2r. Let us represent the difference J±(t + r) - J^) as 
the sum of the following integrals: 

Mt + r) - Mt) = (I - e- 2TB )- 1 f (/ - e~( 2T - 2t -^ B ) 

t + T 

x J e “( t + T_s ) B (/ _ e~ 2sB )(/(s) — f(t + r))ds 

t — T 

t 

_(/_ e -2TB ) -l| (/ _ e -(2T_2 t )B ) j e -(t-s)B { j _ e -2-B)(/( s ) _ /(*))& 

t — T 
t — T 

+ (7 _ e -2TB ) -l| (/ _ e -(2T-2 4 -2r)B ) J e - { t + r-s)B { j _ e -2-B)(/(f) _ /( t + T )) ds 



t — T 

+ (/ - e" 275 )" 1 J |[( e -< 2T - 2f ) B - e -(2T-2t-2r)B )e - 



(t-s)B 



+(/ - e -( 2 T - 2 i ) B )(e-^ +r - s ^ - e “( t_s ) s )](/ _ e ~ 2 sB )(f(s) - f(t))ds 
= -Pl + P2 + T3 + P4. 
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Now let us estimate Pi. Using estimates (5.8) and (5.9), we obtain that 

t + T 

II ft IIe< ll(/-e- 2Ti, )- 1 || E - E i j \\ B ^ B 

t — T 

x|| I-e~ 2sB \\ E ^ E || f(s)-f(t + T ) || E ds 

t + T 

^ i\/r f ds M £ M 

_ J (i + r - s) 1_Q (i + r)“(T - s) Q ^ 

t — T 

< M(2 r)“(T-t-r)-«(t + r)-« \\ f \\c° t °(E) 

< ^7"(T-t)- a (t + T)-°\\f\\ cS f (E) 

= — T a (r-£) + T )~ a II f II^ot Q ( £ ) • 

In exactly the same manner one establishes the estimate 

II P2 \\E< ^ T°(T-t)-«(t + T)-° || / || CoT(£) . 

Since 

P 3 = (I - e~ 2TB )- 1 ^(I - e -(2T-2t-2r) B) 

t — T 

x J e-^-^ B (I-e- 2 sB )ds(f(t)~f(t + T)) 

0 

= (I - e~ 2TB )- 1 ^(I - e -(2T— 2i — 2 t)B) 
x [e~ 2rB - 2e-( t+r > s + e~ 2tB }(f(t) - f(t + r)), 

it follows that 

II ft IU< ll(J - e-^J-'llE-EjII/ - e-' 2T - 2 *- 2 '» B || E , E 

x||e- 2 "> - 2<^< , + 2 > i, + e- 2,B || E ^ E ||/(i) - /(( + r)|| E . 

Using estimates (5.8) and (5.9), we obtain 

II P 3 \\e< M\T a {T - t)~ a (t + t)~<* || / || CoT(b) . 




212 



Chapter 5. Partial Differential Equations of Elliptic Type 



Now let us estimate P4. Using estimates (5.8), (5.9) and (5.10), we obtain 



t — T 



Pz\\E<\\{I-e- 2TB )- l \\ E ^E 



\ I {II B(e 



(2T-2t)B 



_ e -(2T-2t-2r)B )e -(t- S )B ^ 

+ || B(I - e -(2T-2t)B )(e -(t+r- S )B _ e ~(t~,)B) } 

x\\I -e~ 2sB \\ E ^E || f(t)~ f{s) || E ds 

t — T 

~ M J (t - s) 2 - a t a (T - s) a ^ f ^oT( B ) ' 

0 

Since for t > r and T - t > 2r, we have the bound 

t—T t~T 



/ 

0 



rds 



< 



(; t - s) 2 ~ a t a (T - s) a ~ t a (T - t + 



f ds 

r) a J ( t-s) 2 ~ a 



< 



(1 - a)t a (T - t + r) a 
Therefore, we conclude that 



r“ 1+a < 



0 

2 a r a 



(1 -a)(t + r) a (T-t) a ' 



II Pa ||b< Y^ a {T - t)~ a (t + r)-“ || / || CoT(£) . 

Thus, we have shown that for any 0 <t < t + T <T the following inequality holds: 

Mi 



|| J 4 (t + r)-J 4 (t) \\ E < a(1 _ a) 
Estimates (5.17) and (5.18) give 



r a (T - t)~ a (t + r)-“ || / || CoT(£) . (5.18) 



M 



II Ja II cS?(E) < II / Hc 0 T(s) • 

In exactly the same manner one establishes the inequality 






M 



c ot( e) - a(l-a) 11 f llc oT(S) • 



(5.19) 



(5.20) 



Finally, applying estimates (5.14), (5.15), (5.16), (5.19) and (5.20) we obtain the 
estimate 



4 n M 

AV llc oT(S) < ^a) 



f llc^ Q (E) +^111 ^ollfi + II^tIIb]- 
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By the triangle inequality, this last estimate and equation (5.1) yields 

M 

II v "(t) II C^ a (E) < II / llc^“(£) + M l\\ Avo\\e + P^tIU]. 

Theorem 5.1.2 is proved. 

We denote by C^{E) = C^dO^T^E), 0 < a < 1, the Banach space 
obtained by completion of the set of smooth E- valued functions (p(t) on [0, T] in 
the norm 

II <P WcSi a (E)= IMIc(E) + sup H y (* + T \ a min{(r - t) a , ( t + r) a }. 

It is easy to show that 



V llc 0 “f Q (£)< T a II ip Hc o ^( E ) • 



By the way, the norms of the spaces Cq^(E) and E ) are not equivalent. 

Nevertheless let us give, without proof, the following result. 

Theorem 5.1.3. Suppose Vo, vt £ D(A),f(t) e Cot*(^)(0 < a < 1). Then the 
boundary-value problem (5.1) is well posed in Holder space C^(E), if A is the 
positive operator in the Banach space E. For the solution v(t) in C^^E) of the 
boundary-value problem the coercive inequality 

M 

IKIIc^E) + P V llc“^(E) - II / IIcot“( £; ) A M\e + ll^rlls] 

holds j where M does not depend on a,vo,vr and f(t) . 

Note that the coercivity inequality 



ll v \\f(E) + \\Av\\f(E) — Mc[\\f\\F(E) + \\ Av o\\e + \\Av T \\e] 



fails if we set F(E) equal to C a (E ), (0 < a < 1), the Banach space obtained by 
completion of the set of all smooth ^-valued functions cp(t) on [0, T] in the norm 



¥ \\c°(E)= max -IIv’WIIe + sup 

0 <t<T 0 <t<t+r<T 



p(t + r) - p(t) 



Nevertheless, we have the following result. 

Theorem 5.1.4. Suppose v'f, v!f e E a , f(t) e C a (E)( 0 < a < 1). Then the 
boundary-value problem (5.1) is well posed in the Holder space C a (E), if A is the 
positive operator in the Banach space E. For the solution v(t) in C a (E) of the 
boundary-value problem the coercive inequality 

M 

\\ v "\\c«(E) + \\Av\\c<*(E) + ||v ,, ||c(£ a ) < II / II C a (E) 

+M[\\ vSWec + IKIIeJ 
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holds, where M does not depend on a, vo, vt and f(t). Here, the Banach space 
E a = E a (E , B) (0 < a < 1) consists of those v E E for which the norm 

II V ||e q = supz 1- “ II Bexp{-zB}v || B + || v || E 

z>0 

is finite. 

Proof By formula (5.11), we have 

v"(t) = (I- e~ 2TB )~ 1 (e~ tB - e-( 2r -*) B )< 

+(/ - e- 2TB )-\e-^ B - e-( T+t > B K 

+ (/ - e - 2TB )- 1 (g-( t + T ) B _ e -(2T-t)B )m 
+(/ - e -2T B ) -l (e -(2r-t)B _ e -(T+t)B )f{T) 

_(/ _ e -2TB r l e -tB (/ _ e ~TB )m _ /(Q)) 

-(I - e - 2TB )- 1 e-( T - t ) B (/ - e~ TB )(f(t) - f(T)) 

+(/ - e~ 2TB )- 1 ^{I - e -( 2T - 2t ) B ) J* e -^ B (I - e~ 2sB )(f(s) - f(t))ds 

+ (/ - e -2TB)-i B ( 7 _ e -2tB ) f _ e -(2T-2,)B^f^ _ j^ dg 

2 Jt 



k= 1 

To prove the theorem it suffices to establish the estimates for v ,f (t) in C a (E) and 
in C(E a ). Let us estimate Gk(t) for any k = 1,2, 3, 4, 5, 6, 7, 8 separately. We start 
with Gi(t). Using estimates (5.8), (5.9) and the definition of the spaces E a we show 
that, for 0 < t < T, 

2 T-t 

IIGiWIIe < ||(/ - e~ 2TB )~ 1 \\ E ^E J ||-Bexp(— sS)wq ||b^s 



< M 



ds 1 1 Mi,, //u 

^Iklk < — IKIba 



Further, applying (5.8), (5.9) and the definition of the spaces E a we show that, 
for 0 < t < t + r < T, 

t + T 

\\Gi(t + r) - Gi(t)\\E < ||(/ - ^~ 2TB )~ 1 \\e-^e[ J \\Bexp(-sB)vQ\\Eds 

t 

2 T-t 

+ J \\Bexp(-sB)vQ\\ E ds] 
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t+r 2 T-t 




t 2 T-t-r 

Thus, we have proved that 

l|Gl||c“(E) < -^-Ikollfia- 

In a similar manner we can show that 

\\G2\\c a (B) < — -\\VtWEc- 
a 

Using estimates (5.8), (5.9) and the definition of the spaces E a we show that, for 
0 < t < T, 

||Gi(^)||b q < \\(I - e~ 2TB )~ 1 \\ E ^ E \\e~ tB - e~ ( ' 2T ~ t)B \\ E ^ E \\vQ\\ Ea < M\\i/o\\ Ea . 

Thus, we have proved that 

ll G l|lc(£ tt ) < M|K|| £q . 

In a similar manner we can show that 

II^IIcCBc) < M \\Vt\\Eo,- 

Now let us estimate G 3 (f). Using estimates (5.8) and (5.9) we show that, for 
0 < t < T, 

l|C 3 (t)|| B < ||(/-e- 2TB )- 1 || £ ^||e- (t+T)B _ e -(2r-t)B,| E ^|| /( o),| E 

Further, applying (5.8), (5.9) and (5.10) we show that, for 0 < t < t + t < T, 

II G 3 (f + r) — G 3 (f) || e< || (I - e~ 2TB )~ 1 \\ e^e 

x{ || e -(t+T)B _ e -(t+T + T)B^ E + || e -(2T-t)B _ 

- M {( t + T + T ) a + (2 T-t)^ ^ ^ H CQ ( £ )- MlT “ II f Hc'“(^) • 

Thus, we have proved that 

l|G ! 3 ||c“(f:) < Mi || / ||c“(E) • 

In a similar manner we can show that 



l|G f 4||co(B) < Ml || / ||c“(B) • 
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By the definition of the spaces E a and using estimates (5.8), (5.9), we obtain that 



\^Be- XB G 3 (t) || E < A 1 -"! |(J - e~ 2TB )- l \ 



E^E 



x|| Be~ XB {e- {t+T)B - e- (2T - t)B )/(0)|| E 

]ll/(0)lb 



r A 1_a A 1_a 

< M[ . . . , ^ + 



< M[ 



A + t + T \-t + 2T 
1 1 



+ 



^]II/(°)I|b <Mi\\f ||c“(E) 



l (f + T)« (2 T 

for all A, A > 0 and for 0 < t < T. So, we have established that 

\\G3\\c(E a ) < Ml || f \\c«(E) • 

In a similar manner we can show that 

II^Hc^a) ^ ^1 II / II C a (E) * 

Now let us estimate G^(t). Using estimates (5.8) and (5.9) we obtain that 
II G b (t) \\ E < ||(7 - e^ TB )- l \\ E ^E\\I ~ e~ TB \\ E ^ E 

x\\e~ tB \\E^>E\\f(t) ~ /(0)||e < M\\f\\c^E) < Mt a \\f\\ C <*(E) 
for 0 < t < T. From this inequality it follows that 



max || G 5 (£) \\ e < Mi || / || C *(E) • 
0 <t<T M M v ; 



Since 

G 5 (t + t) - G s (t) = (I - e~ 2TB )~ 1 e~ i ' t+T ^ B (I - e~ TB )(f(t + r) - f(t)) 

-(/ - e- 2TB )- 1 {(e" tB - e~^ B )(I - e- TB )(f(t) - /( 0)), 
it follows that 

II Gs(t + r) - Gs(t) ||e< \\(I - e~ 2 TB )~ 1 \\E->E 

x||e-^ B ||E^||/-e- TB ||E^||/(< + r)-/(t)||E 
+||(f - e _2TB ) _1 ||E- > E||e _tB - e _ ( t+T ) B || £; _ >£ ||/ - e _TB ||E_>E||/(f) - /(0 )||e 

< M(r a + £i“) || / || CQ(£) = M,r a || / || C - (B) 

for 0 <t <t + r <T. From this it follows that 
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In a similar manner we can show that 

\\Ge>\\c<*{E) || c a (E) • 

By the definition of the spaces E a and using estimates (5.8), (5.9), we obtain that 
|| A x ~ a Be~ XB G b {t) ||b< - e- 2TB )- l \\ E -. E 

x||/ - e- TB \\ E -> E \\ Be-W B (f(t) - /(0))||e 

^1 — OL-jXX 

< M ^ ■ || / II C a (E)< M || / || C a (E) 

for all A, A > 0 and for 0 < t < T. So, we have established that 

\\Gb\\c(E a ) < M \\ f II C“(E) • 

In a similar manner we can show that 

ll^6||c(E a ) <Mi\\ f \\c a (E) • 

Now let us estimate Gi(t). Using estimates (5.8) and (5.9) we obtain that 

t 

II a,(t) || E < ||(J-e- 2 ™)- 1 || E ^ E i J II Be-C-) s (/-e-< M '- a '>*) || E - E (5.21) 

0 

x || I — e~ 2sB \\ e ~>e ||/(s) - f(t) He ds 

t 

/ ds Af 

(t _"7) II / llc-(E)= — t a II / II C°(E) 

0 

for 0 < t < T. Prom this inequality it follows that 

M 

o“ II Gr(t) ||b< — II / ||c“(£) • (5-22) 

Now let us estimate the difference GV(£ + r) - Gj(t) for 0 < t < t + r < T. We 
will consider separately the cases t <r and t > r. If t < r, then (5.21) yields 

II G'jii + r) — Gj(t) ||£<|| Gf(t + t) H# + || GV(£) \\e 

M Mat* 

<-(t* + (t + t)*) || / ||c-(^)< " J — II f \\C*(E) ■ 
a a 

Now let t > r. Let us represent the difference Gi(t + r) - Gi(t) as the sum of the 
following integrals: 

G 7 (t + r) - G 7 (t) = (I- e“ 2TB ) _1 f(/ - e -( 2 r- 2 t- 2 r)B) 

t + T 

x J e -^ t+T -^ B (I-e- 2sB )(f(s)-f(t + T))ds 
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_(/_ e -2TB r l^ (/ _ e -(2T- 



t 

2 t)B) J e -(t- S )B (/ _ e - 2 sB )(/(s) - f(t))ds 



+(/ - e - 2TB )~ l -{I - e -^ T - 2t ~ 2 ^ B ) 



D -(t+r-s 



) B (/-e- 2sB )(/W-/(i + r))d S 



l — T 

+(/-e- 2 ™)-' j |[(e-( 2r 



— 2 t)B _ -( 2 T- 2 t- 2 r)B\ -{t-s)B 



+ (/ - e -( 2T_2f ) B )( e - 



(£+r-s)£ _ p -(t-s 



^ B )\(I-e- 2sB )(f(s)-f(t))ds 



= Pi + p2 + P 3 + Pi- 



Now let us estimate Pi. Using estimates (5.8) and (5.9) we obtain that 



PilU<||(/-e- 2TB ) 



2T5 )- 1 ||^^ / ||Pe-^-^(/-e-( 2T - 2 ^) s )||^ 



t-t-7 

<m/ 



x ||/ — e 2sB ||b_£! ||/(s) - /(f + r) || £ ds 

hr 

r II 1 llc<«< II / llo-W • 



In exactly the same manner one establishes the estimate 



P2 ||js< — T a || / ||c«(e) • 
a 



p 3 = — g— 2TB^ — 1 — (/ — g— (2T— 2t— 2r) 



x / e- (t+T - s)B (/-e- 2sB )ds(/(f)-/(t + r)) 



= (J - e" 2 ™)- 1 ^/ - e -( 2 T- 2 t- 2 r)B ) 

2 

x [e _2rB - 2e- (t+T > B + e- 2fB ](/(i) - /(i + r)), 



it follows that 



II P 3 ||b< ||(7-e- 2TB )- 1 ||B^B^||/-e-( 2T - 2t - 2T ) B ||^ J 
x||e- 2 " B - 2e-^ B + e- 2tB \\ E ^ E \\f(t) - f(t + r)|| B . 
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Using estimates (5.8) and (5.9) we obtain 

|| P3 ||e< MiT a || / || C«(E) • 

Now let us estimate P4. Using estimates (5.8), (5.9) and (5.10), we obtain 

||P3||E<||(/-e- 2TS )- 1 |U_ £ ; 



l — T 

*\j { II B(e 



— (2T—2t)B _ -(2T-2t-2r)B\ -(t-s)B 



+ || B{I - c -(2T-2t)B^ e -(t+r-,)B _ } 

x||/-e- 2sB ||^ E || f(t)-f(s) \\ E ds 

t — T 

s M / II 1 llo-(B) • 



Since for t > r, we have the bound 



< 1 f ds < -j_ T -i+* 

~t a {T-t + r) a J (t-s) 2 ~ a - 1-a 



J (t- s) 2 ~ a ~ t a (T -t + r) a J {t-s) 2 - a ~ 1-a 
0 0 



< — t" 1+c * < — . 

(1 - a) (1 - a)(t + r) a (T — t) a 



Therefore, we conclude that 



II Pi ||S< Z T a || / || C «(E) . 

Thus, we have shown that for any 0 <t <t + r <T the following inequality holds: 

Mi 

II Gr(* + t) - G 7 (t) ||e< — -T a || / || c«(E) • (5.23) 

a(l — a) 

Estimates (5.22) and (5.23) give 

I, r I, ^ Mi 

II G7 llc°(B) - a (! _ a ) II / II C“(B) • 

In exactly the same manner one establishes the inequality 



?8 llc«(£) < ^ II / l|o(E) 
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By the definition of the spaces E a and using estimates (5.8), (5.9), we obtain that 
|| A '-“Be-^Grit) || £ < A 1_ “||(7 - e ~ 2TB )- 1 \\ e ^e 



l 

J || S 2 e -(A + t- s) B (7 _ e -( 2 r- 2t)B ) || 






x ll I-e s \\e^e Il/(s) - f(t) He ds 

- M J (x+t- s) 2 ~ a 11 f llca(£) - 11 f IIcq(b) 

o 

for all A, A > 0 and for 0 < t < T. So, we have established that 
||GV||c(£ q ) < Y^a ^ ^ ^ ca (E) ■ 

In a similar manner we can show that 

\\G&\\c(E a ) < II f Wc a (E) • 

Combining the estimates for Gk{t), k = 1,2, 3, 4, 5, 6, 7, 8 we obtain the estimates 

M 



Il v \\C a (E) < 
IKIIC(^) < 



M r 



h \ II f \\C«(E) + — [|| Vo\\E a + \\VtWeJ, 
a(l — a) a 

—r \ — II / II c a (E) +— -[II v q\ \e q + II^Tlba]- 
a(l — a) a 



The estimate for Av(t) in the norm of C a (E) follows from the triangle inequality. 
Theorem 5.1.4 is proved. 

Second, one can enrich the family of spaces of smooth functions in which the 
boundary-value problem (5.1) is well posed by introducing the spaces CqY{^)^ 
(0<7</3, 0 < /? < 1), obtained by completion of the set of all smooth E- valued 
functions <p(t) on [0, T] with respect to the norm 

„ n n /_l\ 1 1 , (t + T)^(T-tr\\ip(t + T)-ip(t) \\ E 

<p \\r^(E) = max w b + SU P 3 • 

{E) 0<t<T 0 <t<t+r<T TP 

Let us give, without proof, the following result. 

Theorem 5.1.5. Let A be the positive operator in a Banach space E and f(t) E 
CqY(E) (0 < 7 < /?, 0 < (3 < 1). Then for the solution v(t) in C^{^) °f the 
boundary-value problem (5.1) the coercive inequalities 

II v" II C{E( 3 -^) < M[\\ Vq |U /3 _ 7 + II v'f 1 1 Ep — 7 +/? X (1 - 0) 1 II / II (£?)]» 

II V " II C&(E) + II Av II C&(E) 

< M[\v'X' 7 + Klo ’ 7 + r : l (l - /T 1 II / II C&W 
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hold , where M does not depend on (3, ^y,VQ,v!f and f(t). Here, |w|o’ 7 denotes that 
the norm of the Banach space i?g ’ 7 consists of those w G E for which the norm 

|w|o’ 7 = max \\e~ zB w\\ E + sup t -/3 (z+t) 7 (T-z) 7 ||(e _(2+r)B -e~ zB )w\\ E 

°< Z < T 0 <z<z+t<T 

is finite. 

Note that the parameter 7 can be chosen freely in [0, /?), which increases the 
number of function spaces in which problem (5.1) is well posed. In particular, it is 
important that problem (5.1) is well posed in the Holder space without a weight 
(7 = 0 ). Recall that the positivity of A is a necessary condition for well-posedness 
of problem (5.1) in C(E). However, problem (5.1) is not well posed in C(E) for 
all positive operators. It turns out that a Banach space E can be restricted to a 
Banach space E' in such a manner that the restricted problem (5.1) in E' will be 
well posed in C(E'). The role of E' will be played here by the fractional spaces 
E a = E a (E,B )( 0 < a < 1). 

Theorem 5.1.6. Let A be the positive operator in a Banach space E and f(t) G 
C(E a ), (0 < a < 1). Then for the solution v(t) in C(E a ) of the boundary-value 
problem (5.1) the coercive inequality 

II v " II C(E a ) + || Av \\c(E a ) 

< M [ || Av 0 \\ Ea + || Av t Ik +cT 1 (l - a)" 1 || / || c(Bo) ] (5.24) 

holds, where M does not depend on a, v'q, v!^ and f(t). 

Proof. Using formula (5.7), we obtain 

Av(t) = (J - e~ 2TB )- 1 {(e- tB - e-( 2T -^ B )Av 0 + (e~^ B - e~™ B )Av T } 

_(/ _ e -2TByl {e -(T-t)B _ e -(T + t)B } £ | e -(T- S )B /(a)<fa 
+ (/ - e -2TB ) -l (e -(2T-t)B _ e - tB) f T B-sS f{s)ds 

Jo 2 

+ / je- {t ~ s)B f(s)ds+ ( je~ (s - t)B f(s)ds = ^2l k (t). 

Jo Z Jt 2 k = i 

Let us estimate Ik(t) for any k = 1,2,3, ..., 6 separately. We start with I\(t). 
Using estimates (5.8), (5.9) and the definition of the spaces E a we show that, for 
0 <t<T, 

||/i(*)lk < \\{I-e- 2TB r'\\ E ^E\\e- tB -e-^-^H^H^ollE, 



< M\\Avo\\ Ea - 
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Thus, we have proved that 

ll-flllc(Ea) ^ M\\Av 0 \\E a - 
In a similar manner we can show that 

\\h\\c(E a ) < M\\Av T \\E a - 

By the definition of the spaces E a and using estimates (5.8), (5.9), we obtain that 
|| A l - a Be~ XB h{t) || B < \\{I - e~ 2TB )- l \\ E ^E\\e- {T - t)B - e- {T+ ^ B \\ E ^E 



\ B 2 e -(T-s+x)B f ^\ Eds 



A 1 a ds || / ||c(B a ) 



< jur I ii ./ <C M I n ^ 

- J (T-s + \)(T-sy-« - J (l + z)z'-° - 



dz 11 / llc(E a ) < Ml 

(1 + z)z l ~ a — a(l — a) 



for all A, A > 0 and for 0 < t < T. So, we have established that 

ll^3||c(£; a ) < II / llc(-Ea) • 

In a similar manner we can show that 



/ llc(E a ) 



\\h\\c(E a ) < ^ II / IIc(b q 



Next, using estimates (5.8), we obtain 



\ 1 ~ a Be~ XB h 



t 

< \ J A 1_a || B 2 e-^ B f(s) ||e ds 



<M ( dZ 11 f < Ml II f II 

— J (1 + z)z l ~ a — a( l — a) c ( E <x) 
0 

for all A, A > 0 and for 0 < t < T. So, we have established that 

1 1-^5 1 |c(B a ) < ]_ II / llc(E a ) • 

In a similar manner we can show that 



INIc^a) < - ^ * H C(Ea) ' 

Combining the estimates for /i, h, hi h, h, h we obtain estimate (5.24). Theo- 
rem 5.1.4 is proved. 

Third, let us study now the boundary-value problem (5.1) in the spaces 
Cqt (Ea-p), (0<7</?<a,0<a:<l). To these there correspond the spaces of 
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traces which consist of elements w E E for which the norm 



Ha-* = max \\e zB w\\ Ea 0 

lQ & 0 <z<T U 11 a_/3 

+ sup T~P(z + r) 7 (l - z) 1 ||(e _(z+r)B - e~ zB )w\\ E _ 

0 <z<z+t<T 



0 



is finite. Let us give, without proof, the following results. 



Theorem 5.1.7. Let A be the positive operator in a Banach space E , Vq E E^’Jp, 

v t € E i -(3 and f(t) G C$p(E a _ 0 ) (0 < 7 < f3 < a, 0 < a < 1). Then for 

the solution v(t) in C^p (E a -g) of the boundary-value problem (5.1) the coercive 
inequality 



II V " II C§f>(E a .g) 



+ II Av 



I C&(E a - P ) + 






< M Kt 






+ \ v r\a-0 + a ~ a ) 1 II / II 



holds, where M does not depend on a, (5, 7, v$, v !f and f(t). 



Theorem 5.1.8. Let A be the positive operator in a Banach space E and v'f E 
Eot- 7 ; v't £ E a - 1 and f(t) E C^p (i? a _ 7 ) (0 < 7 < (3 < a, 0 < a < 1). Then for 
the solution v(t) in CQp(E a -p) of the boundary-value problem (5.1) the coercive 
inequality 

II V " II C&(E a _ 0 ) + II Av II C&(E a ^g) + II V " llc(B a — ,) 

< Ma~\ 1 - a) _1 [|| Vo ||b q _ 7 + || vf || Ba _ 7 + || / \\ c ^(E a _ a )] 
holds, where M does not depend on a, (3, 7, v’f, vf and f(t). 

Note that the spaces of smooth functions Cpp (E a —p), in which coercive 
solvability has been established, depend on the parameters a, 13 and 7. However, 
the constants in the coercive inequalities depend only on a. Hence, we can choose 
the parameters (3 and 7 freely, which increases the number of function spaces 
in which problem (5.1) is well posed. In particular, Theorem 5.1.6 implies the 
well-posedness Theorem 5.1.4 in C(E a ) established in the above. 

Fourth, let us study now the boundary-value problem (5.1) in the spaces 
L P (E) = L p ([0,T],E) (1 < p < 00 ) of all strongly measurable F-valued functions 
v(t) on [0, T ] for which the norm 



T 

v II l p (E)= ( J || v(t) ||^ dt)? 
0 



is finite. 

Recall that a function v(t) is said to be absolutely continuous if it has a 
derivative v'(t) for almost every t such that v f (t) E Li(£), and if the Newton- 
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Leibniz formula 

t 

v(t) — v(t) = j v'(s)ds 

T 

holds for all f,rG [0 ,T]. Here the integral is understood in the sense of Bochner. 

A function v(t) is said to be a solution of problem (5.1) in L P (E) if it is 
absolutely continuous, the functions v ff (t) and Av(t) belong to L P (E), equation 
(5.1) is satisfied for almost every t, and v(0) = vo, v(T) = vt- Prom this definition 
it follows that a necessary condition for the solvability of problem (5.1) in L P (E) 
is that f(t) G L P (E). It will be shown that in certain cases this condition is also 
sufficient for the solvability of problem (5.1). As concerns the boundary elements, 
in contrast to the situation considered earlier, from the solvability of problem (5.1) 
in L P (E ) it follows only that vo, vt G E . In the case of an unbounded operator A 
this does not allow us to prove the solvability of problem (5.1). 

From the unique solvability of (5.1) it follows that the operator v(t]f(t),v o, 
vt) is bounded in L P (E) and one has coercive inequality 

IKIImb) + II-'M*)IIl i ,(£) ^ M c[\\f\\L p (E) + II^oIIe + II^tIIb] , 

where Me (1 < Me < +oo) does not depend on vo ,vt and /(£). Prom that we 
can obtain the positivity of A under the stronger assumption that the operator 
A~ l is compact in E. Let us give, without proof, the following results. 



Theorem 5.1.9. Let A be the positive operator in a Banach space E. Suppose 
problem (5.1) is well posed in L Po (E) for some po, 1 < po < oo. Then it is well 
posed in L P (E) for any p, 1 < p < oo and the coercivity inequality holds: 



\\v”\\l p (E) + ||^MIl„(£) + IMIcCBi-x/p,,,) 



< 



M(p 0 )p 2 
P~ 1 



L P (E) + M(\\V 0 \\ Ei-i/p,p + IMI Ei-i /p,p)» 



where M(p 0 ) and M does not depend onp, vq, vt and f(t). Here the Banach space 
Ei-i/p,p = Ei-i/p^iD^ 1 / 2 ), A 1 / 2 ) consists of those v G E for which norm 



i Ip 



I Ei_i/pp 



= ( exp {— 



I \ P E dA 



(1 < P < oo) 



is finite. 



Theorem 5.1.10. Let 1 < p < oo and 0 < a < 1. Suppose that A is the positive 
operator in a Banach space E. Then problem (5.1) is well posed in L p (E atP ) and 
the coercivity inequality holds: 



l'V ,, ||L p (E tt , p ) + ||^llL p (£; ct , p ) < 



M 

a(l — a) 



I L p (E a 



p)+^(MM£ a , P + II^T||£ a , p ), 



where M does not depend on a, p, vo, vt and f(t). 
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Theorem 5.1.11. Let 1 < p, q < oo and 0 < a < 1. Suppose that A is the positive 
operator in a Banach space E. Then problem (5.1) is well posed in L p (E a , q ) and 
the coercivity inequality holds: 



\ v "\\L p (E a , q ) + \\Av\\ Lp ( Ea 



,)< 



M(q) 
a(l — a) 



P (E a , q ) + M (\\Avo\\E a , g + ll^rll^,,), 



where M(q) and M does not depend on a, p, v o, vt and f(t). 

Here, the Banach space E a , q = E a ^ q (B,E)( 0 < a < 1, 1 < g < oo) consists 
of those v £ E for which the norm 



II V 




d\ l / q 

Bexp{—\B}v \\ q E — ) 

A 



is finite. 

Finally, we consider the applications of these results to the elliptic equa- 
tions. First, we consider the boundary- value problems for two-dimensional elliptic 
equations 



d 2 u 



d 2 u 

% ( X )^1 + Su = /(».*)» 0 



< V < T,0 < x < 1, 



(5.25) 



u(0,:r) = ip(x),u(T,x) = ip(x), f(0,x) — f(r,x) =0, 0 < x < 1, 

u(y,0) = u(y,l), u x (y,0) = u x (y,l), 0 < y < T, 

where a(x), y>{x), ^(x) and f(y,x) are given sufficiently smooth functions and 
a(x) >0, S > 0 is a sufficiently large number. 

We introduce the Banach spaces C l3 [0, 1] (0 < (3 < 1) of all continuous 

functions <p(x) satisfying a Holder condition for which the following norms are 
finite: 

\ip(x + t) - <p(x)\ 

II V llc<9[0,l] — II V llc[0,l] + SU P ~B ’ 

0<x<x+t<1 T 

where C[0, 1] is the space of all continuous functions ip(x) defined on [0, 1] with 
the usual norm 

II <P llc[o,i]= max \<p(x)\. 

0<cc<l 

It is known that the differential expression 



A x v = —a(x)v"(x) + 5v(x) 

defines a positive operator A x acting in C@[ 0, 1] with domain C /3+2 [ 0, 1] and sat- 
isfying the conditions v(0) = v(l), v x (0) = v x (l). 

Therefore, we can replace boundary-value problem (5.25) by the abstract 
boundary- value problem (5.1). Using the results of Theorems 5.1.2, 5.1.5 and 5.1.8, 
we can obtain that 
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Theorem 5 . 1 . 12 . For the solution of the boundary-value problem (5.25) the follow- 
ing coercive inequalities are valid: 



II U llc , o+ /3 ’ 7 (C^[0,l]) + II u llc , ^7(C 2 +#*[0,l]) 

- (0 -^)(l- (3) ^ f llc^'(c<‘[0, 1 ]) + m (m)(II¥ , IIc2+m+/3-7[0,i] + ||^Hc2+»*+/9-7[0,i])> 

0 < 7 < /? < 1, 0<jU + /3-7<l, 

II U llco^' 7 (C“-3[0,l]) + II U llc^7(C 2 +“-^[0,l]) 

< II / llc^7(C“-' 3 [0,l]) +M(„)(Mc^m + ll^llc— ,[0,1]), 

0 < 7 < (3 < a,0 < a - (3 < 

Here M(p) and M(a,(3) are independent of 7 , f{y,x), <p(x), ip(x). 

Second, let f2 be the unit open cube in the n-dimensional Euclidean space 
R n (0 < Xk < 1, 1 < k < n) with boundary S, Cl = fi U 5. In [0, T] x Cl 
we consider the mixed boundary-value problem for the multidimensional elliptic 
equation 



d 2 u(y, x) 
dy 2 



'Y^a r {x)^f^- 5u(y,x) = f(y,x), 



< x = (xi,...,x n ) £ti,0 <y <T, 
u(0,x) = tp(x), u(T, x) = \p(x), f(l,x) = f(T,x) =0r€fi, 
„ u(y,x) = 0, x £ S, 



(5.26) 



where a r (x) (x £ Cl) and f(y,x) (y € (0,T), x £ Cl), tp{x), ip(x)(x £ Cl) are given 
smooth functions and a r (x) > 0 , 6 > 0 is a sufficiently large number. 

We introduce the Banach spaces Cq^CI) ((3 = (f3 \, . . . ,(3 n ),0 < Xk < 1, 
k — 1 ,n) of all continuous functions satisfying a Holder condition with the 
indicator /3 = (0i, . . ,,(3 n ),(3k £ ( 0 , 1 ), 1 < k < n and with weight x ^ ( 1 - Xk — 
hkY k , 0 < Xu < xu + hk < 1, 1 < k < n which is equipped with the norm 

II f Hc^ 1 (n) = ll f Hc(n) 



+ sup \f(xi,...,x n ) - f(xi + hi,...,x n + h n )\ 

0<Xfe<Xfe+/ife<l,l<fc<n 

x n h k Pkx k k i i ~ x k- h k f k , 

k= 1 

where C(Q) stands for the Banach space of all continuous functions defined on Q, 
equipped with the norm 

II / llc(n) =m a* !/(*)!• 
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It is known that the differential expression 



A x v = - 



n 

J2 a r( X ) 

r = 1 



d 2 v{y,x) 
dx 2 



+ Sv(y,x) 



defines a positive operator A x acting on (Q) with domain D(A X ) C 
and satisfying the condition v = 0 on S. 

Therefore, we can replace boundary-value problems (5.26) by the abstract 
boundary-value problems (5.1). Using the results of Theorems 5.1.2 and 5.1.5, we 
can obtain that 



Theorem 5.1.13. For the solution of the boundary-value problem (5.26) the follow- 
ing coercive inequality is valid: 



u II 



KiW) 



r = 1 



d 2 u 

dxl 






KiW) 



-^(aO II f n _ 

— (/? — T ) (1 — @) C ot( c 01 (^)) 

+%) <E ii 0n Co r-’ ( n, +E ii §iic f «-’®)' 

r=l r r— 1 r 

0 < 7 < /? < 1,/x = {/ii,. . • ,/^n}, o < /i/c + ^- 7 <l,l<fc<n, 
w/iere M(p) is independent o//3 , 7 and f(y,x), <p(x), x ). 

Third, we consider the boundary- value problem on the range {0 < y < T, xG 
R 71 } for 2m-order multidimensional elliptic equations 



< 



d 2 u 
dy 2 + 



“»■(*) 

|r|=2m 



<9 |t| u 

SxJ 1 • • • dx T n 



+ 6u(y,x) = f(y,x), 



0 <y <T, x,r £ R n , |r| = n -\ h r n , 

k u(0,x) = ip(x), u(T,x) = tp(x), /( l,x) = f(T,x) = 0, x £ R n , 



(5.27) 



where a r ( x) and f(y,x), tp(x), i>(x) are given sufficiently smooth functions and 
a r (x) > 0, 8 > 0 is a sufficiently large number. 

We will assume that the symbol 



B X (0= «r(x)(iei) ri ---(^„) r ",e = (6,.--,en)ef?" 

|r|=2m 



of the differential operator of the form 



B x = ^2 a r(x) 



d\ r 



|r |=2m 



dx^ 1 . . . dx T n 



(5.28) 
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acting on functions defined on the space R n , satisfies the inequalities 

0 < Mi|£| 2m < (-1 ) m £ x (0 < M 2 |£| 2m < oo 

for £ 7^ 0. Problem (5.48) has a unique smooth solution. This allows us to reduce 
the boundary-value problem (5.48) to the boundary-value problem (5.1) with a 
strongly positive operator A x = B x + 51 defined by (5.27) in a Banach space 
E = C^(R n ) of all continuous bounded functions defined on R n satisfying a Holder 
condition with the indicator p G (0, 1). 

Theorem 5.1.14. For the solution of the boundary-value problem (5.27) the follow- 
ing coercivity inequalities are satisfied: 



U II 



d^u 



Ox? ...dx r n n "C&WH")) 



\r\—2m 



M(p) 

S (0_ 7 )( i_/3) 11 ; I' c&*(c>(ji»)) 

,,, , , I, || v || d^ip ii , 

+ M W\ 2Li II dx ri ...dXn n II CM +m (g-7)(fln)+ ) II dx ri ...dxn n ll c, ‘ +m(/s “ 7) (fl n )^ 
\r\=2m 1 n \r\=2m 1 ’ U 

0 < 7 < /3 < 1, 0 < /z + m(/3 — 7) < 1, 

11 11 1 11 d^u „ 

II u \\C%+ 0n (C m ( a -ft(R n )) + 2^ II Q x ri Q x Tn Hcfe7(C-(“-«(«»)) 

|r |=2m 1 n 



+M(a,(3)( £ 



— II / II @) (i? n 
d |r| </> i, , „ 5 |r| V’ 



\r\=2m 1 \r\=2m 1 



,+ £ 



| (;m(a- 7 )(^n)), 



0 < 7 < /?, 0 < m(a - /?) < 1, 

w/iere M(p) and M(a,(3) does not depend on 7 and f(y 1 x),(p(x)^(x). 

The proof of Theorem 4.1.8 is based on the abstract Theorems 2.1.1 and 
3.1.1, the positivity of the operator A x in C^(R n ), the structure of the fractional 
spaces E a (C(R n ), (A x )i) and the coercivity inequality for an elliptic operator A x 
in C^{R n ). 
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5.2 Difference Schemes Generated by an Exact Difference Scheme 

We consider the boundary-value problem (5.1). For the construction of the two- 
step difference schemes of an arbitrary high order of accuracy for the approximate 
solutions of the boundary-value problem (5.1) we consider the uniform grid space 

[0, T] r = {t k = hr, k = 0, 1, . . . , N, Nt = T}. 

By Theorem 3.1.2 we have the following two-step difference scheme for the solution 
of the boundary-value problem (5.1): 

-^2 (u(tfc+i) - 2v(t k ) + v(t k - 1 )) 

[(/ - (2£?t) - 1 {/ - exp(-2r B)} exp(— r B))v(t k ~i) 

+(—2/ + (2Bt)~ 1 {I — exp(— 2 tB)} exp(— 2 tB) 

+(2Bt)~ 1 {I - exp(-2 TB)})v(tk) 

+(/ - (2Bt)~ 1 {I - exp(-2 tB)} exp{-TB))v{t k+ i)} 

= ^[(2Br) _1 {/-exp(-2rB)} f (2B) _1 {exp(-(z - t k )B) 

T Jt k 

-exp(-(t fc+ 2 - z)B))}f(z)dz 

+ (2Bt)~ 1 {I - exp(-2rJ5)} f (2B)~ 1 {exp(-(t k - z)B) 

Jtk- 1 

- exp(— (z - t k - 2 )B))}f(z)dz\, 

1 < k < N - 1, v(0) = vo ,v(T) = vt- 

It can obviously be rewritten as the equivalent boundary-value problem for the 
second-order difference equations 

— (2 Bt)~ 1 {I — exp(-2rB)} exp(—rB)v(tk-i) 

+(2Bt)~ 1 {I - exp(~2 tB)}{I + exp(-2 rB)})v(t k ) 

— (2Bt)~ 1 {I - exp(-2rB)} exp(-rB)v(tk+i) 

rtk+i 

= {2Bt)~ 1 {I - exp(-2rB)}[ / (2B)~ 1 {exp(-(z - t k )B) 

Jt k 

— exp(— (ifc + 2 - z)B))}f(z)dz 
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+ [ (2 B) 1 {exp(— (tfc - z)B) - exp{-(z - t k - 2 )B))}f{z)dz], 

Jt k - 1 

1 < k < N - 1, i>(0) — Vo ,v(T) = vt, 

OT 1 1 

— x(u k +i - 2 u k + u k -i) + -o [(/ - exp(-rS))(u fc _i + u k+1 ) (5.29) 

r t * 

+(exp(— 2rB) - I)u k ) = f k , 

fk = (25r) _1 (/i, fc + f 2 ,k+ 1 ) - (2 Bt)- 1 exp(-r5)(/i, fc+ i + f 2<k ), 

fi,k = ~ [ exp (-(ik - z)B))f{z)dz, 

T Jtk- 1 

/2,fc = - [ exp (-(z - t k - 1 )B)f(z)dz, 

T Jtk-i 

1 < k < N - l,u k = v(t k ), 0 < k<N,u 0 = v(0),u N = v(T). 

The latter will be referred to as the exact two-step difference scheme for 
the boundary- value problem (5.1). Let us investigate the well-posedness of the 
exact two-step difference scheme (5.29). This problem is uniquely solvable, and 
the following formula holds: 

U k = {l- e~ 2tNB )~ 1 {(e~ tkB - e-^ 2tN - tk)B )u 0 (5.30) 

+(e ~^ tl v_tfc ) s — e - {tN+tk)B )u N 
N-l 

_( e -(t N -t k )B _ e -(t N +t k )Bj T 2 ^2 [ e ~ {tN ~ ti)B - e ~ {tN + ti)B )(I - e ~ 2rB )~ 1 /•} 

i= 1 

N-l 

+r 2 Y, (e _|tfc_t * |B - e~ {tk+ti)B )(I - e~ 2rB )- x f u l<k<N-l. 

i— 1 

Really, problem (5.29) can be rewritten as the equivalent nonlocal boundary-value 
problem for first-order linear difference equations 

' T~ l (u k - u k - 1 ) + T~ l (I ~ e~ rB )u k - 1 = z k , 

1 < k < N, uo = v(0),un = v(T), 

< -T- 1 (z k+ 1 - z k ) + t” 1 (/ - e- rB )z k+ 1 = /fc, 1 < fc < N - 1. 

Prom this there follows the system of recursion formulas 
u k - e~ rB u k -i + rz k , 1 < k < N, 

< 

^ = e~ TB z k+ 1 + rf k , 1 < k < N - 1. 
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Hence 

r k 

U k = e~ kTB u 0 + £ e-^ rB TZi, 1 <k<N, 

2=1 

< 

Zk = c -(N-fc)rB Zjv + e -(j-k)rB T f.j < fc < N - 1. 

, j=k 

Prom this it follows that 

U N = e~ NTB u 0 + J2 e- (Ar - i)TB r{e- (Ar - i ) TB z JV + £ e" (j '- i)TB T/j} + tz n . 

i=l j—i 

Since 

e ~(N-i)rB Te -(N-i)rB + T j = T (j _ e -2rB)-l e -2(W-i)rB^ _ e -2rB) 
i=l i= 1 

- t(/ - - e - 2jVTB ), 

iV-1 iV-1 N- 1 j 

^ e -(iV-i)rB r e - {j -i)rB T j, = £ T ^ e ~{N+j-2i)r B T f . 

2—1 j = i j = 1 2=1 

N-l 

= Yt(I- e -2TByl( e -(N-j)TB _ 

3 = 1 

we have that 

= t _1 (7 - e~ 2rB )(I - e~ 2NrB )~ 1 {u N - e~ NrB u 0 

e- 2T - B )- 1 ( e -( Af -^ rB - e - (Af+i)Ti3 )r/ j } 

= r _1 (/ - e~ 2rB )(I - e~ 2NrB )~ 1 {uN - e~ NTB u 0 } 

N- 1 

-(/ - e- 2 ^ 5 )- 1 ^ ( e -( Ar -J) rB - e~ ( ' N+ ^ TB )rfj. 

3 = 1 

Therefore 

Ufc = e~ krB uo + J2^ {k ~ i)TB r{e- {N - i)rB z N + £ e^-^r/j} 



7V-1 



= e 



— krB 



Uo + Y e-^ TB re-^ TB z N + £ 



2=1 



2=1 
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Since 



s> 



k 

(k-i)rB Te -(N-i)rB _ T (j _ e ~2rByl ^ e ~(N+k-2i)rB y _ g -2 

i = 1 



= T (I - e ~^Byl^ e -(N-k)rB _ e -(N+k)rB ^ 

^ e -(k-i)rB T ^ e - {j - i)TB Tfj 
i = 1 j=i 



N - 1 



J=1 »=1 



— (j+Zc— 2 z)tB 



t /? + 5Z r S e 

j=fc+l i=l 



— (fc+j— 2i)rB 



T fj 



k 

= r(J - e " 2 ^)- 1 Y^{e- {k ~ i)TB - e- {k + j)TB )Tfj 
j = i 



+t(I — e _2TB ) _1 ^ (g-O-fc)rB _ e -(fc+i)rB) T ^. 
j=fc+l 



= t(/ - e _2TB ) _1 ^ ( e -l fc -J'l TB _ e- {k+j)TB )Tfj, 
j = i 

we have that 

Ufc = e- kTB U 0 + T(J - e -2rB)-l( e -(iV-fc)rB _ ^(JV+kjTB)^ 

+r(J - e”^ 6 )- 1 ^(e- |fc - j|TS - e- (fc+J ' )TS )r/ j . 
j=l 

Prom this formula and using the formula for zn, we can obtain formula (5.30). 

Let us denote by F r (E) = F([0 ,T] t ,E) the space of grid functions tp T = 
Wk)k=i f° r fixed T ~ jf- Thus, F r (E) is the vector space whose elements are 
ordered ( N - l)-tuples of elements of E. The space F r (E) can be equipped with 
various norms and thus become a normed space. Thus, for instance, the vector 
space F t (E) generates the normed space C T (E) = C([0,T] r ,E) with the norm 

II V T \\c t (E) = II Vk IIb> 

the normed space C%(E) = C^([0,T] r , E) 0 < (3 < 1, with the norm 

II ^P llr^fF"! = II ^P lie (E) max || (pk+r <Pk \\e 7 7/7’ 

11 'T lie r{E) II r l</c<fc+r<7V-l (VT)? 
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the weighted normed space C^ n (E) = C' 3 ' 7 ([0, T] r , E),0 < 7 < /?, 0 < /3 < 1, 
with the norm 



+ 1 11 Vk + r-Vk ||e 

l<k<k+r<N —l 



V llcf’ 7 (£) — II V II C r (E) 

((k + r)r) 7 ((A^ — fc)r) 7 



(rr)P 



and the normed space L PiT (E) = L p ([0,T] r ,l?), 1 < p < oo, with the norm 



^ IIl p ,t(^) 



N - 1 



k=l 



1 

P . 



Let us consider the difference problem (5.29). We will reduce it to an operator 
problem in the space F r (E). First we shall define an operator D 2 r acting from the 
space E x F r (E) x E of vectors w T = {wk} k=0 into the space F r (E) of vectors 
v T = according to the rule 

v T = D 2 T u T ,Vk = Wk +1 - 2w k + w k -i),k = -1. 

Second we shall define an operator A r acting from the space E x F r (E) x E of 
vectors w T = into the space F T (E) of vectors v T = according to 

the rule 

v T = A r u T ,v k = — [(I - exp(-rB))(w k -i +w k +i) 

+(exp(— 2 tB) - I)wk\, k = 1 , . . . , N - 1. 

Next, let us introduce the continuation operator U(uq,un), which acts from 
E x F t (E) x E to F r (E) according to the rule 

U(uo,u N )(ui , . . ,,U N - 1 ) = (u 0i ui , . . .,UN-UU N ). 

Then, clearly, the difference problem (5.29) is equivalent to the operator problem 

-DlU(uo,u N )u T + A T U(u 0 ,u N )u r = f T . 



Here f T is defined by the formula 



The last operator problem will be considered in the space F r (E). From its unique 
solvability for any uo, un E E and f T £ F T (E) it follows that its solution u T 
defines a continuous additive and homogeneous operator u T (f T , uo,un). 

The boundary- value problem (5.29) is said to be stable in F r (E) if we have 
the inequality 

II uT (f T •> u 0, Un) \\f t (E) — M[\\ f T II F r (E) + II u q\\e + II^^IIe]’ 
where M is independent not only of / r , uq, un, but also of r. 
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Prom formula (5.30) one derives the following results. 

Theorem 5.2.1. Let A be the positive operator in a Banach space E. Then difference 
problem (5.29) is stable in C T (E). 

The proof of this theorem is based on formula (5.11) and the estimate 

\\exp(-kTB)\\ E ^E < M e~ 6kT ,5 > 0, (5.31) 

for all > 1 and all r > 0 , where M does not depend on k and r. Estimate 

(5.31) follows from (5.8) for t = tk = hr and a(B ) = 6. 

Theorem 5.2.2. Let A be the positive operator in a Banach space E. Then difference 
problem (5.29) is stable in C!? ,a (E), 0 < a < 1. 

The proof of this theorem is based on formula (5.11), estimate (5.31) and 

||exp(— A:rB) — exp {— (A; + r)rB}\\ E _ >E < M + , (5.32) 

for all fc, r, 1 < k < k + r < N - 1 and all r > 0, where M does not depend on fc, 
r and r. Estimate (5.32) follows from (5.10). 

Theorem 5.2.3. Let A be the positive operator in a Banach space E. Then difference 
problem (5.29) is stable in L p , r (E), 1 < p < oo. 

The proof of this theorem is based on formula (5.11) and estimate (5.31). 
The boundary-value difference problem (5.29) is said to be well posed (coer- 
cively stable) in F r (E) if we have the coercive inequality 

|| {t* ('M'/c+l 2'U/ C ~b Uk— l ) } ]_ Wf t (E) 

+ II { r_2 [U - exp(-rB))(u fe _i + u k+1 ) + (exp(-2rB) - I )u fe ]}( v “ 1 || Ft(e) 

— ^[11 F IIf t (£) "I" II ^ u oIIe + |l-^ u Af H b]) 

where M is independent not only of / T , uo, un, but also of r. Since the boundary- 
value differential problem (5.1) in C(E) is not well posed for the general positive 
operator A and space E , then the well-posedness of the difference boundary- value 
in C t (E) norm does not take place uniformly with respect to r > 0. This means 
that the coercive norm 

II U IIk t (£) = II { T ( u k + 1 — 2uk + Uk- l)}i \\c r (E) 

+ II { r_2 [U - exp(-rS))(u fc _i + Ufc+i) + (exp(-2rB) - /)u fc ]}f _1 || Ct(£) 

tends to oo as r -> +0 . The investigation of the difference problem (5.29) permits 
us to establish the order of growth of this norm to oo. First, let us prove a lemma 
that will be needed in the sequel. 
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Lemma 5.2.4. Suppose A is the positive operator in a Banach space E. Then the 
following estimate holds: 



£ IIU - e- TB )e -*'- lB | \ e ^e < Mmin (ln(l/r), 1 + | In ||B|||), (5.33) 

3 = 1 

where M does not depend on r. 

Proof. Using estimate (5.10), we obtain 



X^ ll(^ — e rB ) e tj lB \\ e-^e < M t < M / — = M In N < Mi ln(l/r). 

3 = 1 3 = 1 3 { S 

(5.34) 

Further, using estimate (5.10), we obtain 



||(/-e-^)e- i - lB ||^ £ <Mmin{-,r||B|| M }. 



If \\B\\ e ^ e > N, then 



£ IIU - e-^e-^Ws^E < M Y, - 



N \\B\\e-+e 

r We r rfc 

< M / — < M / — <M|ln||£|| B ^E|. 



If ||5|| b _»£; < 1, then 



£ HU-e rB ) e lB || e->e < M ^2 t\\B\\e-. e < Mi. 



Finally, if 1 < \\B\\ E ^ E < N, then 



£nu 



*■ W B W E—>E ^ 



e - r B) e -t,- lB || E ^E 



- £ t\\b\\ e ^ e + 



^=llT5fcl+ 1 ' 



1 

/ ds 

— ) < M(1 + In | \B\ \e-+e)- 



\\B\\e_+ e 
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Thus, in all three cases we have the estimate 
N - 1 

T: \\{I ~ e~ rB )e~ tj - lB \\ e->e < M(1 + In ||.B||e_*e ). (5.35) 

3 = 1 

Finally, estimate (5.33) follows from (5.34) and (5.35). Lemma 5.2.4 is proved. 

Theorem 5.2.5. Let A be the positive operator in a Banach space E and uq G D(A), 
un £ D(A). Suppose the operator I + exp(—rB) has an inverse (/ + exp(— rJB)) -1 
and 

||(J + exp(-T5)) _1 || E ^£; < M, (5.36) 

where M does not depend on r. Then the solutions of the difference problem (5.29) 
in C r (E) obey the almost coercive inequality 

II uT II k t (e) — ^i[ll ^olU + II^aHI# 

+ min | In 1 + |ln || B || E ^ E | j || f T || Ct(e) ], 

where M\ is independent not only of f T , uq, un, but also of r. 

Proof. Using formula (5.30), we obtain 

T~ 2 (u k + 1 -2 Uk + Uk-l) 
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^2 {e~ {tN ~ ti)B - e - {tN+ti)B )(I + e~ rB )~ l fi 



k - 1 

+(/ - e~ rB ) J2 + e~ rB )~ 1 f i 



where 



+(I-e~ TB ) Y, e- { - ti ~ tk ^ B {I + e- TB )- 1 f i -2{I + e- TB )- 1 f k 

i=k - f 1 

-(I- e~ rB ) J2 e~^-^ B )(I + e~ TB )~ 1 fi = g k + p k , 



9k = t~ 2 (I - e- 2tNB )-\l - e~ rB ) 2 {(e~ tk ~ lB - e - {2tN - tk +^ B )uo 

+ ( e -(tN-t k+1 )B _ 

p k = -(/ _ e ~ 2tNB )~ l (I - e - rB )( e -(^-tfc+i)B _ 

N - 1 

X ^ ( e -(t N -ti)B _ e ~(t N +ti)B^j e -rBj- ly\ 



' _ p~ tB \ V" p -(tfc-i-ti 



) B (/ + e- TB r7i 



+ (/-e- TB ) £ g-(ti-tfc + i)B(J _|_ g-TB)- 1 ^. _ 2(J _|_ e -rB)-iy fc 



— (/ — e~ rB ) ]T »- {tk - 1+t ' 



^ B )(I + e~ rB )~ 1 fi. 



To this end it suffices to show that 



fl ,T |lc T (B) ^ ^itll ^ u oIIb + II^ArlU], 



II P T II c t (e) <Mnnin|ln-,l + |ln|| B || B ^ £ |j|| f T || Cr(E) . (5-39) 
Estimate (5.38) follows from the estimate 

\\(I-e- TB ) 2 (TB)- 2 \\ E ^ E <M 

and the fact that the homogeneous difference equation (/ T = 0) is stable in C r (E) 
uniformly in r. Using estimates (5.10), (5.11) and (5.36), we obtain 

Ibfclls < \\{I - e _2tivB ) _1 || B _ >£ ||e _ ^' v_t ' c+ i) B - e- {tN+tk -' )B \\ E ^ E 

N - 1 

x E H e_TB - e- (t " +1+t ’ )B || B -. E ||(/ - e- TB )e-( t ~--^) B || £ ^ 
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x ||(7 + e tB ) eW/iWe 

k— 1 

+ E IK 7 - e- TB ) e - (t *->- t ‘ )B ||^||(/ + b-^-'We^eWMe 

i= 1 
N — l 

+ Y, IIU-e- TB )e- (ti - t '' +l)B ||E-,E||(/ + e- TB )- 1 ||E^E||/ i || E 
i=k+ 1 

+2|i(/+ e - TB r i iiE^iiMiE 

+ Ej \\ e ~ tkB \\E-^E\\(I - e _rB )e _ti - lB || B ^E||(/ + e“ TB ) _ 1 ||E_ >£ ||/i||£ 

i=l 

N- 1 

IK 7 _ e ~ TB ) e ~ tj lB \\E—fE\\ F llc T (E)- 

i=i 

Prom the last estimate and estimate (5.33) follows estimate (5.39). Theorem 5.2.5 
is proved. 

Note that estimate (5.37) is established for arbitrary positive operator A. In 
contrast, estimate (5.38) is established under the assumption (5.36). When is the 
last condition satisfied? We have an answer in the case where E — H is a Hilbert 
space. Furthermore, the method of proof of Theorem 5.2.5 enables us to establish 
the following fact. 

Theorem 5.2.6. Let A be the positive operator in a Banach space E and uo,un £ 
D(A). Suppose the operator I -b exp (—tB) has an inverse ( I + exp(— rB))~ l and 
f T G D((I + exp(— tB)) -1 ). Then the solutions of the difference problem (5.29) in 
C r (E) obey the almost coercive inequality 

II uT Wk t {e) — ^i[ll Auq\\e + II^'aHI# 

+ min(ln^,l + |ln|| B || B _ B |j|| (/ + exp(-rB)) _1 / T || Cr(f;) ], 

where M\ is independent not only of f r , uo, u n, but also of r. 

Since 

T 

B ~ 1 {I + exp(-rH)) -1 = J exp (—sB)ds( I - exp(-2rjB)) -1 , 

o 

using estimates (5.9) and (5.10), we obtain 

||H- 1 (/ + exp(-rH))- 1 ||^ (5.40) 

} i M(l-e~ 6r ) M 

< J ||exp(— sB)\\ E ^ E ds x ||(7 — exp(— 2tB)) \\ e ^ e < ^ _ g _ 2 

o 

This yields the following result. 
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Theorem 5.2.7. Suppose A is the positive operator in a Banach space E and u 0 , 
u n G D(A)j f T G D(B). Then the solutions of the difference problem (5.29) in 
C t (E) obey the almost coercive inequality 

II uT II K r (E) - ^l[ll Au 0 \\ E + HAUjvll^; 

+ min (in 1 + |ln || B || M | J || Bf T || Ct(e) ], 

where Mi is independent not only of f T , u () , un, but also of r. 

Now let us study the well-posedness of the difference problem (5.29) in various 
Banach spaces. 

Theorem 5.2.8. Suppose that the assumptions of Theorem 5.17 hold. Then the 
solutions of the difference problem (5.29) in Cf' a {E) obey the coercivity inequality 

II (^fc+i IIct , q (£/) 

+ II { r_2 [(-f ~ exp(-r£))(u fc _i + u k + 1 ) + (exp(-2rB) - J)u fe ]}f _1 

- Ml I a (l _ a ) II f T II C?’ a (E) + II ^olU + II^AtIIe], 

where Mi is independent not only of f T , u a , u N , a, but also oft. 

Proof. Using formula (5.37), we obtain 

{^k + 1 -|- U k —i ) 

= (/ - e~ 2tNB )-\l - e~ TB ) 2 r~ 2 (e~ tk ~ lB - e-^ tN ~ tk +^ B )u 0 
+ (I - e- 2tNB )-\l - e --rB*j 2 T - 2 ^ e -(t N -t k + 1 )B _ e - {tN+ t k _ 1 )B} UN 

+{-(/ - e~ 2tNB )~ 1 (I - e _TB )(e _ ( tjv_t ' c + l)B - e ~(tN+tk-i)B^ 



I C?'“(£) 



JV-l 



x ^ ( e -(t N -U)B _ e -{t N +ti)Bj(j + e -rByl 
2=1 

k — 1 

+(/ - e~ TB )^2e-^-^ B (I + e~ rB )~ 1 

i= 1 

N - 1 

+(/-e- rB ) J2 e~ < ' ti ~ tk+1 ^ B (I + e~ rB )~ 1 - 2(7 + e -rB ) -1 

i=k-\- 1 

-(/ - e _TB ) £ e-(‘-x+‘dB )(J + e -rByi }fk 



2=1 




?r co 



240 



Chapter 5. Partial Differential Equations of Elliptic Type 



X £ ( e -(tN-ti)B _ e -(t N+ti )B )(7 + e-rByly. _ fk) 



i = 1 



k—1 



+(/ - e~ rB ) - f k ) 

i— 1 
N - 1 

+(/-e~ rB ) + 



i=k + 1 
N—l 



-(/ - e- rB ) ^ + e- rB )-\fi - f k ) 



i= 1 



= (/ - e _2tNB ) _1 (/ - e~ TB ) 2 T~ 2 (e~ tk ~ lB - e _(2tw_tfc + l)B )u 0 (5.41) 
+(/ - e~ 2tNB )~ 1 (I - e ~ TB ) 2 T ~ 2 (e~ ( - tN ~ tk+l ^ B - e~ {tN+tk - l)B )u N 
+{-/ + (I - e~ 2tNB )~ l {I - e~ tNB )[I-e- tk - lB - e - tN ~ k ~ lB + e~ tNB ]}f k 
+(/ - e~ 2tNB )~ 1 (I - e~ 2tN - kB )(I - e~ rB ) 

x J2 e-( tk -'~^ B (I - e~ 2tiB )(I + e~ rB )~ 1 (fi - f k ) 



2=1 



+(/ - e~ 2tNB )-\l - e- 2tkB )(I - e~ TB ) 



2 t k B\ 



N - 1 



x Y, e _(ti_ffc+l)B (/ — e~ 2tN ~' B ){I + e~ rB )~ 1 (fi — f k ) 

i=k+l 

5 



E- 7 ”' 



m=l 



where 



Ji = (J - e~ 2tNB )~ l {I - e~ rB ) 2 T~ 2 (e~ tk ~ lB - e- {2tN ~ tk + l)B )u 0 , 

Jl = {I- e~ 2tNB )~ l {I - e~ TB ) 2 T~ 2 (e~ ( - tN ~ tk+1 ) B - e~ {tN+tk ~ l)B )u N , 

= {-I + (7 - e _2tArB ) _1 (7 - e _iA,B )[/-e _t ' t - lB - e~ tN - k ~ lB + e _tA,B ]}/ fe , 
J k = {I- e~ 2tNB )~ 1 (I - e~ 2tN ~ kB )(I - e _rB ) 

x Y e~( tk -'-^ B (I - e~ 2tiB )(I + e~ rB )~ 1 (fi - f k ), 

i= 1 

4 = (I - - e~ 2tkB )(I - e _rB ) 

N-l 

e -lU-t k+1 )By _ + e -rB)- l(y. _ /fe ) 

i=fc+l 



X 
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Let us estimate = { J™}^ 1 for any m = 1, 2, 3, 4, 5 separately. We start with 

JJ\ Using estimates (5.8) and (5.9) we show that, for 1 < k < N - 1, 

IMillis < ll(/ - e -2 , ~s ) - i | U _ E ||{ J _ e -*y T B)-^ E 

x|| e -<>-.e - < M\\Au<,\\ E . 

Prom this it follows that 

IW - ■/i+rlls < IWIIe + IIAVrllE < 2M\\Au a \\ E < 2M 1 |A»„| | £ 

for 1 < r + 1 < iV — 1. Further, applying (5.9) and (5.10) we show that, for 
2<fc<fc + r<iV — 1, 



e- 2t " B )-'\\ E ^ E \\(I ■ 



WJl-Jl+rWB^Wil- 

x[||e _tfc - lB - e -tfc+r-l)B || E ^ E 



- tB 



)(tB) 



— 1 m2 

E^E 



+||e (2tw tfc +i) B - e (2tN tfc+r+l)s ||E— e]||x4v 0 ||b 

s + nt .j n^oik < m . [■£- + — 

h+r - 1 \ 2t N - tk+l) a h+r \ f N - tk) a 

Thus, we have proved that 



\\Ji\\c?’ a (E) < Mi\\Auq\\e- (5.42) 

In a similar manner we can show that 



Ill’ll c*' a (E) < Mi\\Aun\\e- (5.43) 

Now let us estimate . Using estimates (5.8) and (5.9) we obtain that 
II 4 ||e< [1 + ||(/ - e- 2tNB )- 1 || B ^ B ||/ - e- tNB \\ B ^ E 
x[l + | |e _ tfc_ lB | Is— + ||e- t "-*- lB || £ ^ £ + ||e-^ B || B ^]]||M| B 
< Mill E |lc?'“(E) 

for 1 < k < N — 1. Prom this inequality it follows that 

max II Ju \\e< Mi|| f T \\ n a, afTP ,. 

l<k<N — 1 k " " J MCV 

Prom this it follows that 



\\4 - 4+v\\e < ii 4\\e + iijiVIIb < 2Miii r 



il C?'“(E) 



< 2Mi 



(2 r) a 

(1 + r) a 



r 



*(E) ^ M 2i t , 






+ 






r+ 1 



(t N — t\) a 



r 



I C?'“(E)> 
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forl<r + l<iV — 1 and 

j3 r3 1 1 _ 1 1 73 



= 2 M r 



114 - JjUlE ^ 1141b + 114+rlb < 2Afl|| r II C?’ a (£) 

- 2Ml (l + ^.)a II II C? ,a (E) 

(2r) “ urn <U[ ^ 

:ll / llc?’“(£) - -' w 21t£ 



t a 



tk+r (*JV - tfc) a 



in r 



c?’ a (£)> 



(1 + r + fc — fc) 01 
forl<fc<r + fc = 7V — 1. Since 

j3 +r -j3 = {_/ + (/_ e -2tNB)-l(/_ e -^B)[7_ e -t fc+ ,-iB 

_ e -t N - M B + e ~*" B ]}(/ fc+r _ /fc) 

_j_^J _ e ~ 2 tNB^ — l^J _ g — — t k -lB _ e ~ tk + r-lB _|_ g — t N -k-\B _ g — tN -k-r-lB^fk 

it follows that 

II Jk+r ~ 4 lb< I 1 + Wi 1 ~ e -fNB ) -1 | \ e ^e 

x||J- e~ tNB \\ E ^E[l + ||e- tfc - lB |b-E + ||e-^- lS || M 



+ ll e 



t N — k— 1 B 



lb-£ + ll e ' 



-tN-k-r-lB \ 



E->E]]\\fk+r ~ fk\\E 

+ ||(/ _ e - 2tNB )- 1 \\ E ^ E {\\e- tk - lB -e- t ^ B \ 



\E^E 



+ \\ e -tN-k-lH _ e tN-« ! -r-l»|| £ ,_ t£ ,}|| I_e twB || B ^ £ ||/fc|| B 



D t N — k — 1 B g tw — k — r — 1 | 

for 2<k<k + r<N — 2. Using estimates (5.8), (5.9) and (5.10), we obtain 



\\4 +r -Jl \\ E <*!,[- 



t a 

v nr> 



l (t k + t r ) a + (t N -t k )<* in J llc?, °( B ) 

for2<k<k + r<N — 2. From this it follows that 

\\ J 3 \\c?-(E< M4 r \\c^ {E y (5-44) 

Now let us estimate J \ . By the definition Jf = 0. Therefore, we have to consider 
two cases: 2 < k < y anc 
and (5.9) we obtain that 






two cases: 2 < k < y and y < k < N — 1. In the first case, using estimates (5.8) 



fc-i 



IIJJIIeSIK'-^'VIIe-e > lie 



■Li 

2=1 



” (^/c — 1 



) b (7- 



0 — 2 t N -kB 



)(I-e- T ») || 






x||/-e 2tiB || e->e || (I + e rB ) s||/i - fk \\e 



-2 ub 

k - 1 



< 



M S ( ifc “ *i) 1-a *k - *0“ ** ^ lb?'“(B) 



< 



M 



fc-i 



;E r Ik,- 



t%(tN ~ tk) a ( tk ~ U) 



\ey 




5.2. Difference Schemes Generated by an Exact Difference Scheme 



243 



The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



tk 

r ds tj 

J (t k -s) a a 



Thus, for 2 < k < ~ we have established the bound 

II 4 IU< — - tk) “II r llc?'“(B) ^ aT a II f T llc?’“(B)' 

In the second case, using estimates (5.8), (5.9) and (5.10) we obtain that 

k — 1 

II 4 \\e< ||(7-e- 2t ~ B )- 1 || £ ^^||e-( t — 1 ^ B (I-e- 2t »-* B )(I-e~ TB ) 

i= 1 

x\\I - e 2t,B || E—*E H(/ + e ~ TB ) _1 || B _ >E ||/ i - fk II £ 



I E^E 



k - 1 



< mV- — 

•” ( tk - u) 1 “i 



2 (t N - t k )r 



r 



< 



^ (t k - uy-°(2t N -t k - u)t°(t N - uy " ' Nc ^( B ) 
2M(t N - t k ) X4 t 

mt N - t k )« [ ^ (t k - uy-«(2t N -t k - uf 1 



The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



tk 

I 



ds 



(tk — s) 1 a (2t]y ~ tk ~ s) 



Since 



tk 

/ 



ds 



(tk - s) 1 a (2tN-tk~s) 



tk 



dz 



(2 tN — 2 tk + z ) 



oo 

< 7 1 [ d p < 

(2t N - 2t k y~ a J ^-“(i+p) - 



M 



(2tN — 2t k y Q a(l-a)’ 



it follows that 



t4 II ^ 2 M(tN — tk) 

J k IIe< 



M 



r 



tt(t N - tk) a ( 2 t N - 2 t k y~ a a(l -a)" J 
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Thus, for y < k < N - 1 we have established the bound 



II 4 b< 



Mi 



-ii r 

4-OL II J 



Mi 2° 
C?- a (E) ^ 7 



< 



a(l - a)t k 

Combining the estimates for || J k ||e, we obtain 



ii r 



\C?’ a (E)- 



max 

l<k<N 



Mi 



- ■ ■* r i«-w 



(5.45) 



Now let us estimate the difference 4+r ~ J^for2<A:<fc + r<A/’ — 1. We will 
consider separately the cases k < r, N — k < 2r and k > r, N — k > 2r. If k < r, 
then (5.17) yields 



Mi2 1+a 



II 4+r - 4 IIe<|| 4+r He + II 4 He 
m 2 



If N — k < 2r, then (5.17) yields 



a(l - a) 



II f T \\c?' a (E)tr (tk H~ t r ) 



II 4+r - 4 IIe<II 4+r He + II 4 He 

Mi2 1+q Mo 

s r II c;-(cf°( N - k r = ^)lir llc;.-, E) C(t» -u)-°. 

Now let k > r and N - k > 2r. Let us represent the difference as the 

following sums: 

4+r - 4 = (I- e- 2tNB rHl - e~ rB ) 

k-\-r — 1 

x{ e _(t ' c+r_1_ * i)B (/ — e~ 2tiB )(I — e - 2t N-k-r B ^i _|_ e~ rB )~ 1 (fi — fk+r) 



2=1 
k~ 1 

-£■ 

i — 1 



~{tk — l ti 



> B (I-. 



} —2t N - k B\ 



)(/ - e~ 2tiB )(I + e- TB )-\fi - f k )} 



k+r — 1 

g — 2tNB^ — 1 ^ 6 _ T ^) ^ ^ Q~(t>k + r—\~~ti)B 

i=k—r 

x(I - e~ 2tiB )(I - e - 2t »-^ B )(I + e- TB )" 1 (/ i - f k + r ) 

k- 1 

_(/_ e - 2 «ivB)-l (/_ e -rB) ^ 

i=k — r 

x (/ e~ 2tN ~ kB )(I - e~ 2tiB )(I + e- TB )-\fi - f k ) 
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k—r—l 



+(I -e- 2tNB )- 1 (I~e~ rB ) e 






i = 1 



X(/ - e- 2tiB )(I - e -^ N - k -rB ){I + e -rBy l (/fc _ /fc+p) 
fc— r— 1 






2—1 






) B (/. 



d -2 t N _ k B\ 



)}(I ~ e~ 2tiB )(I + e~ rB )~ 1 (fi — f k ) 
= Pi + P 2 + Pi + P*. 



Now let us estimate P\. Using estimates (5.8) and (5.9), we obtain that 

|in 1 b<il(/-e- 2 *- B )- 1 II^E 

fc+r— 1 



Y ||(/ - e- TB )e~^-^ B (I - e- 2tN ~^ B )\\ E ^ E 



i=k—r 



x\\I - e 2ttB We^E \\(I + e rB ) 1 \\E^E\\fi ~ fk+r \\e 



< 



M 



-2 UB 

1 



k+r — 2 



{t k + t r ) a l T a (t N - t k +T- l)“ + (tfc+r - ti) 1_Q (tiV - ti)“ JI1 1 IIC ?’“( B ) 



< .. Ml r y' l in r || 

(tfe+*r)“ (tfc+r -tt)“ 7 C? 



fc + 7 1 



*(£)' 



The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



tfc+tr 

/ 

tk-t r 



ds 



(tk+tr — s) 1 a (t]sr — s) a 



Since 



tk-t 

it follows that 



tk+tr 

/ (tk +tr- S y-<*(t N - 8) a ~ — -t k - t r )~ a , 



II Pk b< ~^(2t r ) a (t N - t k - t r )~ a (t k + i P )-“|| f T || c a, a(E) . 
Thus, we have established the bound 

M2+ a 



p k iu< ~^t«(t N -t k )- a (t k +t r )- a n r ii c? - 



(£)• 
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In a similar manner we can show that 



Pk \\e< ~ tk) a {tk+t r ) a \\ f T \\c«' a (E)' 



a 



Since 



Pj* = (J - e -2tNByl e -2t2rB(J _ e — tk-r-lB^ 
x(I — e- 2uB ){I - e~ 2tN - k -r B )(I + e- rB )-\f k - / fc+r ), 
it follows that 

|| Pk ||e< \\{I ~ e ~ 2tN B )~ 1 \ \E->E\\e~ 2t2rB {I ~ e _t ' c_r_lB )||E-,E 

x | | jT — e- 2t ' B \\ E ^ E \\ I - e- 2tN ~^ B \\ E ^ E \\(I + e~ rB )~ 1 \\ E -^ E \\fk - f k+ 
Using estimates (5.8) and (5.9), we obtain 

II P k \\e< Mt* (tN - tk) a {tk+tr) a \\ f T \\c?' a (E)- 

Now let us estimate P%. Using estimates (5.8), (5.9) and (5.10), we obtain 

\\P£\\E<\\{I-e- 2t " B r l \\ E ^ E 

k—i — 1 



x {\\ (I — e~ T B^ e -( 2tN - 2 tk) B _ e ~{2t N -2t k -2t r )B^ e - 



-(t k -i-U)B 



I \e- 



>E 



i— 1 



+ II (/ - e~ rB )(I - e -‘r)B) e -(t fc _l-ti)B || M } 
x\\I - e- 2tiB \\ E ^E\\{I + e- TB )~ l \\ E ^ E II fi-h \\ E 



k—r—1 









\\C?' a (E)- 



The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



tk t r 

/ 



ds 



(t k - s) 2 - a (t N - s) a 



Since for k > r and N - k > 2r we have the bound 

t k ~~t r t k ~t r 



I 

o 



ds 



< 



(tk — s) 2 a (tN ~ s) a (^N 



[ 

t k + t r ) a J 



ds 



(t k - s) 2 ~ a 



< 



-C 1+a < 



f-l+a 



(1 - a)(t N -t k + tr) a r - (1 - Oi)(t N - tk) a 
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it follows that 

ii pi \\ E < ^t«{t N -t k y a r k a \\ r iic-^). 

Thus, we have established the bound 
M 2 a 

II Pi \\e< +t r )~ a II r \\c?~(Ey 

Thus, we have shown that for any 2<fc<fc + r<iV-l the following inequality 
holds: 

II Ji +r ~ 4 b< -f AtN ~ + ^ )_Q|1 /T IIC ?’“( £ )- (5 ' 46) 

Estimates (5.45) and (5.46) give 

Mi 

II 4 II c?' Q (E) < II f \\c?' a (E) • (5-47) 

In exactly the same manner one establishes the inequality 

II 4 llc?'“(E) < II f T II c?- a (E) • (5-48) 

Finally, applying estimates (5.42), (5.43), (5.44), (5.47) and (5.48) we obtain the 
estimate 

|| {r~ 2 {u k+ 1 - 2u k + u fc _i)}f _1 || c? .c (E) 

- M l{ _ ^ || f T Ilc“’ a (£;) + II ^«olU + II-^aHIe]- 

By the triangle inequality, this last estimate and difference equation (5.29) yields 
II {t~ 2 [(I - exp(-r5))(u fc _i + u k +i) + (exp(-2 tB) - /)ufc]}f -1 || c ?- a (E) 

- Ml t a (l _ a ) II ^ II C?' a (E) + II Au o\\e + II^Aflle]' 

Theorem 5.2.8 is proved. 

Furthermore, the method of proof of Theorem 5.2.8 enables us to establish 
the following fact. 

Theorem 5.2.9. Suppose that the assumptions of Theorem 5.2.6 hold. Then the 
solutions of the difference problem (5.29) in C^ a (E) obey the coercivity inequality 

|| {t ('Mfc+l — + Ufa — 1 ) } 1 llc" ,Q! (E') 

+ II { r_2 [(-f - exp(-TB))(u k -i + u fc+ i) + (exp(-2 tB) - /)u fc ]}f _1 || c a,= (E) 

< Ml [ Q ( 1 1 _ a ) H (^ + exp(-rB)) _1 / T Wc?' a (E) “I" II Au 0 \\e + | |^4lijV || £;] 5 

where M\ is independent not only of f T , uq, un, ol , but also of r. 




248 



Chapter 5. Partial Differential Equations of Elliptic Type 



This yields the following result 

Theorem 5.2.10. Suppose that the assumptions of Theorem 5.19 hold. Then the 
solutions of the difference problem (5.29) in C^ a (E) obey the coercivity inequality 

|| {r (uk+i — 2uk + Uk~i)}i II Cr ,a {E) 

+ II {t - 2 [(/ - exp(-rB))(u fc _i + Uk+i) + (exp(— 2 tB) - /)u fe ]}f _1 || c? ,a (£;) 

1 - a ) 11 Br + H Au 0 \\e + \\ Au n\\eI 

where M\ is independent not only of f T , uq, un, a, but also of r . 

Note that the coercivity inequality 

|| (^fc+l — + Uk—l)}i llc7“(.E) 

+ II {'T -2 [(r - exp{-TB))(u k -i + ttfc+i) + (exp(-2r£) - “ 1 || c?(f;) 

— M i t a(1 _ ^ || f T Hco(£) + II AuqWe + ||j4ixjv|| b ] 
fails. Nevertheless, we have the following result. 

Theorem 5.2.11. Suppose that the assumptions of Theorem 5.17 hold. Then the 
solutions of the difference problem (5.29) in C?(E) obey the coercivity inequality 

|| (^fc+l “ ^Uk + Uk—l)}i llc"(S) 

+ II ( r_2 [U - exp(-rJ5))(wfc_i + u k+ i) + (exp(-2r5) - I)u k ]}i ' _1 || C?(B) 

+ || {r 2 (u k +i — 2u k + Ufc-i)}i llc T (E a ) 



< 



Mi 



r II c?(E) + ^[11 ( 7 - e tB ? t 2y o - h 



a(l-a)" - ' 1 a 1 " ~ ’ ' “ u J1 Ea 

+ll( 7 “ e~ rB ) 2 T~ 2 u N - f N - i|| £ J, 

where M\ is independent not only of f T , u$, un, a, but also of r . 

Proof. To prove the theorem it suffices to establish the estimates for 

{r~ 2 {u k+ 1 - 2 u k + U k - 

in C?(E) and in C r (E a ). By formula (5.41), we have 

T~ 2 (u k+ 1 - 2 u k + Uk-i) 

— (I - e" 2tf ' B )“ 1 (e' i *-‘ B - e ~ ( - 2tN ~ tk+1 ^ B )[(I - 6~ tB ) 2 t~ 2 Uq - /i] 
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+(/ - e -*NByl( e -(t N -t k+1 )B _ _ e - T Bj2 T -2 UN _ 

+ (7 - e -2twB)-l( e -t fc _iB _ e -(2t N -t k+1 )B^ i _ y fc ] 

+ (7 - e -2tNB)-l( e -(t w -t fc+1 )B _ e -(tAr+t*_i)B^ fc _ y jv _ i ] 

+(7 - e~ 2tNB )~ 1 (I - e~ 2tN ~ kB )(I - e~ rB ) 

X J2 e-to-i-Wy - e~ 2tiB )(I + e~ rB )~ 1 (f i - f k ) 

1=1 

+(7 - e~ 2tNB )- l {I - e~ 2tkB )(I - e~ rB ) 

N- 1 

x S e _(ii_tfc+l)s (7 - e~ 2tN ~ iB )(I + e~ rB )~ 1 (f i — f k ) 

i=k -\- 1 



= £ G i? 



Gjfe = (/ - e - 2 ^B)-l( e -^-i B - g~(2tjv— tfc+i)B^^j _ e -rB^2 r -2 Uo _ ^ 

G 2 k = (I- e -VNByl( e -(t N -t k+1 )B _ g-ftw+tfc.OB^j _ e -^)2 r -2 Ujv _ 

Gl = (I- e - 2tNB )-\e- tk -' B - - / fc ], 

G\ = (I — e -2iJvB)-l( e -(tw-^+i)B _ g-ftjv+tfc-OB^^ _ f N _^ 

G k = (I — e-atjvB)- 1 ^ _ e -2 ts-kB^j _ e -rB) 

fc— 1 

X £ e -(t fc -i-tOB (J _ c -2t«B )(J + e -rB } - 1 (/ . _ /fc)> 



G% = (I- e~ 2tNB )~\l - e~ 2tkB )(I - e - rB ) 

iV-1 

X £ e -^- t ^)B( I - e -2t N - i B ){I + e -rByl {f ._ fk y 
i=k + 1 

Let us estimate G T m = {G”}^ 1 for any m = 1,2, 3, 4, 5, 6 separately. We 
start with G[. Using estimates (5.8), (5.9) and the definition of the spaces E a , we 
show that, for 1 < fc < N — 1, 

IIGfclle < ||(7 - e _2tjv ' B ) _1 ||£_ >£ ; 

2tN~ tk + l 

x J \\Bexp(-sB)[{I -e~ TB ) 2 T~ 2 u 0 - fi]\\ E ds 

tk-1 

2tN~tk + l 

/ ^ll[('-e- rB ) 2 T- 2 «.-A]|j E „ < ^||(7-e-^)V 2 «o-/il| £ .. 

^fc-1 



< M 
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Further, applying (5.8), (5.9) and the definition of the spaces E a we show that, 
forl<fc<fc + r<iV-l, 

||Gi-^ +r || £ <||(7-e- 2t ~ B )- 1 || E ^ £ 

tk-\-r— 1 

x[ J \\Bexp(-sB)[(I - e~ TB ) 2 T~ 2 u 0 - fi]\\Eds 

tk-1 

2tN~tk + l 

+ j ||7?exp(-s.B)[(7 - e~ TB ) 2 T~ 2 u 0 - /i]|| E ds] 

N 1 

1 2 tpj ^fe + 1 

<M[ j + J -0^}\\(I-e- TB ) 2 T- 2 u o -h\\ Ea 

tk — 1 2 ^fc + r+1 

< — 1|(7 - e~ rB ) 2 T _2 u 0 - /i|| Ea . 

a 

Thus, we have proved that 

\\GI\\c ? (E) < "~||(7 — e _rB ) 2 T _2 K 0 — /i|| E q - 

In a similar manner we can show that 

\\G t 2 \\ c?{ e) < "~||(7 - e~ TB ) 2 T~ 2 u N - /jv-iIIbc- 

Using estimates (5.8), (5.9) and the definition of the spaces E a we show that, for 
1 < k < N- 1, 

||Gfe|| Ect < ||(7 — e _2tivB ) _1 || E _ >E ||e _tfc_lB — e~^ 2tN ~ tk+1 ^ B \\ E -> E 

x ||(7 — e~ rB ) 2 T~ 2 uo - fi\\ Ea 
< M\\(I - e~ TB ) 2 T~ 2 u 0 - fi\\ Ea - 
Thus, we have proved that 

\\G\\\cAE a )<M\\{I-e- TB ) 2 T- 2 u 0 -h\\E a . 

In a similar manner we can show that 

\\G T 2 \\cAE a ) < M\\(I - e- TB ) 2 r~ 2 u N - /jv-ilk- 

Now let us estimate GJ. Using estimates (5.8) and (5.9) we obtain that, for 1 < 
k < N — 1, 

\\Gl\\ E < ||(7 - e~ 2tNB )~ 1 \\ E .^ E \\e~ tk ~ lB - e- (2tN - tfc + l)B || E ^ E ||/i - f k \\ E 

< M\\r\\c ?(E ). 
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Further, applying (5.8), (5.9) and (5.10) we show that, forl<fc<fc + r<iV-l, 
II Gfc+r - G k ||£< || (7 - e -2t ' vB )~ 1 || B ^£ 

x {|| e -t fc - 1 B_ e -t f!+ , ._ i B|| B ^ £ _ ) -|| e -( 2 t N -t fe+ i )B_ e -( 2 t w -t fc+ r + i )B||^ B }||^ i _^|| £; 

+||(7 - e- 2tNB )- l \\ E ^ E \\e- tk ^ B - e^ 2tN ~ tk ^ B \\ E ^ E \\f k+r - f k \\ E 

< Mt a r \\f T \\ C?{E) . 

Thus, we have proved that 

1 1^-^3 1 1 C“ (£7) < ^l||/ T ||c?(e)- 

In a similar manner we can show that 

IIgIIIc^e) < Mi||/ t || c? ( £ ). 

By the definition of the spaces E a and using estimates (5.8), (5.9), we obtain that 
|| A 1 - a Be- AS G| \\ E < A 1_q ||(7 - e- 2t " B )- 1 || M 

x||Be- AB (e- t '=- lB - e-^ N -t k+1 ) B ) {fi _ /fc) || £ 

- M "\ + t k l - ■^II/ T |Ic , ?(E) 

for all A, A > 0 and for 1 < k < N — 1 . So, we have established that 

I|G5Hc(£ q ) < Ml || f T ||c“(£;) • 

In a similar manner we can show that 



l|GIIIc ( B a ) < Ml II r llc ?( s) ■ 

Now let us estimate G 5 . By the definition G\ = 0. Therefore, we have to consider 
the cases 2 < k < N — 1. Using estimates (5.8) and (5.9) we obtain that 



Gl \\ E < \\(I -e~ 2tNB )~ 1 



k - 1 

i£^£ y^ii e ' 



i = 1 

x ||7 — e~ 2tiB || £ 7 — 11(7 + e _rB ) _1 



i)B ( I -e~ 2t N - kB )( I - e - TB ) || E ^E 
E-.£;||/t - fk || E 



k - 1 



< 



"E 



r 



11 c~{ey 



The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



/ 



ds 

(tk - s) a 



fOL 

l A. 

a 
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Thus, for 2 < k < N we have established the bound 

II G\ ||#< f T II c?(E) m 

Prom this inequality it follows that 



max , || Gl || £ < ^T“|l f T 






(5.49) 



(5.50) 



i<fc<AT— l ■■ ,v - a 

Now let us estimate the difference G| +r - Gl for 2<k<k + r<N — 1. We 
will consider separately the cases k < r and k > r. If k < r, then (5.49) yields 



< 



<?!+ r - Gl ||e<|| G\ +t ||e + II G\ ||e 






Mi 



/ Mi(l + 2 a ) Q| . _ M 2 a|| fT .. 

- “ G || J II C ?{E) ~ a lr \\ J IIC“(B)' 

Now let k> r. Let us represent the difference G\ +r — G\ as the following sums: 



G 



k+r 



(7 - e~ 2tNB )~ 1 {I — e~ Tt> ) 



fc+r— 1 



:{ e~ < ' tk+r ~ 1 ~ ti ^ B (I — e~ 2tiB )(I — e" 2t|V - k - rB )(7 + e~ rB )~ 1 (fi — fk+r) 

i=l 

| 

Y _ e -2 _ e- 2tiB ){I + e- TB )-\fi - /*)} 



i = 1 



fc+r— 1 



= (I -e- 2tNB )-\l -e~ TB ) Y 



-(^fc + r— 1 



i=k—r 

2 ti B\( j ^ 2t^v — k — rB\( j i ^ tB\ 1/ 



x(I - e~ 2tiB )(I - e 



’Xi + e-^y'Vi-fk+r) 



k - 1 



— (7 - e _2tjvB ) _1 (/ — e _rB ) ^ 



0 -(t k - 1 -t i )B 



i=k—r 



x(7 — e~ 2tN ~ kB )(I - e~ 2tiB )(I + e~ rB )~ 1 (fi - f k ) 



k—r—1 



+(I-e- 2tNB )-\l-e- TB ) Y, e 



(tk + r—1 ti)B 



i= 1 



x(7 — e~ 2tiB )(I - e - 2t «- k -r B )(I + e~ TB )~ 1 (fk - f k+r ) 

k—r—1 



7=1 



-(tib-i-t, 



) B (7 - g-2tjv-fcB)}(7 _ e -2t,B )(/ + e -rB } - 1 (/ . _ /fc) 

- Pi! + pI + Pi + pI 
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Now let us estimate P£. Using estimates (5.8) and (5.9), we obtain that 

II Pk b<||(/-e- 2 i " B r 1 || B ^E 



y t ||(J-e rB )e ti)s (7-e 2tN - k ~ rB )\\ E ^ E 



x||7 - e~ 2tiB \\ E ^ E ||(7 + e-^r'WE^EU - f k+r ||j 



1 k+r-* 

E 



V (<*+r - f.) 1 -”'" ' " C;(E » 

i—k—r 



s *‘>? ^ 

The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



(j'k T tr ^)^ 



it follows that 



7 — = Vr. 

(th + tr-s) 1 - 0 a v 



Pi We< -±(2trT\\ r II C ? (EY 



Thus, we have established the bound 



pl iu< ^a\ r iic ?( E)- 



In a similar manner we can show that 



pZ\\e< — t«Wf 



II fr II 

a t r\\J II C?(E)- 



p3 = (7 _ e -2t N Byl e -2t 2 rB^ _ 

X (/ _ e~ 2tiB )(I - e- a "-‘- B )(J + t- rB )-\fk - fk+r), 



it follows that 



p k IU< \\{I - e-^r^E^EWe-^il - e~ tk -^B\ 



x 1 17 e- 2tiB ||E_E||7 - 1 



N — k — r B I 



E— E||(7 + e tB ) 1 \\ E ^ E \\f k - /fe+r||E- 
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Using estimates (5.8) and (5.9), we obtain 

|| Pk II E< Mt^ || f T || c?{E)' 

Now let us estimate P£. Using estimates (5.8), (5.9) and (5.10), we obtain 

||P fc 4 || £ :<||(/-e- 2t ^)- 1 ||^ E 

k—r—1 



Y {||(7 _ e -rB^(2t N -2t k )B _ e -(2t N -2t k -2t r )B )e v .._. ||£ ^ 



-(tk-l-ti)B 



i= 1 



+ II (/ - e~ rB )(I - || E ^ E J 

x ll^ - e _2tiB ||£;-,B||(/ + e~ TB )~ 1 \\ E ->E || fi - fk II £ 

k—r—1 



< Mt r [ Y 



t^l ( tk ~ 



2— a J 



r lie- 



c?{Ey 



The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



tk t r 

J 



ds 



o 

Since for k > r we have the bound 

tk t r 



(tk - s) 2 ~ a ' 



/ 



ds 



< 



f-l+c* 



(tk - s) 2 ~ a l- a 



it follows that 



°k \\e< 



M 



1 - a 

Thus, we have established the bound 

M 



°k \\e< 



1 - a 



a r 



a r 



\C?(E)- 



I C?(E)- 



Thus, we have shown that for any 2 < k < k + r < N — 1 the following inequality 
holds: 

■*5 II ^1 ,at || fT || 

\ L r \\ J II C?(E)' 



Gt, r -GU E < a{1 _ ay 



(5.51) 



Estimates (5.50) and (5.51) give 



GZ 



M 2 



5 II C?{E) < II f T llc“(B) • 
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In exactly the same manner one establishes the inequality 

II ^ a ( 1 M ? a ) II f T II C«(E) ■ 

By the definition of the spaces E a and using estimates (5.8), (5.9), we obtain that 
|| \ 1 ~ a Be~ XB Gl || B < A 1_ “||(/ - e- 2 ^ 5 )- 1 !^ 



EH' 



e -2t N . k B u e 



x||7 - e~ 2UB || B ^ e ]|(/ + e - TB )- 1 ||^ B ||(/ - - f k ) || £ 

^>-°iE (tt _ t , T +A)2 -J iirii c; , E| . 

The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



(tk - s + A) 2 



< _J_\-l+a 

(tk - s + X) 2 ~ a ~~ 1 - a 



it follows that 



\ 1 ~ a Be~ XB Gl || E < — || r \\c ? (E) 
1 — a T 



for all A, A > 0 and for 2 < k < N — 1. So, we have established that 

\\G T 5 \\c T (E a ) < II f T llc“(J5) • 

In a similar manner we can show that 



l|G£||c T (£; a ) < II ^ H C '?( E ) ’ 

Combining the estimates for G^, m — 1, 2, 3, 4, 5, 6 we obtain the estimates 

|| {r 2 (iik+i — 2uk + Uk-i)} i II c«{E) — _ a ^\\ f II c?(E) 

+^[|| {I - e~ TB ) 2 T~ 2 u 0 - fi + ||(7 - e- TB ) 2 T~ 2 u N - fN-i\\ E J, 

|| {t 2 (uk + 1 - 2Ufc + Ufc_i)}f 1 II Cr(E a ) - II f T II C?(E) 

+ M± {1 \ (j _ e~ rB ) 2 T~ 2 uo - A || „ + ||(7 - e^ B ) 2 r- 2 u N - In^WbJ, 




256 



Chapter 5. Partial Differential Equations of Elliptic Type 



The estimate for {r _2 [(7 — exp(-rB))(uk~i + Ufc+i) + (exp(— 2ri?) - I) Uk l }^ -1 
in the norm of C r (E a ) follows from the triangle inequality. Theorem 5.2.11 is 
proved. 

Furthermore, the method of proof of Theorem 5.2.11 enables us to establish 
the following fact. 

Theorem 5.2.12. Suppose that the assumptions of Theorem 5.2.6 hold. Then the 
solutions of the difference problem (5.29) in C?(E) obey the coercivity inequality 

|| {t (Uk+l — 2 U)^ + U^— l)}i llc"(£) 

+ il {' r_2 [(- / ' - exp(-rB))(u fe _i + u k+1 ) + (exp(-2rB) - 7)u fc ]}f _1 || C?(B) 

+ || {r 2 (iifc+i — 2 u k + tifc-i)}-! llc T (B a ) 

- ( / + ex p(- 7 - s ))“ 1 r ii c ? ( E ) 

+ ~[ II ( 7 “ e~ TB ) 2 T~ 2 u 0 - h || Eo + \\{I ~ e- TB ) 2 r- 2 u N - f N - 1|| B J, 

where M\ is independent not only of f T , uo, un, a, but also of r. 

This yields the following result. 



Theorem 5.2.13. Suppose that the assumptions of Theorem 5.19 hold. Then the 
solutions of the difference problem (5.29) in C*{E) obey the coercivity inequality 

|| {t ( u k + 1 — 2 Uk + Uk— l)}i llc“(.E) 

+ II {t _ 2 [(7 - exp(-rS))(u fe _i + Ufc+i) + (exp(-2r5) - 7)u fe ]}f _1 || C?(B) 

+ || {r (ufc+i — 2 ^^ + IIc t (b q ) 



< 



Mi 



a(l — a) 



Bf T 



\C?(E) 



+ 



Mi 

a 



(! — e ~ TB ) 2 T~ 2 Uo — fi 



+11(7 -e tB ) 2 t 2 u n - /jv-i|| b J, 

where M\ is independent not only of f T , uq, Un, but also of r. 

Let us give, without proof, the following results. 

Theorem 5.2.14. Suppose that the assumptions of Theorem 5.2.5 hold. Then the 
solutions of the difference problem (5.29) in C^ ,1 (E) (0 < 7 < /?, 0 < (3 < 1 ) obey 
the coercivity inequalities 



{t 2 (u k+ ! - 2 u k + Ufc_l)} 



N - 1 



< 



Mi 



r 



f 1 II C T (E0_ y ) ^ PQ _ /3) n J "^{E) 
+Mi[|| (7 - e- TB ) 2 r- 2 u 0 - h |U_, + ||(/ - e- B ) 2 r- 2 u N - f N . i|L 



/3-7 J 
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|| {' 7 ~ (^fc+l l)}l Hc'r’ 7 (S) 

+ II {t~ 2 [(I ~ exp(-r5))(u fc _i + u*+i) + (exp(- 2 r£) - /H]}f _1 \\ c? n {E) 

< II f T II c?^(E) + - e^ B ) 2 T- 2 u 0 - 

+IU - e- TB ) 2 T~ 2 u N - /jv-i|o’ 7 ], 

where M\ is independent not only of f T , uq, un, (3, 7 but also of r. 

Theorem 5.2.15. Suppose that the assumptions of Theorem 5.2.6 hold. Then the 
solutions of the difference problem (5.29) in C^ ,/y (E) (0 < 7 < /?, 0 < (3 < 1 ) obey 
the coercivity inequalities 

|| (r (uk+i — 2uk + Uk-i)}i \\c t (e 0 _^) 

- W^0) II ( J + eX P (-Tfl)r7 T W c? n {E) 

+Mi[|| (I - e- TB ) 2 T~ 2 u 0 - /1 \\ Eg _^ + ||(/ - e- TB ) 2 T~ 2 u N - /jv- i|| E/5 _ 7 ], 

II {^" (^fc+i -f- Hct , 7 (.e) 

+ II {' r_2 [( / - exp(-rB))(u fc _i + Ufc+i) + (exp(-2r5) - /)u fc ]}f _1 || c ^, 7 (£) 

~ 1(1*- (3) II (/ + ex P (-^)) _1 / T llcf-(E) 

+Mi[|(/ - e~ TB ) 2 T~ 2 uo - + |(/ - e- TB ) 2 T~ 2 u N - / W -i|£’ 7 ], 

where Mi is independent not only of f T , uo, un, (3, 7 but also of r. 

Theorem 5.2.16. Suppose that the assumptions of Theorem 5.2.7 hold. Then the 
solutions of the difference problem (5.29) in C^ n (E)( 0 < 7 < /?, 0 < /? < 1 ) obey 
the coercivity inequalities 

II {t 2 {uk + 1 - + u fc _i)}f 1 II c t ( E/3 ^) < II B f T II c?’-'(E) 

+M 1 [\\ (I — c~ tB ) 2 t~ 2 uo — /1 ||£ (3 _ 7 + ||(7 - e~ TB ) 2 T~ 2 UN — fN-i\\ Efj _ y \, 

II (V'k+i ~ Hct' 7 (.e) 

+ II ~ exp(-r5))(u fc _i + u k+1 ) + (exp(-2 tB) - \\ c? n {E) 

- ^fZ^yll B f T Hcf' 7 (£) + M i[l( J “ e~ TB ) 2 T~ 2 u 0 - /i|o ’ 7 
+ IU ~ e~ rB ) 2 T~ 2 UM — /jV_l|o’ 7 ], 

w/iere Mi zs independent not only of f T , u Q , u^, (3, 7 but also of r. 
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Here, |w|o’ 7 denotes that the norm of the Banach space E^ 7 consists of those 
v G E for which the norm 



linin’ 7 = max lie tnB w\\E 

1 ,U l<n<iV— 1 

+ sup t~P(t n + f r ) 7 (£/v - i„) 7 ||(e _((n+tr)B - e~ tnB )w\\ E 

l<n<n+r<N — 1 

is finite. 

Note that the parameter 7 can be chosen freely in [0,/?), which increases the 
number of spaces of grid functions in which difference problem (5.29) is well posed. 

Recall that the difference problem (5.29) is not well posed in C T (E) for all 
positive operators. It turns out that a Banach space E can be restricted to a 
Banach space E f in such a manner that the restricted problem (5.29) in E' will be 
well posed in C r (E f ). The role of E' will be played here by the fractional spaces 
E a = E a (E,B ) (0 < a < 1). 

Theorem 5.2.17. Suppose that the assumptions of Theorem 5.2.5 hold. Then the 
solutions of the difference problem (5.29) in C r (E a ) obey the coercivity inequality 

|| {r 2 (uk+i — 2uk + Uk~i)}i II c r (E a ) 



+ II {t 2 [( 7 - exp(-rB))(u fe _i + u fc+ i) + (exp(-2rB) - I)u k }}? 1 || Cr(£ . o) 



- *[ a( i _ a ) II f T llc T (£J a ) + II Au oW Ea + II^JvIIeJ, 

where M\ is independent not only of f T , uo, un, ol , but also of r. 

Proof. Using formula (5.37), we obtain 

r~ 2 (u fc+ 1 -2u k + u k -i) 

= (I - e~ 2tNB )~ 1 (I - e~ rB ) 2 T~ 2 {(e~ tk ~ lB - e~ i2tN - tk +^ B )u 0 

+ ( e -(tjv-t fc+ i)B _ e -(t N +t k -i)B^ UN } 



_ e -2t N B^-l^j _ e -rB^ e -(t N -t k+1 )B 






N—l 

X Y^(e.~ {tN ~ U)B -e- (tN+ti)B )(I + e~ TB )- 1 f i 
2=1 



+ (/ - e~ rB ) £ + 

2=1 



N - 1 

+(I — e~ rB ) e-^- tk ^ B (I + e- TB )~ 1 f i -2(I + e- TB )- 1 f k 
1 

-(/ - e~ rB ) ^ e -(t*-x+ti)B)(/ + e~ rB )~ 1 fi = g k +p k , 

2=1 
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where 



9k = t~ 2 {I - e- 2tNB )-\l - e~ TB ) 2 {(e~ tk ~ lB - e~ {2tN ~ tk ^ B )u 0 

+ ( e -(t N -t k+1 ) B _ 

p k = -(I - e~ 2tNB )~ 1 (I - e - TB )(e~ < ~ tN ~ tk+1 '> B - e ~(tN+t k -i)B-j 



N- 1 



Y _ e -( tN + U ) B^j + e - rB )- ly .. 

i = 1 

fc -1 

+(/ - e~ rB ) Y + e~ rB )~ 1 fi 



N — l 



2=1 



+{I — e~ rB ) Y e~ < ' ti ~ tk+1 ' ,B (I + e~ rB )~ 1 fi - 2(1 + e~ rB )~ 1 f k 



i=k+l 



N-l 



-(I - e~ rB ) Y e~ {tk - 1+ti)B )(I + e- TB )~ 1 f i . 

2—1 

To this end it suffices to show that 

II 9 T \\c T {E a ) — ^l[ll ^olUa + AunWeJi (5.52) 

II P r II c T (E a ) - ~ a ) *11 f T \\c r (E a )- (5.53) 

Estimate (5.52) follows from the estimate 

\\(I - e- rB ) 2 (TB)- 2 \\ E ^ E < M 

and the fact that the homogeneous difference equation ( f T = 0) is stable in C r (E a ) 
uniformly in r. By the definition of the spaces E a and using estimates (5.10), (5.11) 
and (5.36), we obtain 



A 1 " a 5e" A V ||£,< A 1- “11(7 - e~ 2tNB )- 1 \ 



\E->E 



x e 



~(£jv~ tk + l)B p~ (tjV+tfc- 1 )B I 



E^E 



N-l 

x 53 \\e~ rB - e^ tN+ i +ti)B \ 
2=1 



E-+E 



x||(/ + e- TB )- 1 || M ||5(7 - e-^e-^-'-t'+WfiW 



i E 



k—1 



+A 1_ “ Y ll( J + e- TB )- l \\ E ^ E \\B{I - e~ rB )e~^ tk ~ 1 ~ ti+) '^ B fi\\ E 



2=1 
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N - 1 

+A 1-a £ IIU + ^~ tB )~ 1 \\e^e\\B{I — e~ rB )e~^ ti ~ tk+ ^ B fi\\ E 

i=k+ 1 

+\ 1 - a 2\\(I + e- TB )- 1 \\ E ^E\\Be- XB f k \\ E 

+A 1_ “ Y, \\e- tiB \\E-+E\\{I + ^~ tB )~ 1 \\e->e\\B(I - e- TB )e-^-' + » B M \ e 

2=1 

< M(1 + A--[g (t __ i + r A) y-J )ll r IIc.(e.)- 

The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 

T 

[ ds 

J (s + X)s 1 ~ a ’ 

o 

Since 

T oo 

r ds / 1 / dr 

J (s + A)s 1-C * “ A 1_a J (1 + r)r 1 ~ a ’ 

0 0 

it follows that 

II y-°Be->*n IIb< II r lk (E „, 

for all A, A > 0 and for 1 < k < N — 1. From the last estimate follows estimate 
(5.53). Theorem 5.2.17 is proved. 

Furthermore, the method of proof of Theorem 5.2.17 enables us to establish 
the following fact. 

Theorem 5.2.18. Suppose that the assumptions of Theorem 5.2.6 hold. Then the 
solutions of the difference problem (5.29) in C r (E a ) obey the coercivity inequality 

|| {r 2 (uk+i — 2uk + Uk-i)}i II c T (E a ) 

+ II - exp(-rS))(u fc _i + ujt+i) + (exp(-2r£) - -1 \\ CAEa) 

~ ^^a(l — a) ^ + ex P( — t B)) f T IIctCBc) + II ^ u oll E a + II-^ u aHIeJ> 

where M\ is independent not only of f T , uq, un, a, but also of r. 

This yields the following result. 
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Theorem 5.2.19. Suppose that the assumptions of Theorem 5.2.7 hold. Then the 
solutions of the difference problem (5.29) in C r (E a ) obey the coercivity inequality 

II { T { u k + 1 — 2 Uk + Uk— l)}i Hc t (E q ) 

+ II { r_2 [( 1 ~ exp (~TB))(u k -i + u k +i) + (exp(-2 tB) - 7)it fe ]}f ' “ 1 || Ct(Eq) 

- ^^a(l - a) ^ II c T (E a ) + II ^olUc, + II^nIIbJ, 

where M x is independent not only of f T , u (h u N , a, but also of r. 

Let us give, without proof, the following results. 

Theorem 5.2.20. Suppose that the assumptions of Theorem 5.2.5 hold. Then the 
solutions of the difference problem (5.29) in C^(E a .p) ( 0 < 7 </?<a, 0 <a< 
1) obey the coercivity inequalities 

II {r ( u k+l — 2^/c + Uk-l)}i II C^ n {E a _ 0 ) 

+ II - exp(-rS))(u fc _i + Ufc+i) + (exp(-2r£) - 7)u fc ]}f ' _1 || c ^i (Bct _ fl) 

+ II { T ~ 2 {Uk+l ~2Uk +Uk-l)}i~ 1 || C 7 T (£i8.'r ) 

S f lof-*-., 

+Mi[|(7 - e~ TB ) 2 r~ 2 u 0 - hC-p + |(-f - e~ TB fr~ 2 u N - f N -i\^), 

II {^" (^fc+1 — 2Uk + Uk—l)} l II Cr'^tEa-p) 

+ II { r_2 [(-f - exp(-7\B))(u fc _i + u k +i) + (exp(-2 tB) - I) || c ^ 7 (Ba /3) 
+ II {T~ 2 (u k +i -2u fc + u /s _i)}f- 1 \\ CAEa _ 7) 

< [II fT II 

~ a(l — a) * "c?^(E a -p) 

+Mi[\\(I - e~ TB ) 2 T~ 2 u 0 - fi\\ Ea y + ||(7 - e~ TB ) 2 T~ 2 u N - /„-i|k_ 7 ]], 
where M x is independent not only of f T , u 0 , u N , a, [3, 7 but also ofr. 

Theorem 5.2.21. Suppose that the assumptions of Theorem 5.2.6 hold. Then the 
solutions of the difference problem (5.29) in C^{E a -p) (0<7</3<a,0<a< 
1) obey the coercivity inequalities 

II (^fc+l 2Uk ~f" Uk— l)}i llcr’ 7 (.E p) 

+ II { t ~ 2 [{I ~ exp(-TB))(u fe _i + u k +i) + (exp(-2 tB) - 7)u fc ]}f _1 \\ c 0 .y {Ea _ /3) 

+ || {r~ 2 (uk + 1 - 2 Uk + Ufc-i)}f _1 || Ct (^.^) 
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- 0 ( 1 ^ a) 11 ( / + ex P(- rB )) II c?-(E a ^) 

+Mi[|(7 - e~ rB ) 2 T~ 2 uo - /i|^ + |(/ - e~ TB ) 2 T- 2 u N - f N -if a '2 0 }, 

|| {r (ufe+i — 2u k + Mfc-Ojj llcf , ' l '(E a _ / 3 ) 

+ II {t^K 1 ~ exp(-r5))(u fc _i + u k+1 ) + (exp(-2r£) - 7K]}j v_1 \\ c P.i {Ea _ p) 
+ II {r~ 2 (u k + 1 - 2u k + u fc _i)}f _1 \\c r (E a - y ) 

+Mi[||(7-e" TB ) 2 r- 2 u 0 -/i llc.^^) + Wi 1 ~ e^ rB ) 2 T~ 2 u N -/w-i|| Ct( b q _J]> 
where M\ is independent not only of f T , uq, un, ol, (3, 7 but also of r. 

Theorem 5.2.22. Suppose that the assumptions of Theorem 5.19 hold. Then the 
solutions of the difference problem (5.29) in C^ 1 {E a -p) ( 0 < 7 </?<a, 0 <a< 
1 ) obey the coercivity inequalities 

|| {r (uk+i — 2uk + Uk-i)} 1 II c^ 1 {E Ci ^ (3 ) 

+ II { r_2 [( / - exp (— rB))(« fe _i + u fc+ i) + (exp(-2rB) - 7)u fe ]}f _1 \\ c en {Ea _ 0) 

+ || {t (w/c+i — + Ufc_i)}j II c t ( e i3 '' , „) 

+Mi[|(7 - e~ TB ) 2 T~ 2 uo - /i|J7 + |(7 - e~ rB ) 2 T~ 2 u N - /jv-iftl’ 

|| {r 2 (u/c+i — + 'ttfe— 1 )} ! Ilcf’ 7 (£ a _ 0 ) 

+ II {'r _2 P - exp(-rB))(u fe _i + u fc +i) + (exp(-2rB) - 7)u fc ]}f _1 
+ II { T ( u fc+l — 2u k + Ufc_i)}j llc T (£ a - 7 ) 

s scrbo" *r 

+A7i[||(7-e tB ) 2 t 2 u 0 - /1 || Ct ( Eq _ 7 ) + ||(7 - e rB ) 2 r 2 u.jv - /Ar-i|lc x (E a _ 7 )]]> 
where M\ is independent not only of f T , uq, it/v, a, f3, 7 but also of r. 
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Here, denotes that the norm of the Banach space E^'2p consists of 

those v E E for which the norm 

Iwlf’ 7 * = max \\e~ tnB w\\E a 

1 i<n<AT — i "““-v 

+ sup t~ 0 (t n + trfitN - i n ) 7 ||(e _(t " +tr)B - e~ tnB )w\\ Ea _ /3 

l<n<n+r<N — 1 

is finite. 

Note that the spaces of grid functions (E a -p), in which coercive solv- 
ability has been established, depend on the parameters a, (3 and 7 . However, the 
constants in the coercive inequalities depend only on a. Hence, we can choose the 
parameters (3 and 7 freely, which increases the number of spaces of grid functions 
in which difference problem (5.29) is well posed. 

Let us consider now the boundary-value difference problem (5.29) in the 
spaces L p ^ r (E) = L p ([Q,T] t ,E), 1 < p < 00 of all grid functions. We have not 
been able to obtain the coercivity inequality 

|| {r (t/fc+i — 2 ufc + Uk~i)} 1 II l P:T {e) 

+ II {t~ 2 [{I - exp(-TB))(uk-i +u k + 1 ) + (exp(— 2 tB) - J)u fc ]}f -1 \\ Lp t{e) 

< M[ || f T Hl PiT (E) + || Au 0 \\ b + ll-dujvllf;], 
in the arbitrary Banach space E and for the general positive operator A. Never- 
theless, we can establish the almost coercivity inequality. 

Theorem 5.2.23. Suppose that the assumptions of Theorem 5.2.5 hold. Then the 
solutions of the difference problem (5.29) in L P , T (E) obey the almost coercive in- 
equality 

II { T { u k+l ~ % u k + Uk-l)}i || l p , t (E) 

4- || {r~ 2 [(I - exp(-rB))(u k -i + u k + 1 ) + (exp(-2r£) - ' “ 1 || Lp r(E) 

< Mi [|| Au 0 \\ e + | |^4. , u_/v || e 

+ min (in 1 + |ln || B j || f T || Lp t(b) ], 

where does not depend on f T , uo, un, p and r. 

Proof The proof of this theorem in the case p = 1 is carried out according to 
the same scheme of Theorem 5.2.5 and is based on estimate (5.33). So, we will 
consider the proof of this theorem for any p, 1 < p < oo. By formula (5.37) we 
have that 

T~ 2 (Uk+l - 2 u k + Uk- 1 ) = g k +Pk- 
Therefore, to prove the theorem it suffices to show that 



9 II l p , t (e) — ^i[ll ^olU ll^wll#]’ 




(5.54) 


P T Wl p ,ae) ^ M i min (in i, 1 + Jin || B || E ^ £ || 


II f T II L P ,AEY 


(5.55) 
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Estimate (5.54) follows from the estimate 

\\{I-e- TB f{rB)- 2 \\ E ^E<M 

and the fact that the homogeneous difference equation ( f T = 0) is stable in L PjT (E) 
uniformly in r. We have that 

Pk=Pk+pl+pl > 

where 

k~ i 

pi = (I- e~ 2tNB )-\l - e~ rB ) Y e-^- l ~ ti)B 

i— 1 

x(7 - e~ 2tiB ){I - e~ 2tN - kB ){I + e~ rB )~ 1 fi, 2 <k<N- 1 ,p\ = 0, 

p2 _ _ e -2t N B^-l^j _ e -TB^ e ~(t N -t k+1 )B _ e -(tiv+tfc-i)5^ 

x ( e - {tN ~ tk)B - e~ {tN+tk)B ){I + e~ TB )- l f k - 2(1 + e - rB )-7fc 
-(/ - e~ TB )e-( tk -' +tk)B )(I + e~ rB )~ l fk, 

N-l 

pl = (I- e - 2tNB )- 1 ( I -e- TB ) Y e- {ti ~ tk + l)B 

i=k+ 1 

x (7 - e~ 2tkB )(I - e~ 2tN ~ iB )(I + e~ rB )~ 1 fi, l<k<N- 2 ,p%_ 1 = 0. 

Let us estimate {p™}k=i for any m = 1,2,3 separately. Using estimates (5.10), 
(5.11) and (5.36), we obtain 

WpI\\e < IIU - e ~ 2tN B )~ 1 \\e^e\\I - e- 2t »- kB \\ E ^E 
x£||7- e- 2uB \\ E -,E\\(I ~ e- TB )e-^- tt)B \\ e^e 

i— 1 

k — l 

x||(7 + e~ TB )~ l \\ E ^ E \\fi\\ E < MYW ~ e- TB )e-( tk -'-^ B \\ E ^ E m\E 

i= 1 

k— 1 

- MY H(7 - e-^e-^Ws^EWfk-jWE,! < k<N-l. 

3 = 1 

Set = fi if i — 1, . . . , k — 1, and tpi = 0 otherwise. We have that 
N- 1 

WpIWe <mY HU - e-^e-^W^sWPk-jWE, 2<k<N-l. 
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Using this estimate and Minkowski sum inequality it follows that 
II {Pk}k=l\\L p , T (E) = (^ II Pfc II 

k=2 

N-l N- 1 

< x;(E( M ii( / - e_TB ) e_ti_iB ii^ii^-iiu) pi -) i 

j= 1 k= 2 

< E M||(7 - INI * r)*. 

j=l 2=1 

By the definition of the grid function {pfc})^ 1 we obtain that 

II {pl}k=ih pA E) < E MlKZ-e-^Je-^-^ll^^ 1 II/»IIe t )^- 

j= 1 2=1 

Using this estimate and estimate (5.33), we obtain that 

II {pD^iW^ae) < M i min {in 1 + I l n II B U^lj || f T \\ LpAE y 
Let us estimate Using estimates (5.10), (5.11) and (5.36), we obtain 

WpIWe < [||(j - e- 2tNB )- l \\ B ^ E \\I ~ e~ rB \\ E -> E 

^||g (^N tk + l)B g {t n -\-t k — l )B | | ^ ^ 

X || e -{t N -t k )B _ e -(tN+t k )B u^ikj + e- TB )- l \\ E -+E + 2||(7 + e- TB )- l \\ E ^ E 

+ 11(7 - e ~ TB ) e ~ t2k ~ lB \\E->E\\(I + e~ TB )~ 1 \\ E ^ E ]\\f k \\ E < M\\f k \\ E . 

From this it follows that 

II {pDk^h^iE) < M(E IIAII^)'- 

k= 1 

Let us estimate {pf}^ 1 . Using estimates (5.10), (5.11) and (5.36), we obtain that 
I IPfc I Ib < 11(7 - e- 2t - B )- 1 ||^ £ ||7 - e~ 2tkB \\ E -> E 

N - 1 

X ^ ||/- e -2t W - i B || ^ E||(/ _ e - TB)e -(t,-t fc + 1 )B|| £ ^ E 
2 = fc-|- 1 

x||(7 + e-^)- 1 || M ||/ J || £ <M E ll(7-e- TB )e-( t *-^l B ||^ £ ||/ i || £ 

i=k+ 1 

N — k—1 

= M E 11(7 — e ~ TB ) e ~ tj ~ lB \\E^E\\fk+j\\E, 1 < k < N — 2. 
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Set <pi = fi if i = k + 1, . . . , N - 1, and (pi = 0 otherwise. We have that 

N - 1 

WpI\\e < M HU “ e~ TB )e~ tj - lB \\ E ^E\\Vk+j\\E, 1 < k < N - 2. 
j = i 

Using this estimate and Minkowski sum inequality it follows that 

II {pl}k=lh p ,AE) = (Z) II p k II E T ^ 
k= 1 



<d£ (M\\(I-e rB )e tj lB \\ E ^E\\Vk+j\\E) p T)p 
j = i fc= i 

< M||(/-e- TB )e'^- lB || £ ;^ jE (^ INI^t)?. 

i=i *=i 

By the definition of the grid function {<Pk}k=i we obtain that 



{ pi }". - . 11 



N - 1 

■AE) - 

3 = 1 









E- 



N - 1 



*(£!!/« 



I 

p . 



Using this estimate and estimate (5.33), we obtain that 

II {pD k=ih p , t (E) <Mimin|ln^,l + |ln||B|| M |||| f T \\ Lpr(E y 

Combining the estimates for {p™}^ 1 , m = 1,2,3 and using the triangle 
inequality we obtain estimate (5.39). Theorem 5.2.23 is proved. 

Furthermore, the method of proof of Theorem 5.2.23 enables us to establish 
the following facts. 

Theorem 5.2.24. Suppose that the assumptions of Theorem 5.2.6 hold. Then the 
solutions of the difference problem (5.29) in L p , r (E) obey the almost coercive in- 
equality 

|| {r 2 (uk+i — 2uk + Uk-i)}i II l p , t (e) 

+ II { r_2 [( jr - exp(-rB))(u fe _i + u k+1 ) + (exp(-2 tB) - 7)u fc ]}f _1 || Lp t{e) 

< Mi [|| Au 0 || E + 1 1 .Am jv He 

+ min|ln^,l + |ln|| B || E _ E | j || (I + exp(-rB)) _1 / T || Lpt(b) ], 
where M\ does not depend on f T , uq, un, P and r. 
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Theorem 5.2.25. Suppose that the assumptions of Theorem 5.2.7 hold. Then the 
solutions of the difference problem (5.29) in L p , r (E) obey the almost coercive in- 
equality 

|| {r (uk+i — 2uk + Uk~i)}i II L P)T ( e) 

+ II ~ exp (-r5))(u fc _! + u fe+ i) + (exp(-2rB) - /H]}f _1 \\ LpAE) 

— ^i[ll ■^ u oIIb + II-^wjvIIb 

+ min jin -j, 1 + |ln || B || M | J || Bf T || tp t(£) ], 

where M\ does not depend on f T , uq, un , p and r. 

Finally, let us give, without proof, the following results about well-posedness 
of the boundary-value difference problem (5.29) in the spaces 

L PiT (E) = L p ([ 0, T] r , E), 1 < p < oo. 

Theorem 5.2.26. Suppose that the assumptions of Theorem 5.2.5 hold. Suppose that 
the difference problem (5.29) is well posed in L Po , T (E) for some po, 1 < p 0 < oo. 
Then it is well posed in L P , T (E) for any p, 1 < p < oo and the following coercivity 
inequality holds: 



1 )}i II Lp T ( £/) 



+ II i T [(I ~ exp(-r5))(u fc _i + u w ) + (exp(-2rB) - I)u k }}* 



N - 1 



] L p ,r(E) 



p 



+II« t ||c c (b 1 _ 1/PiP ) < M(p 0 )[\\ u 0 \\ Ei _ i/pp + IMI Bi _ 1/PiP + P _ 1 

where M(po) does not depend on f T , uq, un, p and r. 



r 



Lp,r(E) 



Theorem 5.2.27. Suppose that the assumptions of Theorem 5.2.6 hold. Suppose that 
the difference problem (5.29) is well posed in L Po , r (E) for some po, 1 < p 0 < oo. 
Then it is well posed in L p , r (E) for any p, 1 < p < oo and the following coercivity 
inequality holds: 



|| {r (ui e +i 2uk + Uk~i)}i \\l pa (e) 

+ II {' r_2 [(- f - exp(-rB))(ufc_i + u k+1 ) + (exp(-2r.B) - /)u fe ]}f _1 \\ Lp AE) 
+IK||c c (£; 1 _ 1/PiP ) < M(po)[\\ u 0 \\ Ei _ i/p p + ||niv|| £ ; 1 _ 1/p p 

+ fz 7 II ( 7 + exp(-rS)) _1 / T II ], 

P 1 LpAE) 

where M(po) does not depend on f T , uq, un, p and r. 
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Theorem 5.2.28. Suppose that the assumptions of Theorem 5.2.7 hold. Suppose that 
the difference problem (5.29) is well posed in L Po , r (E) for some po, 1 < po < oo. 
Then it is well posed in L PjT (E) for any p, 1 < p < oo and the following coercivity 
inequality holds: 

|| {r 2 (uk+\ — 2uk + Uk-i)}i II l p>t (E) 



+ II ( r 2 [(I ~ exp(-rB))(u k -i + u k +i) + (exp(-2rB) - I)u k }} £ 



N - 1 



Hl p>t (£7) 



+ IMIc' c (£ 1 _ 1/p , p ) < M(p 0 )[\\ ^ 0 || J E7 1 _ 1/Pip + \\un\ \e x _ 1/p , p + p _ 1 II B f T 



Lp,r {E) 



where M(po) does not depend on f T , uq, un, p and r. 



Theorem 5.2.29. Let 1 < p < oo and 0 < a < 1. Suppose that the assumptions 
of Theorem 5.2.5 hold. Then problem (5.29) is well posed in L p ^ r (E a , p ) and the 
following coercivity inequality holds: 

|| {r 2 (uk+i — %Uk + Uk~i)}i IIl P|T (e q>p ) 



i iV— 1 



+ II i T 2 [( i - exp(-r£))(ufc_i + u k + 1 ) + (exp(-2rB) - I)u k ]}? \\ Lp ^ Ea , p ) 



< M [ || Au 0 \\ e + ||Auiv||j 



+ 



1 



r 



E(X ' V a ( 1 ^ L p , r (E Q , p ) 

where M does not depend on f T , uq, un, P, ol and r. 



Theorem 5.2.30. Let 1 < p < oo and 0 < a < 1. Suppose that the assumptions 
of Theorem 5.2.6 hold. Then problem (5.29) is well posed in L p , r (E a , p ) and the 
following coercivity inequality holds: 

|| {r 2 (Uk+l ~ %Uk + Uk-l)}i II L p , T (E a ,p) 

+ II {' r_2 [( / - exp(-rB))(u fc _i + u k+ 1 ) + (exp(-2rB) - /)u fe ]}f _1 \\ LpAEap) 

< M[ || Au 0 \\ Ea p + , || (J + exp (-TB))~ 1 r || ], 

' ' L p , T (E a! p S ) 

where M does not depend on f T ,uo, un, p, a and r. 



Theorem 5.2.31. Let 1 < p < oo and 0 < a < 1. Suppose that the assumptions 
of Theorem 5.2.7 hold. Then problem (5.29) is well posed in L p , r (E a , p ) and the 
following coercivity inequality holds: 

|| {t 2 {uk + 1 — 2uk + u k -i)}i IIl P jT (£; q , p ) 

+ II { r_2 [(^ - exp(-r5))(u fc _i + u k +i) + (exp(-2 tB) - _1 || ip t(Eq _ p) 

< M [ || Au 0 \\ Ea v + PujvH^ p + ^ || Bf T 

where M does not depend on f T , uq, un, p, a and r. 



-£'P,t(-E'o:,p) 
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Theorem 5.2.32. Let 1 < p, q < oo and 0 < a < 1. Suppose that the assumptions of 
Theorem 5.2.5 hold. Then the difference problem (5.29) is well posed in L p ^ r (E a , q ) 
and the following coercivity inequality holds: 

|| {r~ 2 (uk+i — 2v,k + Ufc-i)}^ -1 || LpAEa , q ) 



+ II { T 2 [( I - exp(-rB))(u fc _i + u k+1 ) + (exp(-2 tB) - i> fe ]}f 1 



Lp y T (E ay q) 



< M(q )[ || Au 0 \\ Ea + \\Au n || 



+ _Z_ 

57 A 

-a,q P—1 



r 



Lp,T (-f'c* ,q ) 



where M(q) does not depend on f T , uq , u^, p, q, a and r. 

Theorem 5.2.33. Let 1 < p, q < oo and 0 < a < 1. Suppose that the assumptions of 
Theorem 5.2.6 hold. Then the difference problem (5.29) is well posed in L p , r (E a , q ) 
and the following coercivity inequality holds: 



{t 2 {u k+ i - 2u k + Ufc-i)}f 1 



Lp y r (-E'c*,q ) 



+ II {t 2 [(I - exp(-rB))(u fc _i + u fc+ i) + (exp(-2r£) - I)u k ]}? 1 \\ LpAEa , q ) 



< M(q )[ || Au 0 || Bqj9 + \\Au N \\ Ea ^ 



(I + exp(— T.B)) 1 f T 



Lp,T {E a q) 



where M(q) does not depend on f T , uq, un, p, ol and r. 



Theorem 5.2.34. Let 1 < p, q < oo and 0 < a < 1. Suppose that the assumptions of 
Theorem 5.2.7 hold. Then the difference problem (5.29) is well posed in L P:T (E a , q ) 
and the following coercivity inequality holds: 

II {r~ 2 {u k+ i - 2 u k + u k - i)}^ -1 || 



Lp,r (-E'a ,q ) 

+ II {t _2 [(7 - exp(-TB))(u k -i + u k+ 1 ) + (exp(— 2rJ5) - 7)w fc ]}f _1 



Lp^r (-E'a,q) 



< M(q )[ || Au 0 \\ Ea q + pujv|l Bai , + — j- || Bf 
where M{q) does not depend on f T , uq, un, p, ol and r. 



Lp,r (Ea,q) 



Now, we will consider the applications of the exact difference scheme (5.29). 
Prom (5.29) it is clear that for the approximate solutions of the problem (5.1) it 
is necessary to approximate the expressions exp (—tB) and 



- [ exp (~(t k - z)B))f(z)dz, 

T Jt k - i 



W" 

T Jtk-1 



exp(-(z - t k -i)B)f(z)dz. 
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Let us remark that in constructing difference schemes it is important to know 

x_ x x _ ■ l~x 1 ] • J _ rij xl x __x* 



how to construct a right-hand side ft )L that satisfies 



i r l k i ptk+i 

(25r) _1 [- / exp (-(t k -z)B))f(z)dz+- / exp (-(z-t k )B)f(z)dz (5.56) 

T Jib - 1 T JU 



- exp(— r5)(- [ exp(-(t k+1 - z)B))f(z)dz 

T Jt k 

+- [ exp(— (z - tk-i)B)f(z)dz)\ - f k ' 1 = o(r J+i ) 

T -/tfc-i 

and is a sufficiently simple. The choice formula f J k ' 1 is not unique. Using Taylor’s 
formula, with respect to function exp(-(t k - z)B))f(z) on variable z, we obtain 



exp(-(f fc - z)B))f(z)dz 



= /(**)+ EEIT) 5 ^^ 



m = 1 A=0 x 7 v 1 

Using Taylor’s formula, with respect to function exp(— (z — t k -i)B)f(z) on 
variable z, we obtain 



- [ exp {-{z-t k -i)B)f{z)dz 

T Jt k . ! 

J+j 171 / \ 

= m-r) + e E m (-ir- A B m - A / (A) (* fc -i)7- 

m = 1 A=0 X 7 x 



(m + 1)! 



Further, using the last formulas and Pade fractions for the function e z , we 
can write 



j+l m 



ft = (2Br)- 1 [f(t k ) + £ E ? )B m - x fW(t 



m = 1 A=0 



1 (m + l)! 



j+/ m 



+/(£fc) + EE 7 < 



m + 1)! 



i+i ™ / m \ (_i\m m+l 

Rq,p+1 {tB) (/ (tfe +1 ) + E E T 5 m ~ A / (A) fa + l ) M^, +/fa-l) 

m=l A=0 x 7 V ^ 



j+J m 



+ EE(7J 

m=l A=0 x 7 v ' 
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Now, using the last formula and Pade fractions for the function e z , we 
obtain the difference schemes of (j + Z)-order of accuracy 



9 (tJ'fc+l Uk— l) 

T z 



(5.57) 



+ ^(7 - i?j iJ+ i(r5))(u fc _i + itfe+i) + ^(R 2 jtl+1 (rB) - I)u k 

= fl’ 1 , 1 < k < N - l,tt 0 = vo, u N = v T 

for the approximate solutions of the boundary- value problem (5.1). 

Note that the difference schemes (5.57) for j = l and j = 1 — 1 include 
difference schemes of arbitrary high order of approximation. Moreover, the corre- 
sponding functions Rjj+i(z) tend to 0 as z — ► oo for j = l — 1, l. Such difference 
schemes are simplest, in the sense that the degrees of the denominators of the 
corresponding Pade approximants of the function exp{-z} are minimal for a fixed 
order of approximation of the difference schemes. 

It is clear that this problem is uniquely solvable, and the following formula 
holds: 

«* = (/- - R™ + - k ( T B))u 0 (5.58) 

HR?- + \(tB) - R»X\(tB))u n 

-(Rj,w(rB) - R^irB))^ £ (i$;\(rB) 

2=1 

-R^/ + \(tB))(I - Rl l+l {rB))-'fi ’*} 

+ r2 “ R u 1^ tB W ~ RUdrB))- 1 !!' 1 , l<k<N-l. 

2 — 1 

Let us reduce such difference schemes to an operator problem in the space F r (E). 
In addition to the operator D acting from the space E x F T (E) x E of vectors 
w T = {w k }% =0 into the space F r (E) of vectors v T = by the rule 

v T = D 2 u T ,v k = \(w k+ 1 - 2 w k + Wk-i),k = 1,.. .,N - 1, 

T z 

define an operator A from the space E x F r (E ) x E of vectors w T = {w k } k= 0 
into the space F T (E ) of vectors v T = {v k }^^ by the rule 

v T = A>/u T ,v k = L[(/ - R j>l+1 ( T B))(w k - 1 + Wfe+i) 

+(Rh +1 (rB) - I)w k ],k = 1,...,N-1. 
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Then the difference schemes (5.57) can obviously be rewritten as the equivalent 
operator equation 

- DlU(u 0 ,u N )u T + A j /U(uo,u n )u t = fj tl . 

Here fj l is defined by the formula 

& = (#'.•••>/£- 1 )- 

The last operator problem will be considered in the space F r (E). Prom its unique 
solvability for any uo, u n £ F and fj t G F T (E) it follows that its solution u T 
defines a continuous additive and homogeneous operator u r (/Jj,^o,Ujv). 

The boundary- value problem (5.57) is said to be stable in F T (E) if we have 
the inequality 

II U T uo,u N ) \\ FAE) < M [ II fh || Ft(e) + II u 0 || E + IMy, 

where M is independent not only of ff v uo, u/v, but also of r. 

Prom formula (5.58) one derives the following result. 

Theorem 5.2.35. Let A be the positive operator in a Banach space E. Then the dif- 
ference problem (5.57) is stable in L PiT (E), 1 < p < oo.( Here C r (E) = L 00 ^ T (E).) 

The proof of this theorem is based on formula (5.58) and the estimates 

\\Rj, l+ i(rB)\\ B ^E <M,l<k<N, (5.59) 

||(/-47 +1 (r5))- 1 || £ _ £; <M. (5.60) 

The proof of estimate (5.60) is based on the estimates 

||(/ - exp(-2iVrB))- 1 || £; _ E < M 

and 

|| exp (-krB) - R^ 1+1 (tB)\\ b ^e < Mk~ j - l -\ 1 <k<N. (5.61) 

Here M does not depend on k and r. 

Theorem 5.2.36. Let A be the positive operator in a Banach space E. Then the 
difference problem (5.57) is stable in C^ a (E), 0 < a < 1. 

The proof of this theorem is based on formula (5.58), estimates (5.59), (5.60) 

and 

| (5 - 62) 

for all fc, r, 1 < k < k + r < N — 1 and all r > 0, where M does not depend on fc, 
r and r. Estimate (5.62) follows from (5.59) and 

kT\\BR^ l+1 (TB)\\ E ^E <M,l<k<N. 



(5.63) 
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The boundary-value difference problem (5.57) is said to be well posed (coer- 
cively stable) in F r (E) if we have the coercive inequality 

II { r ( u k+l ~ ^ u k + u k-l)}i II F t (E) 

+ || {t~ 2 [(I - R jH1 (rB))(u k _ x + u fc+1 ) + (Rh +1 (rB) - /K]}^ 1 || Ft(£) 

— ^[11 fj,i IIf t (b) II ^ u oIIe + II^ u ^IIb]) 

where M is independent not only of fj t , uo, un, but also of r. Since the difference 
boundary- value problem (5.57) in L p , r (E ), 1 < p < oo is not well posed for the 
general positive operator A and space E, then the coercive norm 

II uT II K p , r (E) = II i T 2 ( U k+l ~ 2 u k + Uk- l)}i Hl p , t (£;) 

+ || {t~ 2 [(I - R jUl { T B)){u k ^ + « fc+1 ) + (R1 1+1 (tB) - /KHf- 1 || Lp t(£) 
tends to oo as r — > +0 . We have 

Theorem 5.2.37. Let A be a strongly positive operator in a Banach space E with 
spectral angle <j>(A,E) < j and uq, un E D(A). Then the solutions of the differ- 
ence problem (5.57) in L PiT (E) obey the almost coercive inequality 

II uT II K Pf r{E) — ^l[ll ^ U oIIe + ll^ivlU 

+ min jin i 1 + |ln || B \\ E ^ E \ j || /£ \\ Lp AE) ], 

where M\ is independent not only of fj t , uq, un, but also of r. 

The proof of Theorem 5.2.37 follows the scheme of the proofs of Theorem 
5.2.5 and 5.2.23, and relies on the formula 

T~ 2 (u k+ 1 - 2 u k + u, c_i) (5.64) 

= (I- R 2 J +1 (tB))-\I - R jt i+1 (rB)) 2 r- 2 {(^7+i(^) " R^^irB))^ 

+(R"r+ THm) - 

-(I - R™ +1 {tB))-\I - R u+1 {tB)){R^ + \-\tB) - R»+\- 1 {tB)) 

x E - R^ViirBW + R^{rB))- l fl' 1 

i— 1 

k- 1 

+(/ - R hi+l (rB)) R^lrirBW + R h 1+1 {tB))~ 1 ft 1 

i= 1 

+(I - R 3 , 1+1 (tB)) £ R^+i 1 (tB)(I + R jyl+ i{TB))~ l fl' 1 

2=/c+ 1 

-2(7 + ^ +1 (rB))- 1 /^, 
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and on estimates (5.59), (5.63) and 



N - 1 



£ 1 1 (7 — Rj,i+i (' r -6))-Rj,7+ 1 ( t B) \\e->e < M mini 



3 = 1 



(ln(l/r),l + |ln||B|||), (5.65) 



||(7 - Rj, i +1 (tB)) 2 (tB)- 2 \\ e ^ e < M, (5.66) 

ll(^ d- Rj,l+ 1 (tB))“ 1 || e ^ e < M. (5.67) 

Estimate (5.66) is obvious. The proof of estimate (5.65) follows the scheme of proof 
of Lemma 5.2.4 and is based on estimates (5.59) and (5.63). The proof of estimate 
(5.67) is based on the following lemma. 



Lemma 5.2.38. Let B be a strongly positive operator in a Banach space E with 
spectral angle (f){B,E ) < fr Then the operator I + Rjj+i(rB) is invertible and 
one has estimate (5.67). 



Proof. Since 



(1 + Rj,i+i( z )) 



Qj,i+ 1(*) 

Pj,i+i{z) + Qjj+i(z) 



is a rational function, it suffices to show that the function P j,i+i{ z ) + Qj,i+i{ z ) 
has no zeros in the sector {z £ C : z = pe 0 < p < oo,0 < (j) < ^}. Since 



Pj,i+i( z ) + Qj,i+ii z ) 



y' (j + 1 + i ~ 0- 

^ (j + / + !)!*! 



(* + !)! 

(i + 1- *)! 






j! 

( j ~ *) ! 



xp (j + Z + l-i)! (^ + 1)! j 

and + (- 1 ) - ' ( 7 ^)T > 0 for j = l - 1, l, we obviously have \P h i + i(z) + 

Qj t i+i(z)\ > 2. Lemma 5.2.38 is proved. 

Now let us study the well-posedness of the difference problem (5.57) in various 
Banach spaces. 

Theorem 5.2.39. Let A be a strongly positive operator in a Banach space E with 
spectral angle <j>(A,E ) < f and u 0 , ujv £ D{A). Then the solutions of the differ- 
ence problem (5.57) in C!f' a (E) obey the coercivity inequality 

II {^" (^fc+l — 4" Ufc_i)}^ llc? ,Q (B) 

+ II { T 2 [(I — Pj,l+l{ T B))i u k-l + Uk+l) + (R^i + i(tB) — I)uk]}i 1 ll c °.“( E ) 

< ^’ l ^C?’ a {E) + II ^«olU + H^U, 

where M\ is independent not only of fj t , uq, un, o, but also of r. 
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The proof of Theorem 5.2.39 follows the scheme of proof of Theorem 5.2.8, 
and relies on the formula 

T~ 2 {u k+ 1 - 2 Uk + Ufc_i) (5.68) 

= (I- R 2 J +1 (tB))-\I - Rj^TB^T-^R^irB) - R^-^tB))^ 
+(/ - R™ +1 {tB)Y\I - R^rB^T^iR^-HrB) - R^^tB^un 

+{-/ + (7 - R™ +1 (TB)r\l - R? 1+1 (tB))[I - R^irB) - R^+THtB) 
+R» l+1 (rB)}}fl’ 1 + (7 - Rf l+1 {rB))- l {I - R 2 ^ 2k {rB)){I - R h i +l (rB)) 

x XXmVW - i$ +1 (rfl))(7 + Rjj+i(TB))~ 1 (ff' 1 - ft 1 ) 

i— 1 

+(7 - R 2 J +1 (tB))-\I - R 2k l+1 (rB))(I - R jt i +1 (TB)) 

x E 

i=k+ 1 

and on estimates (5.59), (5.60), (5.62), (5.66) and (5.67). The coercivity inequality 
II { T ( u k+l ~~ + llk-l)}i llc“(E) 

+ II {t- 2 [(I - R hl+l {rB)){u k _! + u k+l ) + (R 2 j +1 (tB) - || c?(£) 

- Ml ^ a (i _ a ) II fh Hc?(B) + II Au oWe + ll^Jviy 
fails. Nevertheless, we have the following result. 

Theorem 5.2.40. Let A be a strongly positive operator in a Banach space E with 
spectral angle (f)(A, E) < f and (I— Rjj+i(rB)) 2 T~ 2 uo — f{' 1 , (I— Rj,i+i(rB)) 2 T~ 2 
xun — f J N-i £ E f a . Then the solutions of the difference problem (5.57) in C?(E) 
obey the coercivity inequality 

|| { T (^fc+1 ~b ^/c— l)}i llc Q (£^) 

+ || {t - 2 [(7 - R hl+l {rB)){u k ^ + « fc+1 ) + (Rh + 1 (rB) - I)u k ] if" 1 || c?(£) 

+ || {r~ 2 {u k+ 1 - 2u k + u fc _i)}f _1 || Cr(£ y) 



< 



Mi 

a(l - a) 



[II fh ll c?(£) + ll (I-Rj,i+i(tB)) 2 t- 2 u 0 - 
+ IIU - Rj,l+l(TB)) 2 T- 2 U N - /^_il| E J, 



n 
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where M\ is independent not only of fj t , uo, un, ol, but also of r. Here, the 
Banach space E' a = E' a (E, B) (0 < a < 1) consists of those v G E for which the 
norm 

II V || E' = sup z a || B{zl + B)~ l v \\e + II v || E 

z> 0 

is finite. 

Proof. To prove the theorem it suffices to establish the estimates for 

{r _2 (w fc+ i - 2 u k + u k -i))i ' -1 
in C?(E) and in C T (E' a ). By formula (5.64), we have 

T~ 2 (u k+ 1 -2u k + u k -l) 



= (I - RjJ+i ( T B ))~ 1 ( tB ) - BffJ-HrB)) 

x[(7 - Rj'i +1 (TB)) 2 T~ 2 u 0 - ft’ 1 } 

+(I - - R^THtB)) 

X[U - Rj,l+l(TB)) 2 T~ 2 U N - 

+(/ - R 2 j + i (tB))~ 1 [RjJ^_ 1 (tB) - 4f + - fc - 1 (rB)](/f' - /*') 

+(/ - - R?i£-\TB)}(fi' 1 - 

+(/ - R^ +1 (tB))-\I - R 2 f- 2k (rB))(I - Rj,i +1 {TB)) 

x E^r+rVw - RfwirBw + r^b ))- 1 ^ 1 - % l ) 

i = 1 

+(/ - R^irB^il - R 2k l+1 (rB))(I - R hi+1 (rB)) 

x E - /^) 

2 = /c+l 

= E «"■ 



where 

Hl = (I- R^irB^iR^rB) - R 2I J- k -\rB)) 
x[(7 - R^i + i{tB)) 2 t~ 2 u 0 - 
H 2 = (7 - R™ +1 (TB))-\R»r + k -\TB) - R^irB)) 
x[(7 - R jt i+i(TB)) 2 T~ 2 u N - 

Hi = (7 - R^irB^iR^irB) - R 2 ^ k -\rB)}{f { 1 - ft 1 ), 
Hi = (7 - R 2 j+i (tB) ) ~ 1 [7?^ ; ~ 1 (tB) - R^ + k -\rB)}{fi: 1 - f^). 
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Hi = (I - R™ +1 (tB))-\I - R 2 f- 2k (rB))(I - R jH1 (tB)) 

k — 1 

x E R^lTirBW - Rl +l {rB)){I + R iMl {rB))-\f^ - ft 1 ), 

i = 1 

Hi = (/ - ^(rS))^/ - R 2 3 k l+ 1 (rB))(I - R 3 ,i + 1 (rB)) 

2 = /c+l 

The proof of estimates 

intfnt/iicw, < & n c;(J!) 

for m = 3, 4, 5, 6 follows the scheme of proof of the estimates 

inGnt/Hcw < ^~ii jjj n c;(E| 

for m = 3, 4, 5, 6 of Theorem 5.2.11, and relies on estimates (5.59), (5.60), (5.62), 
(5.66) and (5.67). Therefore to prove the theorem it suffices to establish the esti- 
mates for {H?}?- 1 , m = 1,2 in C?(E) and for {H^~\ m = 1,2, 3, 4, 5, 6 in 
C T (E' a ). Let us estimate HJ n = for any m = 1,2 in C°(E). We start 

with H{. 

Using estimates (5.59), (5.60) and the definition of the spaces E f a , we show 
that, for 1 < k < N — 1, 

\\Hl\\ E < ||(/ - R'jj+i ( r -6)) _1 1 ls-.fi 1 (tB) - 

x l|(7 — R 3 , 1+1 {tB)) 2 t- 2 u 0 - f{’ l \\ E < M\\(I - R u+1 (tB)) 2 t- 2 u 0 - f(’ l \\E> a - 

Further, applying estimates (5.59) and (5.60), we show that, fori < k < k + r < 
N- 1, 

II Hi - Hl +r \\ E < ||(7 - Rff+^TB))- 1 \\ e ^e 
x[\\(Rjjli(TB) - R^irBMl - R jtW (rB)) 2 r- 2 u 0 - f{’ l }\\ E 
+\\R 2 J ^ 1 2 k - r (rB)\\ E ^E 

x| |(^7 + 1 1 (r5) - 7?^ + 7 1 (rS))[(7 - % i+1 (rS)) 2 r-\ 0 - f}’ l ]\\ E ] 

< MMRtjJ^TB) - ^| + 7 1 (rB))[(7 - R 3 , 1+1 {tB)) 2 t~ 2 u 0 - f{’ l ]\\ E . 

To estimate 

(R^irB) - RjJ^ r ( t B))[(I - R jtl+1 (TB)) 2 r- 2 u 0 - f(' 1 } 
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in the norm of E we use the following Cauchy-Riesz representation formula for 
the operator (R^J^rB) — R^J^ r (tB))(tB) 1 (see Chapter 4): 

(R^irB) - R*jl+ r (TB))(TB)- 1 y 

= id I {Rl jj 

S 1 US 2 

where S\ = {pe ^ , 0 < p < 00 } and S 2 = {pe 1 ^ , 0 < p < 00 }, 0 < V’ < §• We 
obtain 

= in j 

SiUS 2 s=0 

Since 2 = pe ±l with \tp\ < fj , from the strong positivity of B it follows that 

l(-)“l II B(- - B)-'y \\ E < M(£) a || B(£ + By'y || £ < M \\y\\ E , a , 

T T T T 

2l^7 + YW-^^))* _1 | < M min{p _1 ,r}. 

s=0 

Hence, 

00 

|| (^ m (r5)-^|; i (r5))(rB)- 1 y|| £ <M 1 f ^Op||j,|| £ , 

J h* ' r 
0 



0 0 
This shows that 



<e 



m 2 



a(l 



a 



■\\y\\ 



\\Hl-Hl +r \\ E < ||(i^7 + 1 1 (rB) - R k } jH r (TB))[(I - R^B)) 2 ^ 2 ^ - f(’ l }\\ E 
for any l<k<k+r<N— 1. Thus, we have proved that 

l|tfrilc?(i?) < £ Q ) \\(I - Rj,l+ i(tB)) 2 T~ 2 U 0 - fi' l \\E' a - 

In a similar manner we can show that 



1 1-^2 II C?{E) < 



Mi 

o(l - a) 



IK 7 - Rj,l+l{TB)) 2 T 2 U N - fjf-i\\E' a 
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Now, let us estimate H ^ for any m = 1,2, 3, 4, 5,6 in C r (E f a ) sepa- 

rately. We start with H{. Using estimates (5.59), (5.60) and the definition of the 
spaces E' a we show that, for 1 < k < N — 1, 

ll^lk < 1 1 ~ R2 jj+1 ( t - b )) _1 ||b-e|| R k jh ( tB)- {tB)\\e^e 

x||(/ - R jt 1+1 (tB)) 2 t~ 2 u 0 - fi’ 1 Ik < M\\(I - R jtl+1 (rB)) 2 T- 2 u 0 - f[' l \\ E , a . 
Thus, we have proved that 

m\\cAE' a ) < M\\(I - ^M +1 (T5)) 2 r- 2 t£o - f£ l \\ E ' a . 

In a similar manner we can show that 

mwcAE'j < m (i - Rj,i+i ( t b)) 2 t~ 2 u n - /^ik- 

By the definition of the spaces E' a and using estimates (5.59), (5.60), we obtain 
that 

II X a B(X + BY^Hl ||b< A“||(/ — R 2 j +1 (TB))- 1 \\E^E\\I—R™+i ik {TB)\\E->E 
x||5(A + B)- 1 Rjjh ( tB) ( f{’ 1 - fi’ l )\\ E < M\ a tUWfhWc ? ( E ) 

for all A, A 0 and for 1 £ k £ 1 . Using the estimate 

\\B(X + B^R^tB^e < M min{^-,l}, 

we obtain that 

|| A^A + B)- 1 ^ 3 \\e< M 1 A“^ 1 min{^-,l}||/^|| c?(£) < M 1 ||/;; i || c?(£;) 
for all A, A > 0 and for 2 < k < N — 1. So, we have established that 

ll#3 Hc t (E;) < M l\\fj,l\\c?(E)- 
In a similar manner we can show that 

\\m\\c T (E' a )<M 1 \\fr l \\ c?(E y 

By the definition of the spaces E f a and using estimates (5.59), (5.60) and (5.67), 
we obtain that 



II \ a B(X + By 1 Hi || £ < A“||(J - R^irB))- 1 ^ 

X £||/- R 2 jj r +i k ( TB ) I \e-+e ||/ - R 2 }+\{tB) || e->e 

i = 1 

x \\(^+Rj,i+i( T R))~ 1 \\E-^E\\(I-Rj,i+i(TB))B(X+B)~ 1 RjJ^ i (TB)(ff’ l —fi’ 1 ) \\ E 
k- 1 

< MA Q £k-i0“||(/- J R j , i+1 (r J B))B(A + S)- 1 k fc ) 7 + 1 p(rB) \\ E ^ E || \\ C?(E) 

i= 1 
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for all A, A > 0 and for 2 < k < N - 1. Using the estimate 

\ — 1 jyk—l—i 



ll(^ — R j , l +i( T B))B(X + B )- 1 (tB)\\e^e < Mt min{ - - , Try } 

K i u k—i 

we obtain that 

k—l -i -i 

|| \ a B(X + B)- 1 ^ || £ < M,X a ~ ti) a r min{— , 3-5— >|| || 

• - ^ k—i T 



i— 1 



(E) 



k-1 



l l 



2—1 



fh 






The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



tk 

J 



ds 



s i_a (i + s\y 



Since 



it follows that 



tk 00 

f—Ji < [— 

J s 1_a (l + sA) J p 1_Q 



dp 



X^BiX + B)- 1 ^ || E < 



M 3 



(1 +PY 



a(l - a ) 11 ^’ l " C ?(E) 
for all A, A > 0 and for 2 < k < N — 1. So, we have established that 

M 3 



ll^5 T ilc T ( B ') < 



a{l -a ) 11 % l ^ C ?( E ) 



In a similar manner we can show that 



M 3 






Theorem 5.2.40 is proved. 

Let us give, without proof, the following result. 

Theorem 5.2.41. Let A be a strongly positive operator in a Banach space E with 
spectral angle (f)(A,E) < j and (/ - Rjj+i(rB)) 2 T~ 2 uo - (I - Rjj+i(rB)) 2 
xt~ 2 un — f 3 N-i £ ^- 7 * Then the solutions of the difference problem (5.57) in 
C^' y (E) (0 < 7 < /?,0 < (3 < 1 ) obey the coercivity inequalities 

N - 1 ii ^ Mi 



{t 2 {u k +i - 2u k + Wfc-i)}i 



< 



1 CV(£$_,) - /3(1 - 0) 11 Ej,l II C^(B) 
4-Mi.lll (I - R^i + i{tB)) 2 t~ 2 uq - ff’ 1 11 
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+||(/ - R jH1 (rB)) 2 T- 2 u N - 

II (^fc+i 2 ^^ -(- i)}i IIct , 7 (s) 

+ II {t~ 2 [(I - Rj,i+i(TB)){u k -i + Ufc+i) + ( Rh+i{rB ) - /)u fc ]}f _1 \\ c en {E) 

< ^r^)ll fh II cf-m + "ill* 7 - - fl-'C 1 

+ \(I - Rj,l+l{TB)) 2 T~ 2 U N - /#'_! |^’ 7 ], 

w/iere Mi zs independent not only of fj t , uq, un, (3, 7 but also of r. 

Here, |w|q ’ 7 denotes that the norm of the Banach space Eq n consists of those 
w e E for which the norm 

Mo’ 7 = W R j,l+l( TB ) W \\E 

+ sup t~ 0 {t n + t r y{t N - f n ) 7 ||(i?"^i(r5) - R 1 - 1+1 (tB))w\\e 

l<n<n-\-r<N —1 

is finite. 

Note that the parameter 7 can be chosen freely in [0, 13), which increases the 
number of spaces of grid functions in which difference problem (5.57) is well posed. 
We have 

Theorem 5.2.42. Let A be a strongly positive operator in a Banach space E with 
spectral angle (f>(A,E) < j. Then the solutions of the difference problem (5.57) in 
C T (E' a ) obey the coercivity inequality 

II {T~ 2 {u k+ 1 - 2 U k + Ufc_ l)}f -1 Ilc r (£;) 

+ II { r_2 [U - exp(-rS))(u fc -i + Ufc+i) + (exp(-2r5) - 7)u fc ]}f _1 \\c T ( E ' a ) 

- Ml l a (l _ a )H ^ II C t (E'J + II Au o\\B' a + H^IUJ’ 
where M\ is independent not only of f T , uo, un, ol, but also of r. 

Proof Using formula (5.64), we obtain 

T~ 2 (u k + 1 - 2Wfc + Ufc_l) 

= (7 - R™ +1 {tB))-\I - Rj, i+1 (r J B)) 2 r- 2 {(7?7 + 1 1 (r J B) - R^-^rB))^ 
+(<m“ 1 (r5) - Rf+ k -HrB))u N } 

-(I - R 2 £ +1 (TB)y\l - R j:l+1 (rB))(Rfy + k y\rB) - R^-^tB)) 
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x £ i( rB ) - ^i( rS ))( 7 + Rj,i + i(rB))- 1 fi ’ 1 

i— 1 

+(/ - R jH 1 (rB)) f^RjjlrirBW + 

i— 1 
N-l 

+{I-R jtl+ 1 (TB)) Y, R^irB^I + Rjj^rB ))- 1 ^ 1 

i=k+ 1 

-2(/ + i? i ,; + i(rB)) _1 /fc i = 5fc+Pfc, 

where 

fffc = (/ - i?|,7 +1 (r J B))- 1 (/ - i?,, i+ i(rB)) 2 r- 2 {(47 + 1 1 (r5) - 

+(<m _1 (^) - I. 

p k = -(/ - Rjj+^tB ))- 1 (I - R jtl+1 (TB))(R?f + 'r 1 (TB) - R^irB)) 

X £Whi( t5 ) - *jS\(^))(/ + 

2=1 

+(/ - Rjj + i(rB)) Y ^r(rB)(/ + Rj^tB ))- 1 ff ’ 1 

2=1 

N-l 

Hl-R^irB)) Y Kr&HTBW + RH+dTB))- 1 # 1 

i—k -\- 1 

-2 (I + R^irB))- 1 ^ 1 . 

To this end it suffices to show that 

II 9 \\c T (E' a ) — Mi[\\ ^4^oIIe^ + AujyWg,'], (5.69) 

II V llc, (E ;) < ".“-‘(1 - «)-‘ll Hi llc, (E ;r < 570 > 

Estimate (5.69) follows from the estimate 

\\{I-R jt i +1 {rB)f{rB)- 2 \\ E ^E<M 

and the fact that the homogeneous difference equation (fj t = 0) is stable in 
C r (E f a ) uniformly in r. By the definition of the spaces E f a and using estimates 
(5.59), (5.60) and (5.67), we obtain 

II X a B(\ + B)~'p k || £ < A“||(J - R^tB^We^e 

xWRfi+tHrB) - R^-'irB^E 
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X £ \\Rj t i+i(rB) - R^^_\ +2i (TB)\\E^,E\\(I + •Rj,!+ 1 (7"-B)) _1 ||E-.E 
i= 1 

x||(7 - i^ +1 (r7?))7?( A + B^R^rirB)^ 

k - 1 

+ ^||(/+^, ;+1 (TB))- 1 ||^||A Q B(A+5)-H/-^ + i(rB))^ ) 7 + 1 p(r J B)/f ( || B 

i=l 

+ £ ||(/ + fl i ,, + 1 (TB))- 1 || E ^ 

i=A;+l 

x||A“B(A + B) _1 (7 - i? j , i+1 (rS))^7 1 (r5)//’ ( || £ 

+2||(/ + J R J - i+1 (r J B))- 1 || E ^ B ||A“ J B(A + S)- 1 /^|| £ 

N-l 

+ E ii^ + i( t 5 )ii^ii( / +- r ^+i( tS ))“ 1 ii^ 

7— 1 

x||A“B(A + 5)" 1 !/ - ^ +1 (rB))i?-} 1 (rS)//’ i || £ 

N-l 

< M{ || fj tl || + A“ E l|5(A + S)- 1 (7-^, m (rB))^ 1 (rB)//’ i || E ). 

i=i 

To estimate the last sum we use the following Cauchy-Riesz representation formula 
for the operator B ( A + B )~ 1 (I — Rjj+^rB^R^+^rB) (see Chapter 4): 

X a B(X + B)-\I - RjwiTBVffr^TB )# 1 

= 2 Vi I < A + 

SlUS 2 

where Si = {pe 1 ^, 0 < p < 00 } and S 2 = {pe l ^,0 < p < 00 }, 0 < Since 

z = pe ±l ^, with |^| < Yp from the strong positivity of A it follows that 

\& I II B( Z - - B)~ l fl ' 1 || B < M(£)“ II b£ + S)" 1 //-' || £ . 

T T T T 

From this estimate and the estimates 

1 M 

|Ar + z| “ A r + p’ 

|(7 - < Mp( 1 + 2apcosxjj + a 2 p 2 )~ L * 1 ( a > 0) 
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it follows that 

N-l 

X a Y, ||£(A + B)-\l-R j ,i +1 {TB))R- l l l {TB)fi l \\ E 

3 = 1 



< Mi Jy — ET r^(-) Q II B (~ + B )~ 1 ft l IU dp 

J (1 + 2apcos^ + a 2 p 2 ) 2 A r + p r r 



<Afi 



7 N -1 

/£ 

0 j =i 



rt l— a 



(rA)“ 



(1 + 2apcos'ip + a 2 p 2 ) l 2 1 Ar + p ^ ^ ^ c r( E J 



Summing the geometric progression, we get 



N—l 



A a ]T ||S(A + S)- 1 ^ - ^i+i(^))^+i(^)/i 11^ 



3 = 1 



CX) 

< M(a,ip) J ^J^j-dp\\ fh \\ CT(E , a) < a ( X _ a ) II fj.1 II Cr{E’ a y 



So, it follows that 

|| \ a B(\ + B) pk |U< ^ - a) ^ 

for all A, A > 0 and for 1 < fc < N — 1. From the last estimate follows estimate 
(5.70). Theorem 5.2.42 is proved. 

Let us give, without proof, the following result. 

Theorem 5.2.43. Let A be a strongly positive operator in a Banach space E with 
spectral angle </)(A, E) < j and 

(I - R jtl+1 (rB)) 2 T- 2 u 0 ~ f(\ ( I ~ R 3 ,i+i{tB)) 2 t- 2 u n - /^_ x € E' a _ 7 . 

Then the solutions of the difference problem (5.57) in Cf ,7 (£^_£) (0 < 7 < (3 < 
o,0 < a < 1) obey the coercivity inequalities 

|| {r 2 (uk+\ — %Uk + Uk~i)}i II c? , ' Y {E' a _ f3 ) 



+ 11 ( r 2 [U _ Rj,i+i(T~B))(uk-i + Wfc+i) + {Rj,i+i( r B) ~ I)uk]}i 



N - 1 






+ || {r 2 (u k +i - 2u k +Uk-i)}i 1 



'C T (E*'2 fi ) 



< 



Mi 



a{ 1 - a ) 11 ^ 
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+Mi[|(/ - R jH1 (rB)) 2 T 2 u 0 - f{ l Cl 0 + \{I - Rj,i+i(TB)) 2 T 2 u N -ftf_ 

|| {r 2 (uk+i — 2uk + Uk-i)} i Wc^ 1 (E' a _p) 

+ II { r_2 [(^ _ Rj,i+i( r B))(uk-i + Wfe+i) + (Rm+i(tB) - I)uk]}i 1 II C?’ 1 {E' a _ 0 ) 
+ II { T ( u k+l ~ % u k + ^fc-l)}i II C r {E , a _ l ) 

~ a(l - a) ^ % l Wc^(E’ a _ 0 ) 

+Mi[||(7 - R jt i +1 (tB)) 2 t~ 2 u 0 - fi’ l \\ E , _ 



+IIU - Rj,i+ i( tB )) 2t 2u n ~ /w-ilk_ 7 ]]> 

where Mi is independent not only of fj t , uo , un, P, 7 but also of r. 

Here, Ma -/3 denotes that the norm of the Banach space E^f2p consists of 
those w G E for which the norm 

\ w \a-p = x<S<v-Jl i ^ ,+ i( TB ) t "ll E “-' s 

+ sup + t r y{t N - t^WiR^irB) - Rh +1 (rB))w\\ Ea _ 0 

l<n<n-{-r<N — 1 

is finite. 

Finally, let us give, without proof, the following results about well-posedness 
of the boundary-value difference problem (5.57) in the spaces 

L p , t (E) = L p ([0,T] r ,E),l <p< oo. 

Theorem 5.2.44. Let A be a strongly positive operator in a Banach space E with 
spectral angle (j)(A , E) < y . Suppose that the difference problem (5.57) is well posed 
in L po ^ r (E) for some po, 1 < po < oo. Then it is well posed in L PiT (E) for any p, 
1 < p < oo and the following coercivity inequality holds: 

|| {r 2 (uk+\ — ‘Zuk + Uk-i)} i Hl PjT (e) 

+ II P -2 [(/ - Rj,i+i(TB))(u k -i 4-Ufc+i) + {R 2 1+1 (tB) - /)u fe ]}f _1 ll Lp T(E) 

+IKIIc t (b 1 _ 1/p , p ) < M(p 0 ){\\ u o\\ El _ 1/PtP + ll u w|| f ; 1 _ 1/p p 



where M(po) does not depend on fj u uq, u^, p and r. 
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Theorem 5.2.45. Let 1 < p < oo and 0 < a < 1. Suppose that A is a strongly 
positive operator in a Banach space E with spectral angle ())(A,E) < f. Then the 
difference problem (5.57) is well posed in L p ^ r (E aiP ) and the following coercivity 
inequality holds: 

|| {t {v>k+l ~2Uk + Uk- l)}i II L p ,r(E a , p ) 



\N-1 



+ || {r~ 2 [(I - + tifc+i) + {RU^tB) - I)u k ]}f u LpAEap) 

1 



— ^f[|| AU Q \\ E „ ^ ll^^Hi 



X 0 M E a . v -r \\™*\\E a , p + _ a ) II Jj,l 



fh 



Lp,r(Ea,p > ) 



where M does not depend on fj lf uq, un, p, a and 



T. 



Theorem 5.2.46. Let 1 < p, q < oo and 0 < a < 1 . Suppose that A is a strongly 
positive operator in a Banach space E with spectral angle </>(A , E) < j . Then the 
difference problem (5.57) is well posed in L p , r (E a ^ q ) and the following coercivity 
inequality holds: 



II {r 2 (w fc+ i - 2 u k + 1 \\ LpA E a , q ) 



+ II i T 2 [( 7 - Rj,i+\{TB)){u k -i + ttfc+i) + {Rh + 1 {TB) - I)u k ]} 



N - 1 



Lp, r {E a ,q) 



<M(q )[ || Au 0 ^ e + ||Aujv|| 



? +^-T 

p_ 1 



fl 



3,1 



Lp,r[Eoi,q) 



where M(q) does not depend on fj t , uq, un, p, ol and r. 

Here, the Banach spaces E' ap = E f ap (E, B) (0<a<l,l<p< oo) consist 
of those v G E for which the norm 



IMI B' a , p ={f || z a B(zI + B) x v \\ P E y)p,l <P< oo, 
0 



are finite and II v \ \ E > =|| v | \ E > • 

11 11 a,oo 11 11 a 

Now, the abstract theorems given above are applied in the investigation of 
difference schemes of higher order of accuracy with respect to the set all variables 
for approximate solution of the boundary- value problem (5.27). The discretization 
of problem (5.27) is carried out in two steps. In the first step let us give the 
difference operator A \ by the formula 

K<= E KD r h u h x + Su h x . (5.71) 

2m<\r\<S 



The coefficients are chosen in such a way that the operator A \ approximates in a 
specified way the operator 



E ar (*) 

\r\=2m 



dM 

dx\ x ■ • • dx T n 



+ < 5 . 
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We shall assume that for |^/i| < n the symbol A(£h,h) of the operator - 5 
satisfies the inequalities 

(-1 ) m A x (£h,h) > M 1 \Z\ 2 m ,\axgA x (Zh,h)\ < <j> < 4> 0 < j. (5.72) 

With the help of A \ we arrive at the boundary- value problem 

+ Alv h^ x) = f h(y tX)tQ <y<T , ( 5 . 73 ) 

v h (0,x) = (p h (x),v h (T,x ) = rl> h (x),x e RJJ, 

for an infinite system of ordinary differential equations. 

In the second step we replace problem (5.73) by the difference scheme 

- ^(“fc+i( x ) ~ 2u k( x ) + u k- l(s)) (5.74) 

+^(7 - R jt i+i(TB* h ))(u h k-i(x) + + ^(Rh + i(rB* h ) - I)u h k (x) 

= fkix), 1 <k<N- l,u&(s) = v$(x), u h N = 4, z € R n h , (B* h ) 2 = A x h . 

Let us give a number of corollaries of the abstract theorems given above. 

Theorem 5.2.47. The solutions of the difference schemes (5.74) satisfy the follow- 
ing stability estimates: 

II U ’ II C?’ a (c£)— ^[ll^llcf + ll^ivllcf + II fjj II C?’ a (c£)]> 

0 < a < 1,0 < /? < 1, 



II U ’ II L Pt r(C%)— mMc* H^ivllcf + 

1 < P < oo, 0 < (3 < 1, 



rT,h 

J 3,l 




K)]’ 



where M does not depend on fj t , Uq, u 1 ^, a, /3, p, h and r 

The proof of Theorem 5.2.47 is based on the abstract Theorems 5.2.35 and 
5.2.36, the positivity of the operator A % in Cf and on the fact that for any 

0 < /3 < 2 m norms m spaces Ep(Ch,Aff) and C^ 777 ^ are equivalent uni- 
formly in h and on the following theorem on the structure of the fractional spaces 

KiCkMl)*)- 

Theorem 5.2.48. Let A be a strongly positive operator in a Banach space E with 
spectral angle (j)(A, E) < |. Then for 0 < a < \ the norms of the spaces E f a (E , Ah ) 
and E'<± (E, A) are equivalent. 
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Proof. Using the following Cauchy-Riesz representation formula for the operator 
A ?( A + A^)~ l (see Chapter 4), 

X a A~^(X + A^)~ l y 

— [ X a z~^(X + zh^A^z - A)~ 1 ydz 

27 ri J 

S 1 US 2 

where Si = {pe^,0 < p < 00 } and S 2 = {pe^,0 < p < 00 }, 0 < ^ Let 
y e £« ( A , E). Then from the strong positivity of A it follows that 



U 2 



A(z-A) 1 y \\e< Mp* || A(p + A) 1 y \\e< M || y \\e'^(a,e) • 



Prom this estimate and the estimates 

1 



< 



M 



it follows that 



|A + 2:2 | A + y/p’ 



X^WA^X + A^ylU 



< I . M _ ^ <*. Mp* \\A(p + A) 1 y\\Edp 



OO 

/ 



^ + y/P yfPP s 



Since 



we have 



00 

<M,/ 



1 A a 
^ + y/P yfPP~ 



OO OO 

[-±-^ = 2 / 

J ^+\fP\fPP 2 J 



A Q ||^(A + ^5)-ly|| £ < 



dp || J/ ||E' a (A,E) • 



dr M 



(1 + r)r a a(l — a) ’ 



M 2 11 11 

S(T^j ll9llE i>«> 



for all A > 0. This shows that y £ E' a (A? ,E) and 



I , < M 2 

'e'JA^e)- a(l - a) 



y ll£' a (^,B) 

2 



Next, using the the following Cauchy-Riesz representation formula for the operator 
Ai (A + A) -1 (see Chapter 4), 

A 2 A(X + A)~ 1 y = : [ X*z(X + z 2 )~ l A^(z- A^)~ l ydz 

2m J 

S 1 US 2 
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where Si = {pe 2 ^,0 < p < 00 } and S 2 = {pe 2 ^, 0 < p < 00 }, 0 < ^ < 
y G E f a (A 2 ,E). Then from the strong positivity of A it follows that 

\z a \ || A^(z-A^)~ l y || E < Mp a || A^p + A^y \\ E 

< M || y || 1 

- 11 y U E' a (A2,E) 

Prom this estimate and the estimates 

1 ^ M 

|A + z 2 \ - A + p 2 ’ 



it follows that 



Since 



we have 



< 



00 

/ 



XfHA(A + 

Y^P~ a Mp a || A^p+A^^y || E dp 



OO 

<mj 



\ + p 2 P df> II y K’ a (Ah,E) 



OO OO 

!^-\i 



Afp(A + A)- 1 y|| iS < 



dr M 

< 



(1 + r)r a a(l - a) ’ 



M 2 



a(l-a) 11 * "E' a (A*,E) 
for all A > 0. This shows that y G E '« ( A , E) and 



V | \E'a(A,E)< 



M 2 



a(l-a) 11 y "E' a (A2, E ) ’ 



Theorem 5.2.48 is proved. 

Theorem 5.2.49. The solutions of the difference schemes (5.74) satisfy the follow- 
ing almost coercive stability estimates: 

II + IUp„(C„) 

£-“[!%[£ l|o;«;ila+ £ IIK«Mln| 

\r\=2m \r\=2m 

+ l11 11 II ip.r(C fc )]> 1 < P < OO, 

where M does not depend on ff v uft, u%, p, h and r. 



top 
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The proof of Theorem 5.2.49 is based on the abstract Theorems 5.2.37 and 
5.2.48, the positivity of the operator A \ in and on the almost coercivity in- 
equality for an elliptic operator in Ch and on the estimate 



mm 



{‘V 



1 + 



HI B h llcf-cf 

a a 



< Min 



t + h 



Theorem 5.2.50. The solutions of the difference schemes (5.74) satisfy the follow- 
ing coercivity estimates: 

II ( r 2 ( u fc+ 1 ~ ^ u k + u k- 1 )}l II C?’ a (C%) 



< M(a,/?)[ £ ll^«ollcf+ E H^<Hcf+ II f]f llc?-“(cjf)]> 

|r|=2m \r\—2m 

0 < a < 1,0 < (3 < 1, 

II i T 2 ( u k+l ~ ^ U k + U k-l)}\ II L p , t (W™*) 



< M(a,p,g)[||uo|| E /_ i p (W™£) + \\ u n\\e ' i _ 1 p (w™)+ II fit II 

1 



1 < p , q < oo,0 < a < 



m 



where M(a,/3) and M{a 1 p 1 q) do not depend on fj u uft, u h and r 



The proof of Theorem 5.2.47 is based on the abstract Theorems 5.2.39 and 
5.2.45, the positivity of the operator A £ in W^ h , on the almost coercivity inequality 

for an elliptic operator A% in Cf , W^, I<g<oo,0</?<1, on the fact that 
for any 0 < 13 < and 1 < q < oo the norms in the spaces {L q ^ A^) and 
are equivalent uniformly in h and on the following theorem on the structure 
of the fractional spaces E' a q (L q ^^ (A£)^). 



Theorem 5.2.51. Let A be a strongly positive operator in a Banach space E with 
spectral angle <f{A,E) < |. Then for 0 < a < |,1 < p < oo the norms of the 
spaces E' a p (E,A 2 ) and E^ p (E,A) are equivalent. 

This result was proved in the case p — oo in Theorem 5.2.48. In the case 
p— 1 the proof follows the same scheme. In the case 1 < p < oo the proof is based 
on Minkowski’s inequality and follows the same scheme. 

Note that in a similar manner we can construct the difference schemes of a 
high order of accuracy with respect to one variable for approximate solutions of 
the boundary- value problems (5.25) and (5.26). Abstract theorems given above 
permit us to obtain the stability, the almost stability and the coercive stability 
estimates for the solutions of these difference schemes. 
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5.3 Two-Step Difference Schemes Generated 
by Taylor’s Decomposition 

We consider again the boundary-value problem (5.1). Let the function v(t)( 0 <t < 
T) have a (21 + 2 j + 2)-th continuous derivative and G [0 ,T] r . Then 

by Theorem 3.2.1 we have the following Taylor decomposition on three points: 

i 

v(t k + i) - 2v(t k ) + v(t k -i) -^2aiV {2l) (t k )r 21 (5.75) 

2=1 



1) + V {2l) (t k+1 ))r 21 = o(t 2Wj + 2 ), 

2=1 

where r? m , m = 1, . . . , j is a solution of system 



y- (2i)!r/ m 

^ (2 i — 2m)! 

m= 1 v 7 



— 1 5 Z — |— 1 < Z < Z -|- jf, 



(5.76) 



and 



ai = l- 2 J?i,aj = (^yy - Vi - T, V™ ( 2 (i-m)y) 2 for any i, 2 < i < j, 

< m= 1 

j 

a i = (Wy.- £ 7 ?m( 2 (iz^))T )2 for anyi, j + l< i<l. 

< 771=1 

Now, we will consider the applications of Taylor’s decomposition (5.75) of 
function v(Z) on three points to approximate solutions of the boundary- value prob- 
lem (5.1). From (5.75) it is clear that for the approximate solution of problem 
(5.1) it is necessary to find for any z, 1 < z < l and ^ for any 

z, 1 < i < j- Using the equation 

v"(t) = Av(t) - f(t ), 



we obtain 

n 

v {2n \t) = A n v(f) - J2A n - x f^ 2X - 2 \t),n = 2,. ... (5.77) 

A=1 

Now, using formulas (5.75) and (5.77), we obtain the difference schemes 

2=1 



+ '^2'r)iA l T 2t 2 (u k -i +u k +i) = fl’ 1 , 

2=1 



(5.78) 
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fk = I> E ^- A (/ (2A - 2) (t*+i) + f {2X ~ 2 \tk-i))r 2i - 2 

i— 1 A=1 

l i 

+ x f( 2X 2 \t k )r 2l 2 , 1 < k < N — 1 , uq = Vo, un = vt- 

i= 1 X=1 

Thus, we have constructed the difference schemes of (21 + 2j)-order of accu- 
racy for the approximate solution of the boundary-value problem (5.1). 

This problem is uniquely solvable, and the following formula holds: 

u k = (I- R^irB^HR^rB) - R 2N ~ k (rB))u 0 (5.79) 

+(R N ~ k (rB) - R N + k (rB))u N - ( R N ~ k (rB ) - R N+k (rB))(I + tB) 

N- 1 

x(27 + tB)~ 1 B~ 1 ^(R N - i (rB)-R N + i (TB))Cfi' l T 

i= 1 

N—l 

+(/ + tB)(2I + tB )- 1 B" 1 J2 - R k+i {rB))C fi l T, 1 < k < N - 1, 

2=1 

where 

B = B(t, A) = ^ + + 

3 l 

A t = (^(a* + 2r] i )A i T 2i - 2 + ^ o^t 2 * -2 )^ 
i= 1 i=j+ 1 

C=(I-j2viA i T 2i )-\ 

i= 1 

Actually, problem (5.78) can obviously be rewritten as the equivalent boundary- 
value problem 

u k + 1 —2uk + Uk-i A nf ji , AT 

^2 + AlUk = C J k , 1 < k < N - 1, u 0 = u 0 , u N = v T - 

In a similar manner with the boundary- value problem (5.1) it can be rewritten as 
the equivalent boundary- value problem for first-order linear difference equations 

T~ l (u k - u k - 1 ) + Bu k = w k , 1 < k < N, u 0 = v(0),ujv = v(T), 

< 

< -T~ 1 (w k+ 1 - w k ) +Bw k - (J + r B)Cf 3 k '\ 1 < k < N - 1, 

with operator B = B(t,A). Note that B(t,A) ^ Ai, but then B(t,A) — > A% as 
r —> 0 and it has the same spectral properties of Ai under some assumption for A 
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and for some cases of j and 1. Prom the last system follows the system of recursion 
formulas 

Uk = R(rB)uk - 1 + rR(rB)wk 1 1 < k < N, 

< 

k Wk = R{tB)wu + 1 + rCfl ’ 1 , 1 <k<N-l, 
where R(tB ) = (I + tjB) -1 . Hence 

f it 

= R k (rB)uo + £ R k ~ i+1 (rB)TWi, 1 <k<N, 

i= 1 

< 

W k = R N ~ k (TB)w N + £* R s ~ k {TB)Cfi’ l T, 1 < k < N - 1. 



Prom this it follows that 



N-l 

un = R n (tB)uo + ^ R N+1 ~ l (rB)rWi + tR(tB)wn. 

i= 1 



Since 

AT— 1 iV 

5^ R N+l - i (rB)TR N -\TB) + tR(tB) = # 2N - 2i+1 (r5)T 

2=1 2=1 

= t(I - R 2 (tB))-\I - R 2N (tB))R{tB), 

N-l N-l N-l s 

Y R N ~ i+1 {rB)T Y R s ~\TB)Cfi' l T = Y t '22 R N+l+s ~ 2i {TB)C fl' l T 

2=1 s = i S=1 2=1 

N-l 

= J2 r2 ( J - R 2 {tB))~ 1 R(tB)(R n ~ s (tB) - R N+s (rB))Cfi' 1 , 

S = 1 

we have that 



w n = t 1 (/ - R 2 (tB))(I - R 2N (tB)) 1 R 1 (tB){un - R N (tB)uo 

N-l 

- Y r2 ( J - -R 2 (rB)) _ 1 i?(rS)(i? w - s (TB) - # w+s (tB))C/^} 

S = 1 

= r _1 (/ - R 2 (tB)){I - R 2N (tB))^ 1 R~ 1 (tB){u n - R n (tB)u 0 } 

N-l 

-(/ - R 2N {tB))~ 1 Y t(R n ~ s {tB) - R n+s {tB))C fl' 1 . 
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Therefore 

k 

u k = R k (rB)uo + Y, Rk ~ i+1 ( TB ) T ( RN ~ i ( TB ) w N 
1=1 

TV — 1 k 

+ Y R s ~ i {TB)C f 3 s ’ l T) = R k (rB)uo + Y J ^~ i+1 ( TB )' rRN ~ i (' rB ) w N 

s=i i= 1 

k N- 1 

+ ^ J R fe - i+1 (r5)r R , ~ i {TB)Cf 3 a ’ l T. 

i = 1 S=2 

Since 

k k 

Y^R k - i+1 {TB)TR N ~ i {TB) = J2R N+k - 2i+1 (TB)T 
2=1 2=1 

= t(I - R 2 {TB))- l {R N ~ k {TB) - R N+k {rB))R(TB), 

k N- 1 

i=l s=i 

k s N — l k 

= ^ r ^ R k+s+1 ~ i ( tB)C fi’ l T + Y T^2R k+s - 2i+1 (TB)Cf s ' l T 

s= 1 i=l s=k+ 1 i=l 

k 

= (I- i? 2 (rS)) _1 J2 TR ( TB )( Rk ~ S ( TB ) - R k+8 (rB))Cfi’ l T 

S=1 

N—l 

+(I - R 2 ^))- 1 Y T R( T B)(R s ~ k ( tB) — R k+S ( tB))C fl' l T 

s=k-\-l 

N—l 

= (I- R 2 ^))- 1 Y TR(TB)(R lk - sl (TB) - R k+S ( tB ))C f l' 1 t, 

5=1 

we have that 

Ufc - R k (TB)u 0 + t(I - R 2 {TB))~ 1 (R N - k {TB) - R n+Ic (tB))R{tB)w n 

N-l 

+(/ - ^(rB))- 1 ^ Ti?(r5)(i? |fe - s| (r5) - R k+s (TB))Cf s ' l T. 

S=1 

Prom this formula and using the formula for wn we can obtain formula (5.79). 

Let us reduce the difference schemes (5.78) to an operator problem in the 
space F r (E). In addition to the operator acting from the space E x F r (E) x E 
of vectors w T = {wi j£L 0 into s P ace Ft(E) of vectors v r = by the 

rule 1 

v T = D 2 u T ,v k = ^(wfc+i - 2w k + w k -i),k = 1,...,N -1, 
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define an operator A^ 1 from the space E x F r (E) x E of vectors w T = 0 

into the space F r (E) of vectors v r = by the rule 

3 

v T = A 3 /u T , v k = ^2r)iA l T 2l ~ 2 (w k - 1 + W k +i) 

2 — 1 

l 

+ ^2 0iiA l T 2l ~ 2 Wk, k = 1, . . . , N - 1. 

i = 1 

Then the difference schemes (5.78) can obviously be rewritten as the equivalent 
operator equation 

-D 2 t U(u 0 ,u n )u t + Ai: l U(uo,u N )u T = fT t . 

Here fj t is defined by the formula 

= r). 

The last operator problem will be considered in the space F T (E). From its unique 
solvability for any u 0 , u N e E and fj t € F r (E), it follows that its solution u T 
defines a continuous additive and homogeneous operator u T (fJ ly uo,UN). 

The boundary- value problem (5.78) is said to be stable in F T (E) if we have 
the inequality 

II u T (fl ly u 0y u N ) || Ft(b) < M [ II fh || Ft(f) + II u 0 || F + \\u N \\ E } y 

where M is independent not only of fj iz 0 , but also of r. 

The boundary-value difference problem (5.78) is said to be well posed (coer- 
cively stable) in F T (E) if we have the coercive inequality 

|| {r _2 (u fc+ i -2u fc + u A: _i)}f- 1 || Ft(£) 

3 l 

+ II {^thAW*- 2 K-l +%l) 2 Uk}\ 1 II 

i=1 i=1 F t (E ) 

— ^[11 fj,i II f t (e) H ^ w oIIe 11^# lid* 

where M is independent not only of fj t , u 0 ,u N ,but also of r. Prom formula (5.58) 
it follows that the investigation of the stability and well-posedness of difference 
schemes (5.78) relies in an essential manner on a number of properties of the powers 
of the operator ( I + rB)~ l . We were not able to obtain estimates for powers of 
the operator ( I + tB )~ 1 in the general cases of operator A and numbers j and L 
We begin by deriving some estimates for powers of the operator (I + rB)~ l in the 
cases j = 0 and all/, l > 1 and a strongly positive operator A in a Banach space 
E with spectral angle </>(A, E) < 
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Lemma 5.3.1. Let A be a strongly positive operator in a Banach space E with 
spectral angle (j)(A,E ) < ^ • Then -Ai is a generator of the analytic semigroup 
exp {—tAi} ( t > 0) with exponentially decreasing norm , when t — > +oo, i.e., we 
have the estimates 

llexpl-a,}^^ < M t e~ t6 ‘ ( t > 0), (5.80) 

\\tAiexp{-tAi}\\ E ^ E < Mi e- t6 ‘(t > 0) (5.81) 

for some 1 < Mi < +oo, 0 < 5i < + 00 . Here Mi does not depend on r. 

Proof Let us show by induction that for any integer m, 2 < m < /, A m is a strongly 
positive operator in a Banach space E. Let m = 2 and A = |A|e z</? ,7r > \<p\ > \ . 
We consider the identity 

\I - A 2 = (Xh - A)(A*I + A). 

Since A^ = |A| 2 e^,| > |^| > f , by the definition of a strongly positive operator 
in a Banach space E we have that the operator X*I — A has a bounded inverse, 
and the estimate 

(A il -A)- 1 < M A {1 + y/lM)- 1 

E — > E 

holds for some Ma G [1, + 00 ) that does not depend on A. It is readily proved that 
-(A 2 1 + A) is a generator of the analytic semigroup exp j— t(A^ J + ^4)| (t > 0) 
with exponentially decreasing norm, when t — > + 00 , i.e., we have the following 
estimates: 

exp{— l(A^7 + A)} < M e-^ cos * +fi > (t > 0) 

E — >E 

for some 1 < M < +oo, 0 < 6 < +oo. From this it follows that the operator 
X^I + A has a bounded inverse, and the estimate 

(A * J + A)~ l < M( 1 + | A| i cos ^) _1 

holds for some M G [1, +oo) that does not depend on A. Therefore, the operator 
XI — A 2 has a bounded inverse, and the estimate 

||(A/-a1 2 )- 1 ||^ £ <M 4 2(1 + |A|)- 1 

holds for some M ^2 £ [1, +oo) and for all A, A = |A|e^,7r > \<p\ > This means 
that A 2 is a strongly positive operator in a Banach space E. Suppose that for any 
integer k, 2 < k < m — 1, A k is a strongly positive operator in a Banach space E. 
Then, we will prove that A 171 is a strongly positive operator in a Banach space E. 
We consider the identity 



A I-A m = (A ml - AjiA™- 1 + A m ~ 2 A- + • • • + + X^I). 
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We have that for any integer fc, 1 < k < m, A m ~ k is a strongly positive operator 
in a Banach space E. Therefore, the operator XI - A m ~ k has a bounded inverse, 
and the estimate 



|| (^ k ) 1 E-+E — ^A m ~ k (1 + \ z \) 1 



holds for some M A m- k G [1, +oo) and for all z,z = |z|e^, n > \xp\ > f . It is readily 

fe — i 

proved that the operator X~^~ A m ~ k has a bounded inverse, and the estimate 



\(zl 



\ ±=± A' 

X ™ A 



m—k\ — 1 



E-+E 



< M A m-k(5 + \z\) 



holds for some M A m- k G [1, +oo), for all z, z = |z|e^, tt > \rp\ > § and |A| > 5 > 0. 
Indeed, 



(zl - X^ A m ~ k )- 1 



E-^E 



< 



aV^a-V/-^)- 1 

M A m~ k | A | (1 + |A| _ ~ \z 



E—>E 



= M A m ~ k \(\X\^ + l^r 1 < M A m~k(8 + |z|) -1 . 

From this it follows that —X~^~ A m ~ k is a generator of the analytic semigroup 
exp j-£A~ A m ~ k | (t > 0) with exponentially decreasing norm, when t — ► +oo, 
i.e., we have the estimates 

exp{-£A^ A m ~ k } 

for some 1 < M < +oo, 0 < 6 < +oo. 

k _ 1 m k _ 1 

Since the operators X~^~ A m ~ k commute, we have that — Y X~^~ A rn ~ k is 

k = 1 

{ m k _ i ^ 

—t Y X~^~ A rn ~ k > (t > 0) with ex- 

m 

ponentially decreasing norm, when t — > +oo. Therefore, J2 A ~ A m ~ k has a 

k = 1 

bounded inverse, and the estimate 



< M e~ ts ( t > 0) 



ll(E A m A™ k ) < f ||e 

fc = i i 



OO m fc — 1 

E A -ETA™-* 

k =i I 



*Edt 



OO m — 1 fc-1 , 

£ X~m~ A m ~ k 






\e-*e\^ 



-tx~ 



| dt< (Af) m ” 1 e"( m “ 1 ^|A|“ 
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holds. Prom this it follows that the operator XI — A m has a bounded inverse, and 
the estimate 



||(A I-A m )~ l 



E^E — 



(\™I - A) 



-l 



E-+E 



(£* ! 

k=l 



\m—k\ — l | 



\E^E 






rn ^ ^ 1 P | A| 



~ (1 “I - |A|) 



-1 



holds for some M A m G [l,+oo) and for all A, A = |A|e^,7r > l^l > f. This 
means that A m is a strongly positive operator in a Banach space E. Finally, we 
will prove that —Ai is a generator of the analytic semigroup exp{— tAi) ( t > 0) 
with exponentially decreasing norm, when t — > +oo. The operators a.iA l T 2l ~ 2 
commute. Therefore, — Yl\=i &iA l T 2l ~ 2 is a generator of the analytic semigroup 

exp Yl\=i QLiA l T 2l ~ 2 1 ( t > 0) with exponentially decreasing norm, when t — > 

+oo. Indeed, 



1 1 exp | -t'YjDL i A % T 2% 2 1 || e-+e < \\exp{-tA} || E -+e 
i 

< \\exp{-tA}\\ E -+E Y[\\exp {-taiA l r 2l ~ 2 } || e ^e 

i=2 

l 

< M A exp{— £5} Y[ M A iexp j— £a^T 2z-2 j < M Al exp{— tSi} . 

i = 2 

Estimate (5.80) is established. In a similar manner one can obtain estimate (5.81). 
Lemma 5.3.1 is established. 

Lemma 5.3.2. Let — A be a generator of the analytic semigroup exp{— tA} ( t > 0) 
with exponentially decreasing norm, when t — ► +oo. Then the following estimates 
hold for any k > 1 : 



\\{XI + TB)- k \\ E ^ E <M[X + T 2 a(A)]- k , (5.82) 

\\krB(I + TB)- k \\ E ^ E < M, (5.83) 

where M does not depend on r. Here 



B = B(tA) = tA/2 + y(^) 2 + A. 

Proof. We consider the operator 

B\ = B\(Ai) = tB(tA) = t 2 A/2 + = Mj2 + yj £ + A u 
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where A\ = t 2 A. Using the following Cauchy-Riesz representation formula for the 
operator (A + Hi) -1 (see Chapter 4), we can write 

(A7 + Bi)- 1 = ^ J(X + z/2 + ^7z)~\zl - A\)~ 1 dz. 

r 

Here the contour T is chosen with Re{z} < 0. If z = pe ±l7T and p > 4, then 
(A + z/2 + \J— 4- z) -1 = (A - p/2 + - p)” 1 . 

Therefore 

-4+2G , 

/ ( A + 2 /2 + y j + 2)- 1 (2/-^ 1 )- 1 ^ 

— oo+zE 

— oo — iG 

+ 2 ^ / ( X + z / 2 + ]j^ + z )~ 1 ( zI - A i)~ 1 dz} = 0. 

-4 -i€ 

If 2 = pe ±l7r and 0 < p < 4, then 



(X + z/2 + /j + z) 1 = (A - p/2 + ^y/e±™p{ 4 - p))" 1 

= (A - p/2 + -e ± 2 t,r ^/p(4 - p)) _1 = (A - p/2 ± ^i\/p(4 - p)) _1 . 

Therefore 

/ ( x + z / 2 +]/j+ z r\ z i- A i r'dz 

-4 +i€ 

-4-ie 

+ 2^i / ( X + z / 2 + ]/j + *)~V - ] 

-o-ie 

4 

= _ 2 bj [{x - p/2 -\ iy/p{4 - p)) ~ 1 

o 

- (A - p/2 4- p(4 — p)) _1 ](-pj - Ai) _1 dp 
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4 

=j-/ 

2t n J 






1 f \! P(4 - P) 
A 2 -Ap + p 



-rj 



(pi + A\) dp. 



Then the deformation of integration contour T leads us to obtain the formula 

4 

(XI + 5i) _1 = J M 1 (A,p)(p/ + J 4 1 )- 1 dp, (5.84) 



where 



M\(X,p) — 



1 \/ p(4 — p) 
2 tt A 2 — Ap + p 



In a similar manner one can obtain 



(A/ + 5i)- fe = J M k (X,p)(pI + A 1 )- 1 dp,k = 2,3,..., 
o 



(5.85) 



(5.86) 



where 

M k(X, p) = Tt[(A - p/2 - \i Vp(4 - p)T k (5.87) 

-(A - p/2 + IiV^(4^))- fc ] 

\ k + 1 ] / I \ 

l 2 t x ( 2m- 1 j 

2-7T (A 2 - Ap + p) fc 

Clearly, M\ (A, p) > 0 for 0 < p < 4 and A > 0. Therefore, using the estimate 

||(A7 + ^4.1 ) 1 1 j £r < M[ X + T 2 a(A)]~ l , A > 0, 1 < M < +oo, a(A) > 0, 



we obtain that 

4 

||(A/ + Bi)- 1 ||^ b < j M 1 (A,p)||(p/ + 7l 1 )- 1 || £ ;^ £ ;dp 
0 

4 

<M J Mi(X,p)(p + ai)~ 1 dp, 
o 
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where a\ = r 2 a(A). Now, using formula (5.84) for A\ = a \ /, we obtain 
4 i 

J Mi (A, p)(p + a(Ai)) l dp = (A + ai/2 + y ~ ^ — l~ a i) 
o 

Therefore, 

1 1 (A/ + Bi(A 1 ))- 1 ||^ < M ( A + ^(ai))" 1 , (5.88) 

where 

5i(ai) = fli/2 4- ^ ^ ^ + a i > 0. 

So, from estimate (5.88) it follows that Bi(Ai) is a positive operator in E. Now, 
we will estimate (A I + B\)~ k for k > 2. Clearly, the function Mk(X,p) for k > 2 
changes sign on the segment o<,<>< 4. Therefore, the last method of estimate 
of (A I + Bi(Ai))~ 1 does not work in the general cases k > 2. Now, we will use 
another formula for ( XI+B\)~ k . Since -A is a generator of the strongly continuous 
semigroup exp {—tA} ( t > 0) with exponentially decreasing norm, when t — ► +oo, 
we have the estimate 



||exp{— < M e ~ ta(A) ( t > 0) 



for some 1 < M < +oo, 0 < a(A) < Too. Then, there exists a bounded inverse 
(XI + Ai) -1 for any complex number A with ReA > — ai(A\), and the following 
formula holds: 

+oo 



(XI 



+ Ai) 1 = J e Xt exp{— tA\}dt. 



Then, from formulas (5.86) and (5.89) it follows that 

4 +oo 

(XI + B\)~ k = J Mk(X,p) J e~ pt exp{— tA\}dtdp 



+oo 4 



where 



= J J Mk(X,p)e pt dpexp{-tAi}dt 
o o 

+oo 

= J L k (X,t)exp{-tAi}dt, 
o 

4 

L k (\t) = J M k (\,p)e-*dp. 



(5.89) 



(5.90) 



(5.91) 
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Note if A\ is a complex number with Re A\ > 0, then (A I + B\) k is the Laplace 
transform of the function L/~(A,£). Since (A I + B\)~ k ~ l = (XI + Bi)~ k (XI + 
B\)~ l = n^Ji(A/ + Bi) -1 , from properties of the Laplace transform it follows 
that Lk(X,t) is a convolution of the k functions Li(A,£) defined by the recurrence 
relation 

t 

Lfc + i(A,£) = J Lk(X,s)Li(X,t — s)dsk = 1,2, — (5.92) 

o 

Since Mi(A,p) > 0, then from formula (5.91) it follows that Li(A,p) > 0. 
Therefore, from formula (5.92) it follows that 

L k ( A, p) > 0 for all jfe, k = 1, 2, . . . . (5.93) 

Formula (5.90) and inequality (5.93) permit us to apply the same approach of 
estimate (5.88) for the estimate of (A I + Bi(Ai))~ k in the general cases k > 2. 
Namely, we have that 

+oo 

||(A/ + 5 1 04 1 ))- fc ||^ £ < J L k (X,t)\\^P{-tM}\\ E ^Edt 

0 



+oo 

< M J Lk(\,t)exp{—tai}dt = M[\ + ai]~ k 
o 

for A > 0. Therefore, — B\(A\) is a generator of the strongly continuous semigroup 
exp{— tBi(Ai)} ( t > 0) with exponentially decreasing norm, when t — ► +oo, i.e., 
we have the estimate 



l|exp{— fi?i(j4i )}||£ — >E <Me tBl(ai) (t > 0) 

for some 1 < M < +oo. Now we consider A^(\I -f B\)~ k for 0 < a < 1. Applying 
the formula 

+oo 

= f^) / 2/3-1 exp{-zAi}dz,0 > 0 
0 

and (5.90), we obtain 

A^(XI + B\)~ k u = A^ {1 ~ a) {XI + B 1 )~ k A 1 u 



= A 



-(!-«) 

1 



+oo 

J Lk( A, t) exp{-tAi}dtAiu 
o 



r(i 



+oo +oo 

r / z~ a exp{—zAi}dz / Lk(X,t)exp{—tAi}dtAiu 

-ol) J J 
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r(i 



+oo +oo 

W/ z a L k {\,t)exp{-(t + z)Ai}dzdtAiu 



0 0 



for u G D(Ai). Using the last formula and the estimate 

(t + z)\\A! exp{— (t + z)A 1 }\\ E -,e < M e"^ ai , 

we obtain that 

+oo +oo 



+ z 



0 0 

x exp{-(t + z)ai}dzdt 



+oo 



= Mr (a) J Lk(X,t)exp{-tai}dt 
o 

+oo 

X r(a)r(l-a) I z a( - t + z) 1 



dz. 



Since 



we have that 



o 

+oo 



t~ a = 



r(a)r(i - 



L—^Jz-^t+zr'dz, 



+oo 

ll^4?(M + B 1 )~ k \\ E — yE < Mr (a) J L k (\,t)t~ a exp{-tai}dt. 



Using formula (5.91), we obtain 

ll-^i (V + Bi )~ k \\ E — >e 



+oo 4 



< MT (a) J J Mfc(A,p)e pt dpt a exp{-tai}dt 



o o 



4 +oo 

= Mr(a)r(l — a) I Mk {X,p)[ f ^— j « 



-pt t -a 



x exp{-tai}dt]dp 



4 

Mr(a)r(l - a) J Mk{X,p)(p + ai) a ~ 1 dp. 



(5.94) 
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Using formula (5.94), we obtain 



||i4“(A/ + 5i) fc || e-^e < M J M k (X,p) j z (1 a \z + p + a\) 1 dzdp 

o o 

+oo 4 

= M J z~ {1 ~ a) J Mk&pHz + p + aJ-'dpdz 



0 0 
+oo 



= M j s -{1-0,) (A + Bi(z + ai)) -fc dz. 



Finally, by passing to the limit a — ► 1 in the last inequality one can obtain the 
estimate 

+oo 

||Ai(A/ + Bi)~ k \\E — >e < M J (\ + Bi(z + ai))~ k dz. 

0 

Since 



Bi(z + d\) — (z + a\)/2 + \j — - — h z + d\ 



and a\ > 0, it follows that 



+oo i 

\\Ai{I + B\) fc || e — >e < M J (1 + z/2 + Y — + z) k dz 



Let us make the substitution 



Clearly, 



x = z /2+\l—+z. 



x 2 — zx — z = 0. 

x 2 +2x , 



Therefore, z = and dz = f^+^dx. From this it follows that 

+oo 

Pi (I + £i)- fe || £ _^ B <M J (1 + x)-^{x 2 + 2 x)dx. 

0 

Integrating the last integral by parts, we obtain 

4~oo I 1) 

[ (1 + z)- (fc+2 V + 2 x)dx = _ ( 1+ p) +1 {x 2 + 2a;) |oo 

J K + 1 



+ 



k + 



+oo 

L- J (l + x)~ {k+1) (2x + 2 )dx 
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k +°° 

■ J wm {2i+ ^ + wh-J {1+xrh2dx 

0 

2 (l + z)-^ 1 

(k + l)k {k + l)k(k-l) 10 

2 2 _ 2[Jfc - 1 + 1] 2 

~ (k + l)fc + (k + l)k{k-l) “ (it 2 - l)jfe _ (it 2 - 1) 
for k > 2. Therefore, 

||^l(/ + < k 2 _l 

for fc > 2. Using the identity 



=B 1 2 (/ + fi 1 )- 1 , 

we obtain 

for k > 2. The estimate 

||(7 + jBl )-(fc+ 1 )|| E _ £ < M 

for all fc, A; > 1 follows from estimate (5.82). Since B\(Ai) is a positive operator 
in E, we have the moment inequality 

\\Blu\\ E <M\\B\u\\l\\u\\l{u €D(B*)). 

Prom this it follows that 

WkB^I + B^Wb^e < M(k > 1). 

Lemma 5.3.2 is established. 

We have the following results. 

Theorem 5.3.3. Let A be a strongly positive operator in a Banach space E with 
spectral angle </>(A,E) < Then difference problem (5.78) in the case j = 0 is 
stable in C? ,a (E ),( 0 < a < 1) and in L P ^ T (E), 1 < p < oo ( here L 00 ^ r (E) = 
C t (E)), since the solutions of the difference problem (5.78) satisfy the stability 
inequalities 



II uT || C?' a (E)< M[\\ fj,l II Cr' a {E) + II U o\ \e + \M\ E ], 

II U T ||l P jT (£)< M [ || fli \\ Lp ^ E) + II u o\\e + \\ U n\\e]i 
where M does not depend on fj t1 uq, un, p, a and r. 
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Theorem 5.3.4. Let A be a strongly positive operator in a Banach space E with 
spectral angle cf)(A,E) < ^ and uq, un G D(A). Then the solutions of the differ- 
ence problem (5.78) for j = 0 in L PjT (E) obey the almost coercive inequality 

|| {r~ 2 (uk+i - 2uk + Ufc-i)}^ -1 || Lp t(b) + II ||l p , t (E) 

i— 1 

< Mi [|| Au 0 \\ e + 1 1 Au tv ||# 

+ min |ln — , 1 + |ln || B ||#_>#|| || fji \\ Lp r ^ E ^ 

where M\ is independent not only of fj t , u$, un, but also of r. 

In the case j = 0 we have the estimate 

||AA / - 1 ||#^# < M. 

Therefore, we have the following results. 

Theorem 5.3.5. Let A be a strongly positive operator in a Banach space E with 
spectral angle <j)(A,E) < ^ and uo, ujy G D(A). Then the solutions of the differ- 
ence problem (5.78) for j = 0 in L p , r (E) obey the almost coercive inequality 

|| {r (uk+i — 2uk + Uk~i)}i II l p , t (£) II {Av,k}i \\ Lp t ( £ ) 

< Mi [|| Auq || E + ||M/jv||# 

+ min jin -j, 1 + |ln || B ||^| J || /£, ll Lp t(£) ], 

where Mi is independent not only of fj lf uo, u^, but also of r. 

Theorem 5.3.6. Let A be a strongly positive operator in a Banach space E with 
spectral angle cj)(A,E) < ^ and uq, un G D(A). Then the solutions of the differ- 
ence problem (5.78) for j = 0 in C^ a (E) obey the coercivity inequality 

|| {j" (^fc+l -b Uk— l)}i 1 1 ^ ( J57) II llcr’ a (-E) 

— — a ) ^ ^' l ^ + W Au *We]> 

where Mi is independent not only of ff v uq, un, a, but also of r. 

Theorem 5.3.7. Let A be a strongly positive operator in a Banach space E with 
spectral angle (j){A, E) < ^ and (I — R(rB)) 2 r~ 2 uo — f{' 1 , ( I — R(rB)) 2 T~ 2 uisr — 
Pn-i ^ E'er Then the solutions of the difference problem (5.78) for j = 0 in C?(E) 
obey the coercivity inequality 

|| {r ('Ufc+i — 2uk + Uk~i)}i \\c?(E) + II {Auk)i II c?(E) 

+ II { r { u k+l ~ % u k + u k-l)}\ \\c T {E' a ) 
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Mi 



- ^0 [I1 & W) + II (' ' " R(rB)fr-\ 0 - /?•' || E , 

+ IM ~ R{tB)) 2 T~ 2 Un ~ In-iWe'J^ 

where Mi is independent not only of fjj, u 0 , u N , a, but also of r. Here, the 
Banach space E' a = E' a (E,B) (0 < a < 1) consists of those v G E for which the 
norm 

II v Ilf£= sup z° || B(zl + B)~ l v || E + || V || B 

z>0 

is finite. 



Theorem 5.3.8. Let A be a strongly positive operator in a Banach space E with 
spectral angle f>(A, E) < and (I - R{tB)) 2 t~ 2 u 0 - f{’ 1 , ( I - R(tB)) 2 t~ 2 u n - 
f&- 1 € Ep-sy Then the solutions of the difference problem (5.78) for j = 0 in 
C^ 1 (E) (0 < 7 < (3, 0 < (3 < 1 ) obey the coercivity inequalities 






N - 1 



< 



Mi 



CAE'p_A ^ /3 ( 1 _ ^ H fh II c^(E) 



+Mi [ || (I ~ R(tB)) 2 t- 2 u 0 - ft 1 \\ E , +||(J- R{tB)) 2 t~ 2 u n - }, 

P—7 0-7 



{t (u fc+ i -2u fc + Ufc_i)}f \\c^(E) + \\{ Au k}l Ml cS 



nC? n (E) 



- fh + Ml[l(/ - R ^ B )) 2>r ~ 2 ^ - fit" 

+|(7 - R(tB)) 2 t- 2 u n - /^MloM, 

where Mi is independent not only of fj l} u 0 , un, /3, 7 , but also ofr. Here, Mo ’ 7 

denotes that the norm of the Banach space E^ 1 consists of those w G E for which 
the norm 

Mo ’ 7 = hmx \\R n (TB)w\\ E 

l<n<N —1 

+ sup t-Pftn + t r 0{t N - t n y\\(R n+r (TB) - R n (TB))w\\ E 

l<n<n+r<N — 1 

is finite. 

Theorem 5.3.9. Let A be a strongly positive operator in a Banach space E with 
spectral angle 4>(A,E) < Then the solutions of the difference problem (5.78) 
for j = 0 in C T (E' a ) obey the coercivity inequality 

|| \j~ {Uk+l ~ ‘ZUk + Uk— 1 )} i llc T (E^) II {Auk}i llc r (E^) 

- Ml t(i -q)^ ^ ^ cab '0 + II + II^IMJ- 

where M\ is independent not only of f T , u Q , u^, a, but also ofr. 
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Theorem 5.3.10. Let A be a strongly positive operator in a Banach space E with 
spectral angle (f)(A, E) < fi an d (I ~ R(tB)) 2 t~ 2 uo - f{' 1 , ( I - R(tB)) 2 t~ 2 un — 
f J N-i £ R'a—'y * Then the solutions of the difference problem (5.78) for j = 0 in 
C^ n (E f a _p) (0 < 7 < (3 < a,0 < a < 1) obey the coercivity inequalities 



{t (uk+ 1 2Uk + Uk-l)}i II C? n {E' a _ f3 ) + II {Auk)i II C? n (E' a _ 0 ) 



+ 



Mi 



{r (ttfc+i 2 Uk + Ui c-i)}i II c T (E^2 0 ) - a (i _ II f T II c? n (E' a _ p ) 



7 

la- 

\N-1 



+M 1 [\(I - R{tB)) 2 t 2 u 0 - f J { l \^ 0 + \(I - R(tB)) 2 t 2 «jv — 



{r (uk+ 1 2uk + Uk~i)}i II c? n (E' a _ 0 )^~ II {Auk}i II c? , 1 (E , a _ f3 ) 

+ || {r _2 (ufc+ 1 — 2 uk + Ufc-i)}^ -1 " 



'Cr(E') 



Ml 



c/ ^ll c*"(e> ) 

a(l — a) J y^ot-p) 

+Mi[||(7 - R{tB)) 2 t~ 2 uq - f{' l \\ E , + ||(7 - R(tB)) 2 t~ 2 u n - f^-iW ^ _ ]], 

where Mi is independent not only of f T - x , uo, un, (3, 7, but also of r. 

Here, \w\^2p denotes that the norm of the Banach space E^'2p consists of 
those v G E for which the norm 

\w\a-B = maX \\R n ( TB ) w \\E a - 0 

a P l<n<N—l / ex jj 



I sup t;P{t n + t r y(t N - t n y\\(R n+r (TB) - R n {TB))w\\ Ea _ g 

l<n<n+r< N — 1 

is finite. 

Finally, let us give the following results about well-posedness of the boundary- 
value difference problem (5.78) in the spaces L p , r (E) = L p ([ 0, T] r , E), 1 < p < oo. 

Theorem 5.3.11. Let A be a strongly positive operator in a Banach space E with 
spectral angle <j>(A,E) < Suppose that the difference problem (5.78) for j — 0 is 
well posed in L POiT (E) for some po, 1 < po < oo. Then it is well posed in L PjT (E) 
for any p, 1 < p < oo and the following coercivity inequality holds: 

|| {r 2 {uk-\-\ — 2uk + Uk-i)}i II L PyT (E)3~ II {Auk)i IIl p , t (£) 



+l|u T ||c c (£ 1 _ 1/p , f ,) < M(p 0 )[\\ u 0 \\ El _ 1/pp + IkjvlIjSj. 



1 /p,p 



+ 



p - 1 



fl 



j,l 



L p ,r(E) 



where M(po) does not depend on fj l; uq, u^, p and r. 
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Theorem 5.3.12. Let 1 < p < oo and 0 < a < 1. Suppose that A is a strongly 
positive operator in a Banach space E with spectral angle 4>(A,E) < Then the 
difference problem (5.78) for j = 0 is well posed in L p?t (jE q?p ) and the following 
coercivity inequality holds: 

II {t 2 (Uk+l -2Uk+Uk-l)}i 1 II L P , T (£ Q , P ) + II {Av>k}i 1 IIl P)T (£ Q jP ) 

< M[|| Au„ II* + l|/Mk, + || 11, II I. 

where M does not depend on fj v uq, un, p, a and r. 

Theorem 5.3.13. Let 1 < p, q < oo and 0 < a < 1. Suppose that A is a strongly 
positive operator in a Banach space E with spectral angle (^(A^E) < ^ . Then the 
difference problem (5.78) for j = 0 is well posed in L P:T (E a , q ) and the following 
coercivity inequality holds: 

|| {r (uk+i - 2uk + Uk~i)}i 1 IIl p>t (e q>9 ) + II {Auk}i Ml l p , t (£ Q)<? ) 

< M(q )[ || Au 0 \\ Ea + HAtxjvH^ , + -^-r II fj tl II ], 

L p , r (E a , q ) 

where M(q) does not depend on fj t , uo, un, p, a and r. 

Now, the abstract theorems given above are applied in the investigation of 
difference schemes of higher order of accuracy with respect to the set of all variables 
for approximate solution of the boundary-value problem (5.78). The discretization 
of problem (5.27) is carried out in two steps. In the first step let us give the 
difference operator A x h by the formula 



Al<= E KD r h u h x + Su h x . (5.95) 

2m<\r\<S 

The coefficients are chosen in such a way that the operator A \ approximates in a 
specified way the operator 



^ ^ a r {%) 

\r\=2m 



< 9 |r| 

dx ? • • • dx r r? 



+ 5. 



We shall assume that for |^/i| < n the symbol A(£h,h) of the operator A% - 5 
satisfies the inequalities 

(-1 ) m A x (^h,h) > M\\£\ 2m , | arg A x (£h, /i)| < <f> < (5.96) 

With the help of A\ we arrive at the boundary- value problem 

- d V ff 2 ^ + A h vh (V’ x ) = f h (y, x ), o <y <T, (5.97) 

v h (0,x) = ip h (x),v h (T,x) — ip h (x),x e 
for an infinite system of ordinary differential equations. 
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In the second step we replace problem (5.78) by the difference scheme 
1 ^ 

~~2 ( u k+ii x ) ~ 2u k( x ) + u\_ i(x)) +J2ai(A x h ) l T 2l - 2 u%(x) (5.98) 



2=1 



= fk l i x )A < k <N -l, U q(x) = v£(x), u h N =4» x G Rl . 

Let us give a number of corollaries of the abstract theorems given above. 

Theorem 5.3.14. The solutions of the difference schemes (5.98) satisfy the follow- 
ing stability estimates: 



,,r,h 



I c ? ,a ( c %) — M i\\u h o\\ c , + ||4ll C f + 

0 < a < 1,0 < /? < 1, 



rT,h 

J 3,l 






i uT ’ II L PiT (cf) - -^[ll U ollcf + H U ivllcf+ II fj,’l II Z,p, T (cf)]> 

I<p<oo,0</3<1, 

where M does not depend on fj t , Uq, u 1 ^, a, (3, p, h and r. 

The proof of Theorem 5.3.14 is based on the abstract Theorem 5.3.3 and the 
positivity of the operator in C 



Theorem 5.3.15. The solutions of the difference schemes (5.98) satisfy the follow- 
ing almost coercive stability estimates: 



{x 2 (4+i -24 + 4-i))f 



AT — 1 



\Lp, T (C h ) 



+ 



Ei 

\r\=S 






h\N - li 



L P > r ( C h ) 



<M[lnl[]T ||^4lk+ £ ll^<l|cj 

\r\=2m \r\=2m 

+ ln VTh Wfli h W^AC h )}^<P<°°, 

where M does not depend on fj t , Uq, u%, p, h and r. 

The proof of Theorem 5.3.15 is based on the abstract Theorem 5.3.5, the 
positivity of the operator A % in Ch and on the almost coercivity inequality for an 
elliptic operator A ^ in Cf . 

Theorem 5.3.16. The solutions of the difference schemes (5.98) satisfy the coer- 
civity estimates 



{t 



-\u h k+1 - 24 + <_!)}?- 



II C?' Q (cf) + X] II i D h u k}l 

\r\=2m 



h^N - li 



” a K) 
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<M(a,/?)[£ \\D r h u h 0 \\ c e+ £ \\D\u h N \\ cB + || f]f || c «, Q(cf) ], 

\r\=2m \r\=2m 

0<a< l,0</?< 1, 

w/iere M(a,(3) does not depend on fj t , Uq, u^, h and r 

The proof of Theorem 5.3.16 is based on the abstract Theorem 5.3.6, the 
positivity of the operator in C f and on the coercivity inequality for an elliptic 
operator in Cf . Note that in a similar manner we can construct the difference 
schemes of a high order of accuracy generated by Taylor’s decomposition of the 
function on three points with respect to one variable for approximate solutions 
of the boundary- value problems (5.25) and (5.26). Abstract theorems given above 
permit us to obtain the stability, the almost stability and the coercive stability 
estimates for the solutions of these difference schemes. 




Chapter 6 

Partial Differential Equations 
of Hyperbolic Type 



In the present chapter we consider the abstract Cauchy problem for differential 
equations of the hyperbolic type 

v"(t) + Av(t) = f(t) (0 < t < T ), v(0) = Vo, v'(0) = v f 0 

in an arbitrary Hilbert space H with the self-adjoint positive definite operator 
A. The high order of accuracy two-step difference schemes generated by an exact 
difference scheme or by Taylor’s decomposition on three points for the numerical 
solutions of this problem are presented. Stability estimates for the solutions of 
these difference schemes are established. In applications, the stability estimates 
for solutions of a high order of accuracy difference schemes of the mixed type 
boundary-value problems for hyperbolic equations are obtained. 



6.1 A Cauchy Problem 

We consider the abstract Cauchy problem for hyperbolic equations 

v"(t) + Av(t) = f(t) (0 < t < T),v( 0) = vo, v'(0) = Vq (6.1) 

in a Hilbert space H with the self-adjoint positive definite operator A. 

A function v(t) is called a solution of problem (6.1) if the following conditions 
are satisfied: 

i. v(t) is twice continuously differentiable on the segment [0, T]. The derivatives 
at the endpoints of the segment are understood as the appropriate unilateral 
derivatives. 

ii. The element v(t) belongs to D(A) for all t € [0,T] and the function Av(t) is 
continuous on the segment [0,T]. 

iii. v(t) satisfies the equations and initial conditions (6.1). If the function f(t) is 
not only continuous, but also continuously differentiable on [0,T], vq 6 D{A) 
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and Vq G D(A * ). It is easy to show that the formula 



t 

v(t) = c(t)v o + s(t)v q + J s(t - X)f(X)d\ 



gives a solution of problem (6.1). Here 



c{t) = 



gitA 1 / 2 _|_ g—itA 1 / 2 



s (t) = A- 1 ' 2 



e itAV* _ e-itA 1 ' 2 



Actually, obviously (6.1) can be rewritten as the equivalent initial- value prob- 
lem for a system of first-order linear differential equations 

(v (t) + iBv(t ) = z(t) (0 < t < T),v( 0) = vojv'(O) = v f 0 , 



z'(t)-iBz(t) = f(t), 



where B = A 2 . Integrating these, we at once obtain 

'v{t) = e~ iBt vo + f* e- iB ^- s h{s)ds, 

< 

K z(t) = e iBt z 0 + /J e iB ^f{p)dp. 

That is, 

v(t) = e~ iBt vo + f e- iB ^e iBs z 0 ds 

Jo 

+ [ e - iB(t ~ s) f e iB(s ~ p) f(p)dpds, 

Jo Jo 

so, using the condition v (0) + iBv( 0) = 2(0), we obtain 

v(t) = (e~ iBt + iB f e- iB(t ~ s) e iBs ds)v 0 

Jo 

+ f e - iB{t - s) e iBs dsv { 0) + f* e-W-*) f e iB ^ f{p)dpds. 

Jo Jo Jo 

By an interchange of the order of integration, we obtain 



a iBt a —iBt 



ABt „ — iBt 



-dsv (0) + / B 



rt iB(t-s) _ p —iB(t—s) 



-f(s)ds. 



Thus, by the definitions of B, c(t) and s(t) we have (6.2). 
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Theorem 6.1.1. Suppose thatv 0 € D(A) , v' 0 € D(A*) and f(t) is a continuously 
differentiable function on [0,T]. Then there is a unique solution of problem (6.1) 
and the stability inequalities 



max II v(t) || h< M 

0<t<T - 



II v o ||// + 



A 1/2y o II// + n ™«x II A 1/2 /(*) II// , 



max 

0 <t<T 



A l / 2 v(t) ||//< M 



A 1/2 V 0 II H + || Vq II H + max || f(t) || H , 



d 2 v(t) 

0 <t<T 11 ~dt ~ l|if + Q &<T 11 AV M[l1 AV ° + 11 J4V2U 0 I|W 

T 

+ n m ii// +| ii f(t) ii H dt] 

o 

hold, where M does not depend on f(t), t E [0,T] and v 0 , v' Q . 

Proof. Using formula (6.2) and estimates 

||c(0H//^// < 1, ||i4*s(i)llff-z/ < 1, (6.3) 

we obtain 

IK*)II// < \\c(t)\\H^H || ^0 ||// + ||^s( t )l|//-»// || A~%Vq ||// 

t 

+ J \\A* s (t - X)\\h-+h\\A~* f(\)\\ H d\ 

o 

<11 Vo ||h + || A~^v' 0 || h +T max || A~ 1/f2 f(t) \\ H . 

o <t<T w 11 

Applying Ai to the formula (6.2) and using estimates (6.3), in a similar manner, 
we obtain 

\\A^v(t)\\ H < ||c(*)||tf-H || A?V 0 \\ H +\\A*s(t)\\ H ^H II ^0 II H 

t 

+ J \\A*s(t - A) 11//^// 1| /(A) || //dA 

o 

<11 A* vo II H + II v' 0 \\ H +T max || f(t) \\ H . 

o <t<T " w 11 

Now, we obtain an estimate for || Av(t) \\h- Applying A to formula (6.2) and 
using an integration by parts, we can write the formula 



t 

Av(t) = c(t)Av o + Ah(t)A*v' 0 + f(T) - c{t)f( 0) - J c(t - \)f(\)d\. 

0 
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Using the last formula and estimates (6.3), we obtain 



||-Av(t)||/f < ||c(t)||jj_>ij || Avq || H +\\A 2 s(t)\\H^H || IIh 

t 

+ II f( T ) Ik + II c(i)|k_/r||/(0) || + J || c(t - A)||if_ > if||/'(A)||/fciA 

0 

<11 Av o ||h + || IIh +2||/(0) II H +2T max || f'(t) \\ H . 



Then from the last estimate, it follows that 

max || Au(t) ||h<|| Avq \\h + || A 2 Vq II h +2||/(0) ||h +2T max || f'(t) || h • 



The estimate for max II d \\h follows from the last estimate and the triangle 

o <t<T at 

inequality. Theorem 6.1.1 is proved. 

Remark 6.1.2. Theorem 6.1.1 holds in an arbitrary Banach space E under the 
assumptions 



c(t)\\E^E < M, \\A 2 s(t)\\E-+E < M, 0 < t < T. (6.4) 



Now, we consider the application of this abstract Theorem 6.1.1. First, we 
consider the mixed problem for hyperbolic equations 

' u u {t,x) - (a(x)u x ) x + u(t,x) = f{t,x), 0 <t<T, 0 < x < L, 

< u{ 0,x) = (p(x),u t ( 0,x) = ^(x), 0 < x < L, (6.5) 

u(t, 0) = u(t, L),u x (t , 0) = u x (t , L), 0 < t < T. 

Problem (6.5) has a unique smooth solution u(t,x) for smooth a(x) > 0 (x G 
[0,L]), (p(x), x ) ( x G [0, L]) and f(t,x) ( t G [0 , T], x G [0, L]) functions. This 
allows us to reduce the mixed problem (6.5) to the initial-value problem (6.1) in a 
Hilbert space H = Z/2[0, L] with a self-adjoint positive definite operator A defined 
by (6.5). Let us give a number of corollaries of the abstract Theorem 6.1.1. 

Theorem 6.1.3. For solutions of the mixed problem (6.5) the stability inequalities 



max || u(t, •) ||wi[ 0 li< M l max 

0 <t<T / uvv 2 yj,i,\ L o <t<T 



/(*>’) ||l 2 [0,L] + II V II W\ [0,L] 



+ II ^ ||l 2 [0,L]]> 



Ki<T II ll^2 2 [0,U + 0 <t< X T II Utt ^^ ll L2 [°’ L ] 



< M 



o max || ft(t,-) ||l 2 [o,l] + II f(®r) IIl 2 [o,l] + || <p ||w 2 2 [ 0 > l] + II ^ \\w'[o,l] 



hold, where M does not depend on f(t,x) and (p(x), ip(x). 
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The proof of this theorem is based on the abstract Theorem 6.1.1 and the 
symmetry properties of the space operator generated by problem (6.5). 

_ Second, let Q C M n be a bounded open domain with smooth boundary 5, 

Q, = fill S. In [0, T] x £7 we consider the mixed boundary- value problem for 
hyperbolic equations 

n 

U tt {t,x) - ^^(a r (x)u Xr ) Xr = f(t,x),x = (zi,. € 0,0 < t < T, (6.6) 

r = 1 

u(0,z) = ip(x), X ^ = ip(x),x G Q, 
u(t , x) = 0, x e S, 0 < t < T, 

where a r (x), (x 6 H), <p(x), i/>(x) (x € Q) and f{t,x) (t 6 [0,T], xEfl) are given 
smooth functions and a r (x) > 0. We introduce the Hilbert space L 2 (fi), the space 
of all integrable functions defined on fi, equipped with the norm 

II / lli, a (n)= if ••• J \f{x)\ 2 dxi---dx n }*. 

x£Q, 

Problem (6.6) has a unique smooth solution u(t,x) for smooth a r (x) > 0 and 
f(t,x) functions. This allows us to reduce the mixed problem (6.6) to the initial- 
value problem (6.1) in Hilbert space H = Z/ 2 (fi) with a self-adjoint positive definite 
operator A defined by (6.6). Let us give a number of corollaries of the abstract 
Theorem 6.1.1. 

Theorem 6.1.4. For solutions of the mixed problem (6.6) the stability inequalities 



max II u(t,-) || w i(o)< M max 
o<t<T v ' uw 2^ 1 )- o <t<T 



II L 2 {n) + 11 llwjffi) + 



^ Wl 2 (SI) ’ 



max || u(t,-) \\ W 2 ( o) + max || u tt (t,-) 

0 <t<T o <t<T 



L 2 m 



II L 2 (fi) + II II L 2 (Q) + II ^ llw 2 2 (Q) + II llw 2 1 (n) 

hold, where M does not depend on f(t,x ) and ip{x), ip(x). 

The proof of this theorem is based on the abstract Theorem 6.1.1 and the 
symmetry properties of the space operator generated by problem (6.6). 



< M 



max 

0<*<T 



6.2 Difference Schemes Generated by an Exact Difference Scheme 

We consider the initial-value problem (6.1). On the segment [0,T] we consider a 
uniform grid 

[0, T\ T = {t k = kr,k = 0, 1, ... , N, Nr = T} 




318 



Chapter 6. Partial Differential Equations of Hyperbolic Type 



with step r. By Theorem 3.1.1 we have the following two-step difference scheme 
for the solution of the initial- value problem (6.1): 



12 1 
-s(T)v(t k + i) s(r)c(r)u(i fc ) + -s(T)v(t k -i) 

T T T 



1 < 



^ P t k+ i rtk 

-s(r){ / s(£ fe+ i - z)f(z)dz + / s(z 
t dtk Jtk-i 

k < N — l,i;(0) = vq. 



tk-i)f(z)dz), 



r _1 (t)(r) - v(0)) = r _1 (c(r) — /)v(0) + r _1 s(r)t;'(0) + r _1 f s(r-z)f(z)dz 

Jo 

or 

1 2 

■^{uk+i ~ 2 u k + u k - 1 ) = ^(c(r) - I)u k + fk, (6.7) 

fk = , r _1 {/i,fc+i + s(r)/ 2 , fc - c(r)/i ;fc }, 

/i,fc = t -1 f s(t k - z)f(z)dz, f 2 ,k = t -1 f c(t k - z)f(z)dz, 1 < k < N - 1, 

Jtk-1 Jtk-l 

Uo = v 0 ,ui = c(t)v( 0) + ^r^O) + t/ m . 

The latter will be referred to as the exact two-step difference scheme for the 
initial- value problem (6.1). 

Suppose the operators (7 — e 2rzB ) and (7 + e rlB ) have the bounded inverses 
(7 — e 2rlS ) -1 and (7 + e riB )~ l . Then this problem is uniquely solvable and the 
following formula holds: 



Uk 



k - 1 



[e~ kriB - (7 - e 2riB )- l {e~ kriB - e kTiB )]u 0 
+ e riB (I - e 2TiB )- l {e~ kriB - e kriB ) Ul 



+r 2 ^e TiB ( 7 - 



JlriB 



Y\e 



~(k—m)riB ( k - 



' )TiB )fm,2 < k < N. 



m — 1 



( 6 . 8 ) 



Actually, (6.7) can be rewritten as the equivalent initial- value problem for a system 
of first-order difference equations 



r 1 (u k - Uk- 1 ) + r l (I -e TlB )u k - 1 = Zk, 1 < k < N, u 0 , ui are given, 

< 

J~ 1 ( z k+ 1 - Zk) + - e TiB )z k = fk, 1 < k < N - 1. 

Prom this follows the system of recursion formulas 

f u k = e~ TlB u k - 1 + rz k , 1 < k < N, 

< 

Yk +1 = e TlB Zk + rfk, 1 < k < N - 1. 
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Hence 



U k = e~ kTiB u 0 + £ e~( k ~ s ^ TiB Tz s ,l < k < N, 



S = 1 



k - 1 



Z k = e ( ' k ~ 1 ^ irB zi + £ e < ' k ~ 1 ~ m ^ TiB Tf m , 2 <k<N. 

m= 1 



Prom this it follows that 



Uk 



ui = e 1 «o + TZ 1 , 

= e~ kTiB uo + e-( k -V TiB T Zl 



S— 1 



+ ^ e -(fc- S )r<B T [ e ( 5 - 1 )irB 2 i + ^ 



s=2 



m= 1 



Since 



— e~ kriB Uo + ^ p -{k-s)TiB p (s- 



e vv e v ° l)irS] T2 i 



s=2 






s— 1 



53 e {s - l - m)TiB T 2 f m ,2 < k < N. 



S = 2 



m=l 



e -(fc-l)riB ^ e -(fe-s)rzB e (s-l)irB _ _ e 2riB^-l ^ e ~(fc-l)riS _ e (/c+l)rz£) 



s=2 



= (/ - e 2TiB ) -1 e T<B (e -fcTiB - e feriB ) 



and 

fc 



S— 1 



k— 1 



' S ^ e ~( k ~ s ) TiB ^ e^ S ~ l ~ m>)TiB T 2 f m = ^ ^ e -(fc-5)rzB e (s-l-m)riB r 2yr^ 



s=2 



m=l 



m=l s=m+l 



fc-1 



= 53(/-e 2TiB )- 1 e TiB (e 



riB ( —{k~m)TiB ( k—m 



)TiB )r 2 f„ 



m = 1 



we have that 



Ufc = e~ kTiB U 0 + (I- e 2riByl e TiB( e -kTiB _ gfcriB^ 

fc-1 

+ ]T(J - e 2TiB ) -1 e T<B (e“ (fc_m)TiB - e (fc - m)TiB )r 2 / m ,2 <k<N. 

m— 1 

Using this formula and the formula rz\ — u\ — e~ riB uo , we can obtain for- 
mula (6.8). 

Let us investigate the stability of the exact two-step difference scheme (6.7). 
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Theorem 6.2.1. Suppose the operators (7-e 2rtS ) and ( I + e riB ) have the bounded 
inverses (7 - e 2rtB ) _1 and (I + e TlB )~ 1 . Suppose further that uq £ D(B 2 (I + 
Ul -u 0 e D(B 2 (I - e 2 ™ 5 )" 1 ) and f k £ 5(5(7 - e 2 ™ 5 )" 1 ),! < k < 
N — 1. Then for the solution of the exact two-step difference scheme (6.7) the 
following stability inequalities hold: 

maxl|ufc||tf < M[ max j|r(7 - e 2T * B ) _1 /fclk (6-9) 

0 <k<ls l<k<N—l 

+ || (/ — e 2riB ) 1 (ui — Uq) ||h + || (7 + e TlB ) 1 uo |k]> 
max||r _1 (ufc - tife-i)||if + max||r _1 (7 - e _rtB )ufc_i|k (6.10) 

1 <k<N l<k<N 

<M[ max j|r5(7 - e 2TlB ) _1 /fclk 

L i<fe<N-l 

+ || 5(7 - e 2riB )~ 1 (ui - uq) \\ h + || 5(7 + e TiB )-k 0 \\h], 

2 

i< max_ i ||r _2 (itjt+i - 2 u k + u k -i)\\H + ( C ( T ) “ (6- 11 ) 

<M[ max || 5(7 — e 2riB )~ 1 (f k - f k -i) Ik + || tB(I — e 2riB ) _1 /i |k 

2<fc<iV— 1 

+ || 5 2 (7 - e 2TiB )~ l {u\ - uq) \\ h + || 5 2 (7 + e TiB )- 1 u 0 Ik], 
where M does not depend on t, f k , 1 < k < N - 1 and uq, u\. 

Proof. Using formula (6.8) and the estimates 

||e ±fcTiB ||^ ff < 1, 1 <k<N, (6.12) 

we obtain 

lltifclljf < ||(7 + e TiB )e~ kTiB - {e~ kTiB - e kriB )\\ h ^h || (7 + e riB )~ko Ik 
+||e- fcriB - e kTiB \\ H ^ H || (7 - e 2TiB ) -1 (ui - u 0 ) |k 

k— 1 

+r 2 ^ ||e TiB (e-( fc - m ) TiB - e^- m ^ iB )\\ H ^H\\(I ~ e 2riB )~ l f m \\ H 

m= 1 

<M[ max j|r(7-e 2 - B )- 1 /m|k 

+ II (7 - e 2riB )~ 1 (ui - Uq) Ik + II (7 + e T<B )-ko |k] 

for fe > 2. It obviously holds also for k = 0, 1. The estimate (6.9) is established. 
Applying r -1 (7 — e~ riB ) to formula (6.8) and using estimates (6.12) and 

|| r -i(/ _ e _TiB )5 _1 |k-*H < 1, (6-13) 
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in a similar manner as (6.9), we obtain 

|| r -i(/ _ || H < || T -i (/ _ e - HB )B- l \\ H ^ H 

x { || (/ + e TiB )e- (fc - 1)TiB - (e - ( /c - 1 ) TiB - e {k ~ 1)TiB )\\ H ^H || B(I + | 

+||c-( fc -D TiB - e< fe - 1 > TiB || h^h || B(I - e 2r<B ) _1 ( U i _ Uo ) || H 

k—2 

+t Y ||c T<B (e- (fc - 1_ro)T<B - e (fe - 1 - m)TiB )|| // ^H||rB(/ - e 2TiB )- 1 / m || i/ } 



<M[ max \\Bt(I - e 2TlB ) 1 f m \\ H 

l<m<N — 1 

+ || B(I - e 2riB )~ 1 (ui - «o) ||h + II B(I + e riB )~ 1 uo ||„] 
for k > 3. It obviously holds also for k = 1, 2. So, we have that 



max ||t 1 (I-e nB )u k -i\\H 

l<k<N 



- M K <^-P r ^ ~ e2TiB ) 1 ^ H 

+ || B(I - e 2TiB )-\ Ul - «o) II* + || B(I + || H ]. 

In a similar manner one can show that 

- " e 2T<B ) -1 /*|| H 

+ || B(I - e 2TiB )~ 1 (u\ - u 0 ) ||h + || B(I + M- 

Estimate (6.10) is established. Now, we obtain the estimate for || ^( c(r)—I)uk || h- 
Applying ^(c(r) — I) = ^e“ nB (I — e rlB ) 2 to formula (6.8) and using Abel’s 
formula, we can write the formula 



Mc(r) - I)u k = - e Ti B f[ r -kriB 



-(I + e TiB )-\e~ kTiB - e kTiB )]u 0 
+\(I - e riB ) 2 (I - e 2TiB )-\e~ kTiB - e kriB ){ Ul - uq) 



+ -(/ - e riB ) Y T(I ~ e TiB )(I - e 2TiB ^~ l ^ e -( k -m)TiB _ e (k-m)riB^ n 



= —^e~ TiB (I - e TiB ) 2 [e~ kriB - (I + e TiB )-\e~ kTiB - e kTiB )]uo 
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- e TiB ) 2 (I - e 2TiB )-\e 



t 2riB\ — lf—kriB JzriB 



)(ui -Uo) 



k - 1 



+_(/ _ e -B) t(I - e 2TiB )- 1 (e- (fe - m)TiB + e (fc+1 - m)riB )(/ m - f m - 1) 

m — 1 

+ 1(7 _ e riB^ e -(k-l)TiB + e kriB^j _ ^TiByl^ 

-1(7 _ e riB ){ 7 + e riB )(/ _ 

Using the last formula and estimates (6.12) and (6.13), we obtain 
4||(c(r) - I)u k \\ H < || Ul - e TiB )B^\\ 2 H ^ H 



x\\e- TiB \\ H ^H\\(I + e riB )e 

,1 



jiB\ g) — kriB _ kriB _ c kriB\ 



\H-+H 



,\\ B \I + e^y'uoWH + || -(/ - e TiB )B- l \\ 2 H ^ H \\e 

,1 



■kriB „kriB || 

-e H — H 



'\\B\I - - u 0 )\\h + ||-(/ - e TiB )B~ 1 \\H-,H 



k—1 



£ ^ll(^ (fe - m)TiB + e^ +1 -^ TiB )\\ H ^H\\B(I - e 2TiB )~ 1 (f m - / m _!) || H 



771=1 

+||1(/ - e riB )5- 1 ||^||e-^- 1 ) riB + e kTiB \\ H ^ H \\TB(I - c 2t<b )- 1 / 1 ||jj 

+ ||I (7 _ e - B )5- 1 ||^||7 + e T<B ||^ H ||r5(/ - e 2rtB )- 1 / fc _i||* 

< Af r max || B(I - e 2TiB )~\f m - f m ^) \\ H + || rB(I - e 2 - 3 )" 1 /! \\h 

z <- m <; 7 v —1 

+ II B 2 (I - e 2TiB )-\ Ul - u 0 ) || H + || B 2 (I + e TiB )~ 1 UQ || ff ] 

for k > 2. It obviously holds also for k = 1. So, we have that 

i<^J^ WT)_jr)ttfcl1 * 

< M^max^ || tB(I - e 2TiB )~\f k - f k _{) ||* + || tB(I - e \\ H 

+ II B 2 (I ~ e 2riB ) _1 (ui - u 0 ) || if + || B 2 (I + e TtB )~ 1 uo ||/f]. 

The estimate for max \\t~ 2 (uk+i—2uk+Uk-i)\\H follows from the last estimate 

l<k<N-l V 

and the triangle inequality. Theorem 6.2.1 is proved. 

Note that we have not been able to obtain the stability inequalities 



^ M K<™<nJ B 1 ^ h+ II B lj 1 ^ Ul - u °) ll ff + II IM> 

- «fc-i)lk + 1 ^ c A P r_1 ( 7 “ e _riB )u fe _i||ii 



max | 
l<k<l 
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\\ fm\\H + \\BUq\\h + \\T 1 (U 1 -UfOIM, 

l<k<N— 1 

2 

l<“ a W-| T_2 ^ fc+1 “ 2u k+ U k-l)\\H + 1<; ^J ^2 ( C (r) “ 7 Wlk 
< II r_1 (/fe - fk- 1) Ik + || /l Ik 

+ II Bt~\ui - u 0 ) Ik + II B 2 u 0 Ik] 

for the solution of the exact two-step difference scheme (6.7). Nevertheless, the 
following result holds. 

Theorem 6.2.2. Suppose the operators (I — e 2riB ) and ( I + e riB ) have the bounded 
inverses ( I—e 2riB )~ l and (I+e rlB )~ 1 . Suppose thatuo £ D(B S ), ui~uo £ D(B 2 ) 
and fk £ D(B), 1 < k < N — 1. Then for the solution of the exact two-step 
difference scheme (6.7) the following stability inequalities hold: 

o^JKIk < M I 1< ^_1I^H" + II r_1 ( Ul _ u °) + II Bu o lk]> ( 6 - 15 ) 

max||r _1 kfc - u fc-i)lk + max||r _1 (7 - e~ TlB )u k -i\\H (6.16) 

1 <k<N 1 <k<N 

<M[ max \\ Bfk\\H +\\B 2 u 0 \\h +\\ Bt~ 1 (ui-u 0 )\\h], 

l<k<N— 1 

2 

i<fc<w-l r_2 ^ fe+1 “ 2uk + Uk ~^ H + W T ) - J Klk (6-17) 

< II Br-\f k - fk- i) Ik + II Bfi Ik 

+ II £ 2 T _1 ki - u 0 ) Ik + II B 3 u 0 Ik] 
where M does not depend on r, fk, 1 < k < N — 1 and u$, u\. 

Proof Using formula (6.8) and estimates (6.12), (6.13) and 

||(7 - e 2T<B )- 1 (e- feTiB - e kTiB )\\ H ^ H < k, (6.18) 

we obtain 

Ikfclk < ||e _feT * s |k — h || Uo Ik +ll r_1 (7 - e -TtB )7? -1 |k-»ff 
x ||(7 — e 2riB )~ 1 (e~ kTiB — e kTiB )\\fj_> H r || Bu 0 \\ H 
+||(7 - e 2riB )~ 1 (e~ kTiB - e kTiB )\\ H -> H T || r^ki - «o) Ik 

fc-i 

+r 2 £ l|e TiB |k-H||(7 - e 2riB ) - 1 (e-( fc - m)T<B - e ( fc -"*) riB )|k^||/ m |k 

m = 1 

< M{ max ||/ m |k+ II - «o) Ik + II Bu 0 |k] 
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for k > 2. It obviously holds also for k = 0, 1. Estimate (6.15) is established. 
Applying r _1 (/ - e~ rlB ) to formula (6.8) and using estimates (6.12), (6.13) and 
(6.18) in a similar manner as (6.15), we obtain 

|| r -i(/ _ e~ TiB )uk-i\\ H < 

x{ ||e-( fc -i) TiB || M || Bu 0 ||tf +||r _1 (7 — e~ TiB )B~ 1 \\ H ^H 

X||(/ - e 2riByl( e -(k-l)TiB _ e ( fe -l)r i B ) ||^ || ^ y 
+ 11(7 - e 2riByl {e -(k-l)riB _ || ^ || ff 

k — 2 
m=l 

- \\ B f™\\n+ II Bt _1 (ui — uo) IIb + II B 2 u 0 ll/f] 
for k > 3. It obviously holds also for k = 1, 2. So, we have that 

1<1kaP T ” 1(/ " e ~ TiB ) U k-l\\ H 

- M K <™<N-^ B ^ H+ II ■ Br_1 ( u i ~ u o) II H + || B 2 Uo ||tf]. 

In a similar manner one can show that 

i<*^ r-1 ( Ufc- “* _i )ii B 

< II • Br-1 K - u 0 ) lltf + II B 2 uo IIh]. 

Estimate (6.16) is established. Now, we obtain the estimate for || ^(c(r)-7)ufc ||#. 
Using formula (6.14) and estimates (6.12), (6.13) and (6.18), we obtain 

^||(c(r) - 7H||h < ||1(J - e TiB )B~ 1 \\‘j 1 ^ H \\e~ TiB \\H^H[\\e~ kTiB \\H-yH 



x ||5 2 u 0 ||b + ||-(7 — e riB )B~ 1 \\H- >H 

T 

x ||(7 - e 2 - B )- 1 ( e - feTiS - e kTiB )\\ H ^ H \\B\o\\H} 

+||1(7 - e^B-'W^nW - e 2 ” 5 )- 1 ^ 5 - e fe - B )||^||5 2 (n 1 - uo)\\h 

« k— 1 

+||-(7 - e TiB )B- l \\ H ^ H T \\(I - e 2TiB )-\ e -^- m ^ iB - e (k - m)riB )\\ H ^ H 

m = 1 

k-1 

x\\B(f m -f m -i)\\ H +Y \\{I-e TiB )(I-e 2TiB )-\^ k - m ^ iB +e^ k+1 - m ^ iB )\\ H ^ H 

171= 1 
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x || (fm - fm-l)\\H + ||-(/ - e^B-'Wa^H 

T 

x||(J - e 2TiB )-i[e-(*-i> TiB - e {k - 1)TiB ]\\ H ^H 
xWrBhWn + || (/ - e TiB )(I - e^Byi^k-Dns + e **"]|| H ^ f ||/ 1 || H 
+||(7 - e TiB )(I - e 2 ' riB ) _ i [ / + e^lH^HA-ilk 

- 11 BT ~ X U m ~ £»-i) II" + 2 <S_ 1 II II" 

+ II Bfi ||// + II /i II h + || 7? 2 r ~ 1 (« i - «o) ||// + || B 3 uo ||// +\\B 2 uo\\h] 
< Mi [ max || - f m ^) \\ H + || Bfi ||// 

2<m<N—l 

+ || B 2 t~ 1 {u\ - w 0 ) ||// + || B 3 u 0 ||//] 
for k > 2. It obviously holds also for k = 1. So, we have that 



- A?| l i 1 ;^ , I Bt Ha - A-i) iff + ii sf ! in 

+ II B 2 T~ l (ui - W 0 ) ||// + II B 3 u 0 ||//]. 

The estimate for max ||r _2 (wfc + i— 2wfc+Wfc_i)||// follows from the last estimate 

l<k<N—l 

and the triangle inequality. Theorem 6.2.2 is proved. 

Remark 6.2.3. Theorem 6.2.2 actually holds in an arbitrary Banach space E under 
the assumptions 

He^^IlM < M, 1 < k < N, (6.19) 

where M does not depend on r. 

Now, we will consider the applications of the exact difference scheme (6.7). 
From (6.7) it is clear that for the approximate solutions of problem (6.1) it is 
necessary to approximate the expressions 

rtk rt k 

s(r),c(r) and / s(t k -z)f(z)dz, c(t k - z)f(z)dz. 

Jtk - 1 Jtk-1 



Let us remark that in constructing difference schemes it is important to know how 
to construct ffc 1 and f{\ such that 



r l k + 1 rtk 

2 / s(t k+ 1 - z)f(z)dz - c(r)r -2 / s(t k - z)f(z)dz (6.20) 

Jtk Jtk-1 

+ s{t)t ~ 2 f c(t k - z)f(z)dz - f k ’ 1 = o{T j+l ), 

Jtk - 1 

1 [ T s(T-z)f(z)dz-f{ : \=o(Ti+ l ) 

Jo 



( 6 . 21 ) 
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and the formulas of f^ 1 and f{'[ are sufficiently simple. The choice of f^ 1 and 
f{\ is not unique. Using Taylor’s formula and integration by parts, we obtain the 
representation 



r 



-2 




- z)f(z)dz 



( 6 . 22 ) 



= 31 Z Pmf [m Htk-l) + T~ 2 P S(t k -Z) j S {S Z ^ f(^)( Z )dzds, 
m = 0 •'tfe-i J tk - 1 l). 

in which 

T m - 2 

/ 3m = -A -1 — j- + A~ l p m - 2,2 < m < j + 1 - 1, 
ml 

Po = t~ 2 A~ 1 (c(t) - I),P 1 = t _2 4 _1 (s(t) - rJ). 



In a similar manner one can obtain that 



T 



-2 




z)f{z)dz 



(6.23) 



= ’Z W W (fc-.) + r- a r 

m=0 Jt k - 1 U + * i J- 

in which 

7m = 1 < m < j + / - 1,70 = t~ 2 s(t). 

Using the definitions of s(r) and c(r) and Pade fractions for the function e~ z (see 
Chapter 2), we can write 



C ( T ) _ + + 0 ^+J+2^ 

_ g-1 Ri,l+i(iTB)-^R j ,i + 1 (-irB) + 0 ^ r j+J+2^ 



(6.24) 



Now, using formulas (6.20), (6.21), (6.22), (6.23) and (6.24) fp l and f([[ can be 
defined by the following formulas: 




j+i - 1 



Y B m f< m \t k ) + B- 1 



R jt i +1 {iTB) - R jt i+i{-iTB) 

2 * 



(6.25) 



j+l — 1 

X Y 1) 

771 = 0 



Rj,i+i(irB) + Rj t i + i(—iTB) 
2 



j+i-i 

Z 



771=0 






j+l - 2 ~ 

fi'!i =Y B ” 



f {m) ( o), yf = Tfi’i, 



771=0 



(6.26) 
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where 



j . m —2 

B m = -A~ l — + A~ 1 B m - 2,2 < m < j + 1 - 1 , 

ml 

d _-2 4-1 , RjJ + iiirB ) + Rj , i + i (- iTB ) T s 

B 0 = t A ( I), 

Bl = t - 2 A - i { b - i R jM ^ B ) - R j > l + 1 (- iTB ) _ ^ 



Bm = B m -i, 1 < m < j + l - 1, 



Bo = t~ 2 B 



-iRj,i+i(irB) - R jt i +1 (-iTB) 



2 * 



Now, using formulas (6.24), (6.25) and (6.26), we obtain the difference schemes to 
a ( j + Z)-th order of accuracy 



T 2 {u k + 1 - 2 u k + Uk_i) + Au k = fl ’ 1 , 1 < k < N - l,u 0 = w 0 , (6.27) 



A = 2t- 2 {I - fi J’ 1+ i(* Tg ) + 

-«.) = + ' R)j( - ir ' B > - /)„ 



for the approximate solution of the initial-value problem (6.1). 

Note that the difference schemes (6.27) for j = l ,j = l — 1 and j = / + 1 
include difference schemes of arbitrary high order of approximation. Moreover, 
the corresponding functions \Rjj+i(z)\ tend to 0 as z —> oo for j = l — 1 , l and 
\Rjj+i(z)\ = 1 for j = l + l. Such difference schemes are simplest, in the sense that 
the degrees of the denominators of the corresponding Pade approximants of the 
function exp{— z} are minimal for a fixed order of approximation of the difference 
schemes. 

Suppose the operators (I - Rj ^irB)) and (I + Rjj(irB)) have the bounded 
inverses (I — R^^irB)) -1 and (I + Rj^irB)) -1 . It is clear that this problem is 
uniquely solvable and the following formula holds: 



Uk = [Rhi-irB) -(I- R 2 j(iTB))~ 1 (Rj' l (—iTB) - R^irB))}^ (6.28) 

+R j ,i(irB)(I - RhiiTB^iRhi-irB) - R^irB))^ 

k- 1 

+r 2 £ R h i(irB)(I - R 2 l (iTB))~ 1 (RjJ m (-iTB) - R*J m {i T B))f%!, 2 < k < N, 

m= 1 



U 1 = 



RjjjirB ) + Rj t i(-iTB) 



v 0 + B' 



RjjjirB) - Rjj(-iTB) 



2 i 



v'(0) + t f 0 ’ 1 , 



u 0 = v 0 . 



Let us investigate the stability of the exact two-step difference scheme (6.27). 
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Theorem 6 . 2 . 4 . Suppose the operators ( I - R 2 j(irB)) and ( I + Rjj(irB)) have 
the bounded inverses (I — R^^irB)) -1 and (I + Rj^{irB))~ l . Suppose that uo G 
D(B 2 ), u\ - uo G D(B). Then for the solution of the two-step difference schemes 
(6.27) for j = l and j = l — 1 the following stability inequalities hold: 

< M[^max J|l? _1 /fc ' 1 \\ h + II B~ l r~ l (ui - uq) \\h + || ||h]» 

- u k -i)\\H + ^axjT -1 ^ - e~ TlB )u k -i\\H 
< M[ max ||/fc’ ( ||//+ || - w 0 ) ||// + || Bu 0 ||h], 

max ||r _2 (iifc + i -2u fe + Ufc_i)||i/+ max J|v4u fc || H 

l<k<N-l l<k<N —1 

< M[ max || - fl ^j) || h + || fi' 1 || if 

2<k<N-l K 

+ || £t -1 (ui - w 0 ) ||fj + II B 2 u 0 ||i/], 
where M does not depend on r, f^ 1 , 1 < k < N — 1 and uo, u\. 

The proof of Theorem 6.2.4 follows the scheme of the proof of Theorem 6.2.1 
and relies on formula (6.28) and on the estimates 

\\Rj,i+i{±iTB)\\H-*H < 1, (6.29) 

|| tB(I - RI^StB^Rji+StB^h^h < M. (6.30) 

Note that estimate (6.30) is not satisfied for j = l + 1. Therefore we have not been 
able to obtain the same stability inequalities for the solution of the exact two-step 
difference scheme (6.27) for j = l + 1. Nevertheless, the following result holds. 

Theorem 6 . 2 . 5 . Suppose the operators (I — R 2 t (iTB)) and (I + Rjj(irB)) have 
the bounded inverses (I — R 2 ^irB)) -1 and ( I + Rj^{irB ))~ l . Suppose that u$ G 

D(B 3 ), m - uq G D(B 2 ) and ffc 1 G D(B), 1 < k < N - 1. Then for the solu- 
tion of the two-step difference schemes (6.27) for j = l + 1 the following stability 
inequalities hold: 

max|«fc||tf < M[ i< max^j|/^||//+ || r _1 (wi - w 0 ) \\h + || Bu 0 || ff ], 

max|T -1 («fc - Wfc_i)||f/ + ^maxjT -1 ^ - e~ TlB )uk-\\\H 

< M[ i< max_||5/^’ i ||//+ || Bt~ 1 (u\ - w 0 ) ||// + || B 2 u 0 ||//], 

max ||r _2 (wfc + i - 2w fc + w fc _i)||if + max J|^4ufe||j^ 
l<fc<AT-l l<fc<iV— 1 

<M[ max \\ T~ 1 B(f J k ' 1 - fl’^) \\h + \\ Bf{ 1 \\ H 

l 2<k<N-l K K 1 

+ II B 2 t~ 1 {u\ - w 0 ) 1 1 H + II B 3 u 0 || h], 
where M does not depend on t, fl’ 1 , 1 < k < N — 1 and uq, u\. 
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The proof of Theorem 6.2.5 follows the scheme of proof of Theorem 6.2.2 and 
relies on formula (6.28) and on estimates (6.29) and 

||(/ - R u+1 (2iTB))- l (Rj,i + i(-iTB) - Rl l+l {iTB))\\ H ^ H < k. (6.31) 

Remark 6.2.6. Theorem 6.2.5 actually holds in an arbitrary Banach space E under 
the assumptions 

\\Rt l+1 (±iTB)\\ E ^E <M,l<k<N, (6.32) 

where M does not depend on r. 

Now, the abstract Theorems 6.2.4 and 6.2.5 are applied in the investigation 
of difference schemes of higher order of accuracy with respect to one variable for 
approximate solutions of the mixed boundary- value problem (6.6). The discretiza- 
tion of problem (6.6) is carried out in two steps. In the first step let us define the 
grid sets 

Q h = {x = x m = (h\m\, . . . ,h n m n ),m = (mi,...,m„), 

0 < m r < N r , hrN r = L,r = 1, . . . , n}, 

Q,h = n fi, Sh = n S. 

We introduce the Banach space £ 2 (^/ 1 ) of the grid functions <p h (x) = {ip(himi, 
. . . , h n m n )} defined on equipped with the norm 

II / HL 2 (n„) = ( I^WI 2 ^ ■■■h n )l. 

To the differential operator A x generated by problem (6.6) we assign the difference 
operator A\ by the formula 

n 

A h u x = - - ) XrJr (6.33) 

r = 1 Xr 

acting in the space of grid functions u h (x ), satisfying the conditions u h (x) = 0 
for all x € Sh- It is known that A \ is a self-adjoint positive definite operator in 
T 2 (fih)- With the help of A x h we arrive at the initial- value problem 

d vh ^ x) + A *hV h & x) = f h (t,x),0<t<T,xe Q h , (6.34) 

v h (0,x) = p h (x), dv = ip h (x), xen h 

for an infinite system of ordinary differential equations. 

In the second step we replace problem (6.34) by the difference schemes (6.27) 

T ~ 2 ( u k+i( x ) - 2ufc(z) + «fc_i(as)) + A%vi(x) = f£(x), (6.35) 

tk = fer, 1 < k < N — 1, x G fi/i, 
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«S(x) = /(*), T-'(«f(*) - «S(i)) = 



-ip h (x) + t/q(x),x e fifc, 



3j = 2r -2 (/ - fi )J+l('rS9 + flw( (B *)* = 



/‘(x) = + B-' R >^ irB V -%^-irBi) 



m = 0 

j+l — 1 

X £ m / (m) (^-l,x) 

m=0 



m=0 

j+i-2 ~ 

fo( x ) = T X 5 m/ (m) (0,a;), 

771=0 

where 

—771 — 2 

B m = j- + (^)- 1 5 m _ 2 , 2 < m < j + l - 1, 

m! 

Bo = r- 2 ( J 4;)- 1 ( fl2 ' ,+l(iTB;)+ 2 ^ l+l( ~ iTBa - I), 

b, = r-HAu-'mr e » _ T/) , 

zz 

Bm = B m — I? 1 < m < j l 1 ■ 

5 T -2 /Rir i%iK) - 

S° = r (2?„) ’ 

Theorem 6.2.7. Let r and \h\ be sufficiently small numbers. Then the solutions of 
the difference schemes (6.35) for j = l and j = / — 1 satisfy the following stability 
estimates: 



ll L2( ^ 11 ( ^ )_1/ " Hmiu) 

+ II ( B h) l i )h llL 2 (fi h ) + II ^llz, 2 (n h )]> 
maxjT-'iut - utO || L2(fih) < || /£ || L2(S(i) 



+ II ^ ll L2 (n„) +XlK rr mJ l ^(^) ] ’ 




6.2. Difference Schemes Generated by an Exact Difference Scheme 



331 



max I It 2 (ui , , -2ui+ui_-,) 

l<fc<jV— 1 + 



l 2 ( n h )~ Ml 



max 

l<k<N-l 



T ~ 1 (fk ~ fk-l) 



L 2 (n h ) 



+ II fo II L 2 (Qh) + S T 1 

r = 1 



- I 

x r ,m r 



Q h ) + )x r ,m r } 



L 2 (n h ) 



1 L 2 (n h )\ 



r — 1 



Here M\ does not depend on r, h, ip h (x), f ip h ( x ) and /£ (x), 0 < k < N — 1. 



The proof of Theorem 6.2.7 is based on the abstract Theorems 6.2.2 and the 
symmetry properties of the difference operator A\ defined by formula (6.33). 



Theorem 6.2.8. Let r and \h\ be sufficiently small numbers. Then the solutions of 
the difference schemes (6.35) for j = 1 + 1 satisfy the following stability estimates: 



max II ui 
o <k<N 



1 L 2 (Q h ) 



< Mi 



max 

0<k<N-l 



II fk 



1 L 2 (Q h ) 



+ II 1> h llL 3 (n h ) + T,\\v h Xr - m J\ L2i n h) } 

r— 1 r ’ r 



n 



max ||t 1 (ui-ui_A 
l<k<N v * * u 



'L 2 {n h ) 



< M\\ max 

L 0 <k<N 






r — 1 



L 2 (Q h ) 



+ X> /1 - 



r — 1 



X'p , TTt 'p 



'L 2 (n h ) 



+ X^ )*»•, 



m r \\L 2 (Q h ffi 



max r 
l<k<N - 1 



r= 1 

-2( n ,h o n .h i „.h 



( U k + 1 2i/ fc +W fc -i) II L 2 (h h ) 



S "‘Us*., ii^ 1 EiK/f),^-(/f-.) i 



r=l 



r ,m r L 2 {Q h ) 



+ElK/.\^Hw5., + ElK^> 






+ £ll((/-)xj* r . 



NL2(fifc)J- 



r=l 



r= 1 



r=l 



ifere Mi does not depend on r, h, +> h (x), \j) h {x) and (x), 0 < k < N — 1. 



The proof of Theorem 6.2.8 is based on the abstract Theorem 6.2.4 and the 
symmetry properties of the difference operator A x h defined by formula (6.33). 

Note that in a similar manner one can construct the difference schemes of a 
high order of accuracy with respect to one variable for approximate solutions of 
the boundary- value problem (6.5). Abstract Theorems 6.2.2 and 6.2.4 permit us 
to obtain stability estimates for the solutions of these difference schemes. 
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6.3 Two-Step Difference Schemes Generated 
by Taylor’s Decomposition 

We consider again the initial- value problem (6.1). For the construction of the two- 
step difference schemes of an arbitrary high order of accuracy for the approximate 
solutions of the initial- value problem (6.1) we consider again a uniform grid space 

[0, T\ r = {t k = fcr, k = 0, 1 , . . . , N, Nr = T}. 

Let the function v(t )( 0 < t < T) have a (21 + 2j + 2)-th continuous derivative 
and £fc-i,£fc,£fc+i G [0,T] r . Then by Theorem 3.2.2 we have the following Taylor 
decomposition on three points: 



i 

v(tk+ 1 ) - 2 v(t k ) + v(t k ^) - Y,<XsV {2s \t k )T 2s (6.36) 

S= 1 



~^Vs (v {2s) (tfc-1 ) + U (2s) (tfc+1 ))r 2s = 0 ( r 2 i + 2 i+ 2 ) , 

S= 1 

where ry m , m = 1, . . . , j is a solution of the system 

' s — 1 

= ( 2 I)! - E (2s—2m)\ ’ for any s, l + 1 < s < j, 

m= 1 

< (6.37) 

E ff-w)! = !» for any s, jf + 1 < s < l + j, 

m=l 

and 

“1 = 1- a * = ( (2sji Vm p (g-m))! ^ 2 for an y s > 2 < s < 1 

Suppose further that the function v(t) (0 < t < T) has a (21 + 2 j + 1)- 
th continuous derivative. Then by Theorem 2.2.1 we have the following Taylor 
decomposition on three points: 



v(t) 

where 



2 j 21 

v (s) (t)t S - Y,PsV (S) (0)t S = o(T 2l+2j + 1 ), 

S— 1 s= 1 




(6.38) 
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Now, we will consider the applications of the Taylor decomposition (6.36) of 
function v(t) on three points and Taylor’s decomposition (6.38) of function v(t) 
on three points to approximate solutions of the initial- value problem (6.1). Prom 
(6.36) and (6.38) it is clear that for the approximate solution of the problem (6.1) 
it is necessary to find v^(r) for any s, 1 < s < 2Z, v^ 2s \tk) for any s, 1 < s < l 
and y( 2s \tk- 1 ), v^ftk+i) for any s, 1 < s < j. Using the equation 

v"(t) = - Av(t) + f(t ), 



we obtain 

n 

v^){t) = i-A) n v(t) + ^(-A)”- a / (2A-2) (t), n = 2, . . . , (6.39) 

A=1 

n 

t> {2n+1) (i) = ( -A) n v'(t ) + J2(-A) n ~ x f( 2X -V (t), n = 1, — (6.40) 

A=1 

Suppose further that the function v(t )( 0 < t < T) has a (21 + 2 j - 2m + 2)- 
th continuous derivative. Then by Theorem 2.2.1 we have the following Taylor 
decomposition on two points: 

2/— 2[f ] 2j— 2m+2[f ] + l 

v(r) - v(0) + ^ a s v^(r)r s - b s v( s \0)r s = 0 ( r 2/ + 2 i- 2m + 2 ) ? 

S=1 S=1 

(6.41) 

where 



(la 



(2l+2j-2m+l-s)\(2l-2[f])\(-l) s 
(2Z+2j+l-2m)!s!(2p-2[f ]-s)! 



for any s, 1 < s < 21 - 2[y] 



(2i+2j + l-2m-s)!(2j-2m+2[^l + l)! , 

(2f+2j+l-2m)!s!(2j-2m+2[f] + l-s)! for ^ S > 



l 1 < s < 2j - 2m + 2[y] + 1, 

where [a] denotes the integer part of the number a. Further using formulas (6.39), 
(6.40) and (6.41), we can write 



i-[f] 



i - m 



t/(r)-t/(0)+ E a 2n (-A) n v'(r)T 2n + E a 2n EM) n_A / (2A_1) ( r )i 



.2 n 



n = 1 



A=1 



+ -j^\ 2 n-l(-A) n v(T)T 2n - 1 + ~jr 



a 2n -i ^(— A)" _A / (2A_2) (r)r 2n_1 

A=1 



J~m+[f] j-m+ [f] n 

- E b 2n (-A) n v'(0)r 2n - E 

n= 1 n=l A=1 
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j-m+[f] + 1 

- E b 2n -i{-A) n v{ O^ 2 "- 1 

n= 1 

j-m+[f] + l n 

- 53 ^-T(-^) n - A / (2M (0)r 2 ’ 1 - 1 

n=l A=1 

= o(t 21+ 2 J- 2m +2) ) 0 < m < j - 1. 

Prom the last formula it follows that 









(1+ 53 a 2n (-A) n T 2n )v'(T) = (I+ 53 6 2 n (-A)V>'( 0 ) 



n=l 



n = 1 



MlN + i 

- 53 + 53 6 2 „-i(-^)"«(o)t 2 «- 1 



n= 1 



«-[f] 



n=l 



53 a 2n 53(-A) n - A / (2A_1) (r)r 2n - 53 a 2n _ x 



n=l A=1 



n=l A=1 



+ E ^n^(-^) n “ A / (2 ^ 1) (0)T 2n 

n=l A=1 

j-m+[f ] + l n 

+ E !' 2 »-iJ(-i) n - A / ( 2 A ' 2 ) ( 0 )r 2n - 1 

n=l A=1 

+o(r 2 ' +2j_2m+2 ), 0 < m < j - 1. 

Suppose further that the operator (/ + ^n=i a 2 n (-^) n T 2n ) has a bounded in- 
verse. Then 

j-m+[f] 

v'(t) = (I+ E a 2n (-^)V”)- 1 {(/+ 53 M-^VVtO) ( 6 - 42 ) 

n=l n=l 



i-m 

- E a 2n-i (— ^4) n u(r )r 2n_1 

n= 1 



j-m+[f] + i 

+ E ^-i(-4)"«(0)t 2 "-' 

n=l 



~ E ^nj^i-AT^f^iryn 



l [ — ] n 
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j-m+[ f] 

+ E ^E (-^) n_A / (2A_1) ( 0 )r 2 ” 

n= 1 A=1 

j-m+[f]+ 1 „ 

+ E 

n=l A=1 

+o(r 2l+2j ~ 2m+2 ), 0 < m < j - 1. 

Now, using formulas (6.36), (6.38), (6.39), (6.40) and (6.42), we obtain the differ- 
ence schemes of a (2/ + 2j)-th order of accuracy: 



‘U'k+l “b Uk — 1 



- j>,M)V 



2s— 2 



Uk 



(6.43) 



S=1 



2s-2 



- j>(-A)V* 2 (u fe _i +u k+1 ) = f k ’ 1 , 

S = 1 

ft’ 1 = & E(-^) s - A (/ (2A - 2) (i fc+ i) + f {2X ~ 2) (tk-i))r 2 

S— 1 A=1 

+E a * Em) s_a / ( 2A ~ 2 ) (^)t 2s - 2 ,i < * < jv - i,«o = «o, 

S— 1 A=1 

- E/M-^)V n -M 0) - E^n-iC-^)” -1 ^- 2 ^^) 



n=l 

j 



n= 1 



+ E 5 2n(- J 4rr 2 ”- 1 Wl + ^ 



2m— 2 



n=l 



m=l 



M?1 J-m+[f] 

x(/ + ^ fl2 „(-4)V")-‘{(/+ E 6 2 „(-bl)V n y( 0 ) 



71=1 



n= 1 



Hf] j-m+[f] + l 

- E «2n— iM)"t 2 "-V + £ 6 2n _ 1 (-bl)V”- 1 t;(0)} 



n= 1 



n=l 



= Y J P2n{-A) n T 2n ~ 1 ^(-A)"- A / (2A - 2) ( 0) 

n=l A=1 

+ E P2„-i(-bl)”- 1 r 2 "- 2 ^(-^)” _A / (2A “ 1) (0) 



n=l 



A =1 
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- E fcnMrr 2 "- 1 j2(-A) n - x f( 2x -V(T) 

n= 1 A=1 

- E S 2n -i(-A) n T 2n - 2 J^i-Ar^f^-^ir) 

n= 1 A=1 

3 Hf] 

-'£ 5 2m-l(-A) m T 2m - 2 (I+ £ a 2n{~ A) n T 2n )~ l 

m = 1 ti=1 






n 



x{- X) « 2 »E(^) n 'V (2A - 1) Mr 2 " 



n=l A=1 



-if] 

£ ®»-i£(- A rV (2A - 2 VK 2 "- 1 

n=l A=1 



j-m+[f] „ 

+ E 62 nE(-^) n "V ( 2 A_ 1 ) (°)r 2n 

n=l A=1 

j-m+[- f] + l n 

+ E ^„- 1 E(- j4 ) n_A / (2A " 2) (°) r2n_1 } 

n=l A=1 

for the approximate solution of the initial- value problem (6.1). Suppose that the 
operator 



{I + Y j 5 2n {-A) n T 2n - £ S^i-Ar^-'il 

n = 1 m=l 

*-[fi Hf] 

+ £ £ aan-iC-^rT 2 "" 1 

71=1 71=1 



has a bounded inverse. Suppose further that the operator (7 — Yll=i Vsi— A) s r 2s ) 
has a bounded inverse and 

1 - \( 21 + E <*s(-Ayr 2 °) 2 (I - £ Vs(-Ayr 2 T 2 > 0- 

5 = 1 5=1 

This problem is uniquely solvable and the following formula holds (see 
Chapter 1) 



Uk = (Rjj(-irA) - R jt i(irA)) 1 Rj^(iTA)Rj^(-irA)(R k j l 1 (irA) (6.44) 

-Rjj\-iTA)) u o 

+(R jt i(-iTA) - R jt i(iT j4)) _1 (Rjj(—iT A) - R^irA))^ 
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+ ^2( R ]A~ iTA ) - Rj,i( iTA ))jjRjA iTA )^j,i(- iTA ) 



x(R*; m (-iTA) - R^ m {irA)){I -^risi-Ayr^y 1 ^ 1 , 2 <k<N, 

S= 1 

U\ = C T v( 0) + S T v'(0) + Tfl' 1 . 



Rj,i(±irA) = -( 2 1 + ^asi-Ayr^il-^i-Ayr^y 



±*a I ~ j{2 1 + Y, a s(- A ) s r 2s ) 2 (I -Y,ri,(-A)'T 2 ’)- 



= (I+J2S 2n (-A) n T 2n - £ hm-li-A) 



m^_2ra— 1 



:(/+ E ^(-^"r 2 ")- 1 E «2n-i(-^) n r 2n - 1 )- 1 



c{E/> 2 n(-i 4 )"r 2 "- 1 + E fcm-lM) 



m^_2m— 2 



Hf] j-m+[f] + l 

:(/+ E E 6 2 n-i(-^) n T 2 "- 1 }, 

n=l n=l 

s T = (/ + E <5 2 „(-A)”r 2 " - E 62 m - 1 (-A) m T 2m - 1 



:(/+ E ^(-^"r 2 ")- 1 E a 2 n- 1 (-^) n r 2n " 1 )- 1 



x{Ep 2 „-i(-^) ,l - 1 r 2 "- 2 + E fcm-iM) 



771^2771 — 2 



Hf] J-m+[f] 

X(/+ E a 2 „(-A)V”)- 1 (/+ E b 2 n(- A ) n T 2n )}, 



ft 1 = E P2n(-A) n T 2n - 1 E(-^)"" A / (2A_2) ( 0) 
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+ E P2n-l(-A) n - 1 T 2n ~ 2 ^(-A)"- A / {2A_1) ( 0) 

n = 1 A=1 

- E 5 2"(-^) n T 2n-1 ^(-,4)"- A /( 2A - 2 )(r) 



n=l 

3 



A=1 
n— 1 



' E $ 2 n-l(—A) n T 2n - 2 ^(- J 4)" -A / (2A_1) (r) 



n=l 



A=1 



i-[fi 



(-A)V m - 2 (/+ £ o 2n (-^) n r 2n )- 1 



ra=l 



n=l 



Hti 



<{- 5] a 2 n^(-A)"- A /( 2A - 1 )(r)r 2 "- £ a 2 „_! ^(-A)"- A /( 2A - 2 )(r)r 2 "- 1 



n=l A=1 



n=l A=1 



j-m+[f] n 

+ E ^E(-r^>r 

n=l A=1 

j-m+[f] + i n 

+ E ^-iE(-^)” _A / {2A “ 2) ( 0 ) r2 " _1 }- 

n=l A=1 

From formula (6.44) it follows that the investigation of the stability of difference 
schemes (6.43) relies in an essential manner on a number of properties of the powers 
of the operator Rjj(±irA). We were not able to obtain estimates for powers of 
the operator Rjj(±irA) in the general cases of numbers j and 1. 

Theorem 6.3.1. Suppose that uo G D(A ), u\ — uq G D(Ai). Then for the so- 
lution of the two-step difference schemes (6.43) for l = 0 the following stability 
inequalities hold: 

0 ™axju fc ||tf < M[^m&xJA- 1/2 f J k ’ l \\ H + II A-ir-'iu! - u 0 ) \\ H + || u 0 ||//], 

i<fc<AP T-1 ( Ufe ~ Uk -^ H 

< M [ 1< ^J$Jfk l \\H+ II r _1 (ui -u 0 ) ||ff + || A^u 0 || ff ], 

max ||r _2 (u fc+ i - 2u fe + u fc _i)|| ff 

l<k<N-l 

- M K<m<n- 1 II “ /fc-i) II* + II ft 1 ll ff 

+ II A^t-\ Ui - u 0 ) ||// + II Auq || ff ], 
where M does not depend on r, f^\ 1 < k < N — 1 and uq, u\. 
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The proof of Theorem 6.3.1 follows the scheme of proof of Theorem 6.2.1 and 
relies on formula (6.44) and on the estimates 



A)\\h->h < 1, 


(6.45) 


tAHi - Rl^TA^R^iTA^H < M, 


(6.46) 


iiu - e^(-^ 2 t 1 ii^ < m. 


(6.47) 



s = 1 



Remark 6.3.2. Theorem 6.3.1 actually holds in the general cases of numbers j and 
l under the assumption 

7-||.A||tf_>H — > 0 when t — > 0. 

Remark 6.3.3. Applying formulas (6.22), (6.24), (6.26), (6.36), (6.39) and (6.42), 
we can construct the difference schemes of a (21 + 2j)-th order of accuracy 

u M - 2 »„ + _ £ aA _ A) , T 2,-i Uh ( 6 . 48 ) 



- X^( -j4 ) Sr2s 2 (Uk-l+U k+1 ) = /£', 

S= 1 



fi ’ 1 = I> £(-A)‘- A (/ ( 2 A_ 2 ) (*k+i) + f ( 2 X ~ 2 \tk-i))r 2s - 2 

S = 1 A=1 

+ E^E(- A ) S " A / (2A_2) ^K 2s " 2 - 1 <k< N - l,«o = Vo, 

8 = 1 A = 1 

T -'(»1 - » o ) = 

+r - lB - 1 fi a , 2 j (irJ?) - R2,M-irB) v , {0) + 

for the approximate solution of the initial- value problem (6.1). In a similar manner 
one can obtain the stability inequalities for the solution of the two-step difference 
schemes (6.48). 

Now, the abstract Theorem 6.3.1 is applied in the investigation of difference 
schemes of higher order of accuracy with respect to one variable for approximate 
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solutions of the mixed boundary- value problem (6.6). The first step of discretiza- 
tion of problem (6.6) is given above. Suppose that the operator 

(I + J25 2n (-A) n T 2n - £ S 2m -i(-A) m T 3m - 1 

n = 1 m — 1 

i-m Hti 

x(/+ E aanM^T 2 ")- 1 «2„-i (-l)^ 2 "- 1 ) 

n—1 n = 1 

has a bounded inverse. Suppose further that the operator (7 — ^ =1 ??s(— Ah) s T 2s ) 
has a bounded inverse and 



I - j(2I + J2<*s(-A x h ) s T 2s ) 2 (I -Y,Vs(-AlYr 2 T 2 > 0 . 

s = 1 s = 1 

Then in the second step we replace problem (6.34) by the difference schemes 

o 

T 2 ( u Ui( x )~ 2u k( x ) + Uk-i(x))+A x h ul(x) (6.49) 

+AAl(u% +1 (x) + ul_ 1 (x)) = fk(x),t k = kT,l<k<N-l,xen h , 



A x h = -J2<*s(-A x h ) s T 2s - 2 , AA% = -'£ r)s (-A, 



x\s rr .2s—2 
h) T > 



fk{x) = J2(-A x h y- X (f {2X - 2) (t k+1 ,x) + f^~ 2 \t k _ u x))r 2 



s = 1 A=1 



+ E a * E (-^) s_A / (2A_2) ^’ a: ) r2s “ 2 > 1 ^ k < N ~y 



s= 1 X=1 



Ui(x) = c T ip h (x) + s T i/) h (x) +r/o (x),x € Cl h , 



c t = (I + J2 S 2n (-Al) n r 2n - 6 2m -i(-A%rr 



x \ m —2m — 1 



H f] i-lfl 

'(i+ E ^(-Air^r 1 E 



xiE^C-^)^ 2 "- 1 + £ S 2 m-i{-Al) m r lm - 2 

n = 1 m=l 

/-[f] j-m+[f] + l 

:(/+ E « 2n (-^) n r 2 ")- 1 X) fcn-iMnV 8 "- 1 }, 
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tf + E - £ S 2m ^(-At) m r 



x\mJ2m— 1 



x(/+ £ a 2n {-A x h ) n T 2n )- 1 Y, a 2n -i(-Al) n T 2n - 1 )- 1 



'{y^P2n-l(~A 



x\n—lJ2n—2 
h) T 



+ E & 2 m,-l{—A 



x\m _2m— 2 
h T 



H¥i j-"*+[f] 

x(/+ 2] a 2n (-Al) n T 2n )- i (I+ Y b 2n (-A x h rr 2n )}, 



fo(*) = Yp 2 n(-A x h ) n T 2n ~ 1 Y(~A x h ) n - x f^- 2 H 0,x) 
n = 1 A=1 

l n 

+ Yp*n-l(-A X h ) n - 1 T 2n - 2 Y(-Al) n - X f {2X - 1 \0,x) 



■ YS 2 n(-A x h rT 2n - 1 Y(-A x h ) n - x f( 2X - 2 \r,x) 






Y^ m -i(-A x h rr 2 m - 2 (I+ Y 02n(-A: 



a:\n_2n\- 1 



; {- E a2nE(-^r _A / (2A-1) ( r ’^ 



n=l A=1 



E a 2 n-iE(-^)"“ A / (2A ~ 2) (7 



n = 1 A=1 



i-m+[f] n 

+ E ^E(-^)" _A / (2A " 1) (°- : 



n=l A=1 



j-m+[f] + l „ 

+ E ^n-lE(“^)"“ A / (2A_2) (°’ X ) r2 " _1 }- 
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We have that 



Theorem 6.3.4. Let r and \h\ be sufficiently small numbers. Then the solutions of 
the difference schemes (6.49) for l = 0 satisfy the following stability estimates: 



max I \ui 

0<k<N 



- < Mi\ max 
L 2 (n h ) L 0<k<N-l 






l 2 ( n h ) 



+ II (B x h )-^ h 



- +11/11 - 

l 2 (q h ) L 2 (n h ) 



max l|r 

l<k<N 



- < Mi[ max 

L 2 (fl h ) l 0<k<N-l 






+ 11 i> h 



L 2 (n h ) 



+£11? 



r = 1 



ft 

OC f j 171 f 



L 2 (Q h ) 



max j I t 2 (u l l+i-2ui+ui_ 1 ) \\ _ < M\[ max 

l<k<N-l" + L 2 (Q h )~ l l<k<N-\ 



r-Hft-ft- 1 ) 



L 2 (Q h ) 






r=l r= 1 

„h/„\ fh( 



Here M does not depend on t, h, (f h (x), x/; h (; x ) and f£{x), 0 < k < N - 1. 



The proof of Theorem 6.3.4 is based on the abstract Theorem 6.3.1 and the 
symmetry properties of the difference operator A\ defined by formula (6.33). 

Note that in a similar manner one can construct the difference schemes of a 
high order of accuracy with respect to one variable for approximate solutions of 
the boundary- value problem (6.5). Abstract Theorem 6.3.1 permits us to obtain 
stability estimates for the solutions of these difference schemes. 




Chapter 7 

Uniform Difference Schemes 
for Perturbation Problems 



In the present chapter we consider two abstract Cauchy problems 

£v'(t) + Av(t) = f(t ) (0 < t < r),v(0) = vo, 

e 2 v"(t) + Av(t) = f(t) (0 < t < T),v(0) = vo,v'(0) = Vq 
and the boundary- value problem 

-£ 2 v"(t) + Av(t) = f(t) (0 < t < T),v( 0) = Vo* v(T) = vt 

for differential equations in an arbitrary Banach space E with the positive operator 
A and an arbitrary e parameter multiplying the derivative term. The high order of 
accuracy single-step uniform difference schemes generated by an exact difference 
scheme of the approximate solutions for differential equations of parabolic type 
with an arbitrary parameter e on the highest derivative are presented. The high 
order of accuracy two-step uniform difference schemes generated by an exact dif- 
ference scheme of the approximate solutions for differential equations of the elliptic 
and hyperbolic types with an arbitrary parameter e on the highest derivative are 
presented. The well-posedness of these difference schemes for parabolic and ellip- 
tic equations in various Banach spaces is established. The stability estimates of 
solutions of a high order of accuracy difference schemes for hyperbolic equations 
with an arbitrary e parameter on the highest derivative are obtained. 

7.1 A Cauchy Problem for Parabolic Equations 

We consider the abstract Cauchy problem for the differential equation 

ev'(t) + Av(t) = f(t) (0 < t < T), v(0) = (7.1) 



in an arbitrary Banach space E with the (unbounded) operator A. Here v(t) and 
f(t) are the unknown and the given functions, respectively, defined on [0,T] with 
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values in E. The derivative v'(t) is understood as the limit in the norm of E of 
the corresponding ratio of differences. A is a given, closed, linear operator in E. 
We will assume that the operator A has dense domain D(A) and that for A > 0 
the operator A + XI has a bounded inverse whose norm satisfies the inequality 

|| (A + A/) -1 || e->e< M(X + 5) _1 ( for some S > 0), (7.2) 

where I is the identity operator. Obviously (7.2) is fulfilled when the operator -A 
is the generator of a strongly continuous semigroup exp(-tA)(t > 0), for which 
the estimate 

|| exp(— L4) || £-►£< Me~ 6t (7.3) 

is valid. Finally, vo is a given element of E and e G (0, oo). 

A function v(t) is called a solution of problem (7.1) if the following conditions 
are satisfied: 

i. v(t) is continuously differentiable on the segment [0,T]. The derivative at 
the endpoints of the segment are understood as the appropriate unilateral 
derivatives. 

ii. The element v(t) belongs to D(A) for all t G [0 ,T] and the function Av(t) is 
continuous on [0 ,T]. 

iii. v(t) satisfies the equation and the initial condition (7.1). 

In Chapter 4 the stable high order of accuracy difference schemes generated 
by an exact difference scheme or by Taylor’s decomposition on two points for the 
numerical solutions of an abstract Cauchy problem (7.1) for e = 1 were presented. 
These difference schemes can be applied in the general e G (0, oo). However, it can 
be shown in general that no classic finite difference approximations yield uniform 
convergence with respect to e. This is a very disappointing result and it raises the 
question whether there are any difference schemes which are uniform in el The 
main result of this chapter gives an answer to this question. Actually, we study the 
high order of accuracy single-step uniform difference schemes of the approximate 
solutions for differential equations of parabolic type with an arbitrary parameter 
e on the highest derivative. 

On the segment [0, T] we consider a uniform grid 

[0,T] r = {t k = kr,k = 0, 1, . . . ,N,Nt = T} 

with step r. Let r = pe. By Theorem 2.1.1 we have the exact single-step difference 
scheme 

- v(t k ~ i)) + p _1 (l - exp(-p^)) v(t k - 1 ) 

tk 

= t _1 J exp (—(tk ~ s) e~ 1 A ) f(s)ds , 1 < k < N 

tk - 1 



(7.4) 
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for the solution of the initial- value problem (7.1). Later we will consider the single- 
step difference scheme 

P~\u k - Uk-1 ) + p -1 ( 1 - g(pA)) U k - 1 = fk, (7.5) 



771—1 



fk=Yl i),l < k < N,u 0 = vo. 



j = o 



Ji = {-m^AyiJo + 5>i) i-'ie-'A) 



~(j~i+ 1) 



r»-l 



2=1 
\ — 1/ 



1 < j < m - 1 , J o = (pA) *(1 - g(pA)), g{pA ) = exp(-pA) 

for approximate solutions of the initial- value problem (7.1). 

This problem is uniquely solvable and the following formula holds: 



U k = g(kpA)uo + ^2 9{( k ~ j)p A ) fjp. 
i = i 



(7.6) 



Let us reduce the difference schemes (7.5) to an operator problem in the space 
F t (E) of vectors v T = {v k } k=v Recall that the space F r (E) can be equipped with 
various norms and thus become a normed space (see Chapter 4). Thus, for instance, 
the vector space F r (E) generates the normed space C r (E) = C([0,T\ r ,E) with 
the norm 

II <P T \\c t {E) = Vk || E , 

the normed space C@(E) = C^([0,T] r ,E) 0 < /? < 1, with the norm 



II ^ Wc?(E) “ II ^ II C r (E) + II Vk+r Wk \\e , 

the weighted normed space C^ n (E) = (7 / 3 ’ 7 ([0,T] r , i£),0 < 7 < /?, 0 < /? < 1, 
with the norm 

r ((fc + r)r) 7 

II V\\c^(E) = II VW Cr(E) + II Vk+r ~ Vk ||b , 

and the normed space L p , r (E) = L p ([ 0, T] r , E), 1 < p < oo, with the norm 

N 



V Wl p , t (E) “ (^2 II C Pk\\ P E r ) P ' 



k = 1 

First we will define the operator D r , acting from the space E x F r (E) of vectors 
w T = {w k }^ =0 into the space F r (E) of vectors v T = {v k }^ =1 by the rule 

v r = D r w T ,v k = ~(w k -wk-i),k = l,...,iV. 

P 




346 



Chapter 7. Uniform Difference Schemes for Perturbation Problems 



Second we will define an operator A r from the space E x F r (E) of vectors w T = 
{wk}k=o into the space F r (E) of vectors v T = {vk}^ =1 by the rule 

v T = A T w T ,v k = p~ l (l-g(pA)) W k - 1 , k = l,...,N. 

Next, let us introduce the continuation operator n('Uo), which acts from E x F r (E) 
to F T (E) according to the rule 

n(u 0 )(ui, . • -,un) = (u 0 ,ui ,. . .,un)- 

Then the difference schemes (7.5) can obviously be rewritten as the equivalent 
operator equation 

D t U(uq)u T + ArU(uo)u r = f T . 

Here f r is defined by the formula 

The last operator problem will be considered in the space F r (E). Prom its unique 
solvability for any G E and f T G F T (E) it follows that its solution u T defines a 
continuous additive and homogeneous operator u T (f T ,uo). 

The initial- value difference problem (7.5) is said to be stable in F T (E) if we 
have the stability inequality 

II uT {f T i u o) II Fr(E) — M[\\ f T II Fr(E) + II ^oll e\"> 

where M is independent not only of / T ,^o, r but also of e. 

Theorem 7.1.1. For the solution of the difference problem (7.5) the following esti- 
mate is valid: 

max || u k || E < M [ || u 0 || E + 9 max || f k || B ], (7.7) 

1 <k<N n 1-exp (Sp) i <k<N" J 

where M is independent not only of f T , uo, r, but also of e. 

Proof. Using formula (7.6) and estimate (7.3), we obtain 

k 

II U k II E < M [ II Uo || e + '^e~ 6(k - ])p p max || fj || B ] 

3 = 1 

for all fc, k = 1, . . . , N. Using the last inequality and 

k oo 

< J2e~ Sip = 1/(1 - e~ sp ), (7.8) 

j = 1 7 = 0 

we obtain 

\\u k \\ e<M [\\u 0 \\ E + 1 _ P e _ 6p max N || fj || B ] 
for all k, k = 1, . . . , N. This completes the proof of Theorem 7.1.1. 
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Note that if e = 1, then 



- — - — 7- = 7 < M. 

1 - e~ 6 P 1 - e~ 8r ~ 

Therefore, (7.7) is the generalized stability inequality of (7.5) in C r (E). 

We say that the difference problem (7.5) has an ra-th order of accuracy in 
F r {E) on the solutions v(t) of the Cauchy problem (7.1) if the error vector 

{v(t k ) - U k }» 



satisfies the estimate 



II {v{t k )-u k }i || Ft(b) < MT m , 

where M is independent not only r, but also of e. 

Generalized stability inequality (7.7) permits us to obtain the convergence of 
(7.5) in C r (E). 

Theorem 7.1.2. Suppose that the function f(t ) has m derivatives and 

II f (m) {t) \\ E <M,0<t<T. (7.9) 

Then for the solution of the difference problem (7.5) the following convergence 
estimate is valid: 

II M t k ) - u k || Cr(E) < Mr m , (7.10) 

where M does not depend on r and e. 

Proof The components Zk = v(tk ) — Uk of error vector z T = {zk}i satisfy the 
relations 

p~ l {z k - Zk- 1 ) + P _1 ( 1 - g{pA))z k -i = Rk, 1 < k < N, z 0 = 0, (7.11) 

where 

Rk = p^ivitk) - g{pA)v(t k -i)) - / fc . 

From this and the generalized stability inequality (7.7) it follows that 

max || z k || E < M P t- t max || R k || E - (7.12) 

1 <k<N" l-exp(-Jp) i<fc<iv" 

Therefore to this end it suffices to estimate {Rk}\ m C r (E). By (7.5) and (7.11), 
we have that 



t k 

Rk = J exp (~(t k - s)£ _ 1 A) / (s) ds- f k . 

tk- 1 
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Now, using Taylor’s formula, we obtain 



Rk 



m_1 r i 

^ r _1 / exp (-(tk - s)e _1 A)(s - t k -i) 3 dsf w (ik-i)-^ 
J 3 * 



^ 0 tk-1 
tk 



+T- 1 j exp (~(t k - s)«r U) J (a- z) m f (z) dzds T 



fk • 



tk — 1 tk 

A simple calculation shows that 

m — 1 



III X p H 

T_1 / ex P( - (^ - s)£ _1 ^4)(s - tk-i) 3 dsf {]) (t k -i)—' = f k . 



Therefore, we can write 






= r 



1 j exp (-(i* - s) £ -M) j (*) dzds . 

tk — 1 tk — 1 



Then, using estimates (7.3) and (7.9), we obtain 

max IliJfc II e < M (5p) _1 ( 1 - exp(— Sp))r m . 
l<k< N 



Prom this and estimate (7.11) follows estimate (7.10). Theorem 7.1.2 is proved. 

Note that for the convergence estimate || {v(t k ) — Uk)}i \\e t (e) — Mr™ it 
suffices to obtain the generalized stability inequality in F r (E). 

Prom formula (7.6) one derives the following result. 



Theorem 7.1.3. For the solution of the difference problem (7.5) the following esti- 
mate is valid: 



{ u k}\ II L PtT (E) — M [ || uo || E 



(7.13) 



+ 



P 

1 — exp(— Sp) 



{fk}i IIl p , t (£;) 



, 1 < P < 00 , 



where M is independent not only of f T , uq, t, but also of e. 



Proof Using formula (7.6) and estimate (7.3), we obtain 



N 



Uk 



E 2: 



< M 



Uo 



+£< 

s = 1 



-8(s-l)p 



p II fk- 



8+1 
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for all k, k = 1, . . . , N. Here /* = f s if 1 < s < k and /* = 0 if otherwise. Prom 
the Minkowski sum inequality (with respect to k) it follows that 

N N N 

(Ell Uk II e t )' < M T II rio II E + Mj2e- S(s - 1)p pC£\\ fk-s+i II e t )* • 

k — 1 s = 1 k = 1 

By the definition of the grid function /£_ s+1 , 

^ ll/fe-s+i II P e t — II II £ r * 
k = 1 k = 1 



Using the last estimate and inequality (7.8), we obtain estimate (7.13). Theorem 
7.1.3 is proved. 

Remark 7.1.4. Theorems 7.1.1 and 7.1.3 permit us to obtain error estimates of 
the high order of accuracy difference schemes over time and space variables for 
parabolic equations and the first-order hyperbolic system of equations with a small 
parameter multiplying the time-derivative term in the various Banach norms. 

Now, assume that the operator —A is the generator of an analytic semigroup 
exp(— tA)(t > 0), for which the estimates 

|| Aexp(-tA) \\e^e< Me~ 8t , t || Aexp(-tA) || e-+e< M (7.14) 

are valid. Prom this it follows that 

||exp(— fcpyl) — exp {— (fc + r)pA}\\ E _ >E < M - + - ^ exp(-kpd), (7.15) 



for all k,r,l<k<k + r<N,0<a<l and all r > 0, where M does not depend 
on k , r, r, a and e. 



Theorem 7 . 1 . 5 . For the solution of the difference problem (7.5) the following esti- 
mate is valid: 



+ : 



{ u k} 1 II Cr ,a (E) — M[\\u 0 \\e 
P ii r * i N ii 



(7.16) 






, 0 < a < 1 , 



1 — exp(— <5p) 11 UKJ1 llc ?’ a ( £ ) J 
where M is independent not only of f T , uq, t, a but also of e. 



Proof. By estimate (7.7), we have that 



{ u k} 1 Hc t (£7) — ^ 



Uq II E + 



1 - exp (—6p) 



{Mf 



llc?’ a (£)]- 



To this end it suffices to establish the estimate 

r a p 



II Uk u kJrr \\ E < M 



(k + r) a 1 - exp (~5p) 



II { fk}^ \\c?' a (E) 



(7.17) 
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for all fc, r, 1 < k < k + r < N and all r > 0. By (7.6), we have that 

U k = Wk+Vk, 

where 

Wk = g(kpA)u 0 , 

k 

v k = Y ^g({k- j)pA)f jP . 

3 = 1 

Applying estimate (7.15), we obtain 

|| W k - w k+r \\ E = || g(kpA)u 0 - g((k + r)pA)u 0 || E 



(7.18) 



< M- 



^0 II E 



(k + r) a 

for all fc, r, 1 < k < k + r < N and all r > 0. Now let us estimate the difference 
v k — v k + r for all k, r, 1 < k < k + r < N and all r > 0. We shall consider two 
separate cases: k <2r and k > 2r. If k < 2r, then from the estimate 

11 Vk l,£ - M l-exp (Sp) 11 {fk} " 

for all fc, 1 < k < N and all r > 0 and the triangle inequality it follows that 
II V k ~ v k + r \\E — II v k \ \e + ll^+rlU < 2M ^ _ eX p (Sp) ^ Wc?’ a (£) rC * r 



< 3 1+Q! M- 



(k + r) a 1 — exp(— Sp) 
Hence, for k < 2r we have the estimate 



v k-v k+r \\ E <Mi- 



{fkK 



N 



II Cr ,a (E)’ 



{fk}l llc7" ,a (jE7) " 



(7.19) 



(k + r) a 1 - exp (-Sp) 

Now let k > 2 r. We have that 

k-1 

Vk = {I- g{pA))~ l [I - g(kpA))pfk + ^g((k - j)pA)(fj - f k )p, k> 2. (7.20) 

3 = 1 

Identity (7.20) yields 

v k+r -v k = (I - g{pA))~ l [I - g{(k + r)pA)\p(f k+r - fk ) 

+(I - g{pA))~ l [g{kpA) - g((k + r)pA)]]pf k 
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k+r- 1 k — 1 

+ X! 9{{k + r - j)pA)(fj - f k+r )p- X 9((k ~ j)pA)(fj - f k )p 

j=k-r+ 1 j=/c— r+1 

k—r 

+ Y2 9 ^ k + r ~ j)P A )(fk - fk+r)p 
3 = 1 

k—r 

+ + r ~ ~ g (( k ~ j)P A )Kf] - fk)P 

3 = 1 

= Pi + P2 + -P3 + P4 + -P5 + ^6- 

Let us estimate P u P 2 , P 3 , P 4 , P 5 and P 6 separately. We begin with P 1 . Using 
estimate (7.3), we obtain 

k+r— 1 

||^i||e< XI M(k + r-j)pA)\\ E ^ E p\\f k+r -f k \\ E 

3 = 1 



/c+r— 1 

< M X e~ 6( ' k+r ~ Ap 

3 = 1 



< M- 



^(Jk + r) a ^ ^ c '?’ a ( £: ) 

P 11 r r 1 AT 



(fc + r) a 1 — exp(— dp) ^ ^ c '?’ a ( £ )' 

In exactly the same manner one establishes the estimate 



\m E <M- 



{/*k 



N 



{k + r) a l-exp(-6p) " lJkn 
Next, let us estimate P 2 . Using estimates (7.3) and (7.15), we obtain 

II-P 2 IIE < \\(I - g(pA))~ 1 \\ E ^Ep\\g(kpA) - g((k + rfpA^E^EpWfkWi 



< M 



r - II {/4f \\c rl B) 



< M 



(k + r) a 1 — exp(— Sp) 
r a p 



( k + r)“ 1 — exp(-<Sp) ^ Hc“’°(£;)- 



Now, let us estimate P 3 . Using estimates (7.3) and (7.14), we obtain 

k+r— 1 

II-P3IU < X \\ 9 {{k + r-j)pA)\\ E ^ E p\\fj-f k+r \\ E 

j=k—r + 1 



k+i — 1 

< M X e 

j=k-r + 1 



6(k+r-j)p ~t~ r j) 

(k + r ) a 



{fk}l llc“’ a (£) 
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fc+r 

< M e- Hk+r ~ j)p f 

j=k—r-\-l 

< M2° 



(2r-l)“, 



(k + r) ( 

y>OL 



{fk} 1 II Cr ,a {E) 



<Mi 



1 - exp (—5p) (k + r) c 
p r a 



{fk} 1 II Cr ,a (E) 



l_ exp (-5p) (k + r) a l! {/fc} ^ 



In exactly the same manner one establishes the estimate 

I|P4||e - Ml (fc + r )ai-exp(-M 11 {fk} " ^ c r’ a (EY 
Finally, let us estimate Pq. Using estimate (7.15), we obtain 

k—r 

II Pe ||b< 'YjPMik + r - j)pA) - g((k - j)pA)\\ E ^E\\fj - fk+r lie 

3 = 1 



k—r 






(k + r — j) a 



6(k-j)p p 



(k + r- j ) 



a 



(k + r) a 



II {fk}? lie? 



(E) 



< Mi 



r a p 

(k + r) a 1 — exp(— Sp) 



{fk}? lie? 



(E)- 



Combining the estimates for Pi, P 2 , P 3 , P 4 , P 5 and Pq, we obtain (7.19) for 
k > 2 r. Estimate (7.17) follows from the triangle inequality and estimates (7.18) 
and (7.19). Theorem 7.1.5 is proved. 

The initial-value difference problem (7.5) is said to be well posed (coercively 
stable) in F r (E) if we have the coercive stability inequality 



{p 1 (uk Uk-i)}i || j p t ( j e;)+ II {p 1 (1 9(pA)) u k-i}i II f t {e) 



< M[|| f T || f t {e) + II ^olUl’ 

where M is independent not only of / T , uo, r but also of e. 

Since the initial- value differential problem (7.1) in C(E) is not well posed for 
the general strongly positive operator A and space E, then the well-posedness of 
the initial- value difference problem in C r (E) norm does not take place uniformly 
with respect to r > 0 and e. This means that the coercive norm 

II uT II k t (e) = IKp 1 ( u k ~ Uk-i)}i II c t (e)F II {p 1 0- ~ 9(pA)) u k-i}i Hc t (£;) 

tends to 00 as r —> +0 . The investigation of the difference problem (7.5) permits 
us to establish the order of growth of this norm to 00 . First, let us prove a lemma 
that will be needed in the sequel. 
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Lemma 7.1.6. The following estimate holds: 

N 



£ ||(7 - < M x ln(l/r), (7.21) 

3 = 1 

where M\ does not depend on r and e. 

Proof. Using estimate (7.15), we obtain 

N 

||(7 - e -M) e -0- 1 )P^|| e^e <M^2 

3 = 1 3 = 1 




1 /* r] c 

-<M —=M InN < M\ ln(l/r). 

l 



Lemma 7.1.6 is proved. 

Theorem 7.1.7. The solutions of the difference problem (7.5) in C r (E) obey the 
almost coercive inequality 

II uT IIk t (e) — -^i[ll ^oiu + ln ~ll f T llc r (£;)]’ (7.22) 

where Mi is independent not only of f r , uo, but also of r and e. 

Proof Using the formula 



(7 _ e ~ pA )(pA)~ 1 = J 
0 



e~ psA ds 



and estimate (7.14), we obtain 

||(7 - e~ pA ){pA)~ 1 \\ E ^ E < M. (7.23) 

Using formula (7.6) and estimates (7.14) and (7.23), we obtain 

||/9 -1 (l -g(pA))u k -i || e < M [ II p -1 (l -g(pA))g((k - l)pA)A~ 1 \\ E ^ E 



k - 1 

ll^o II a + II P -1 (l -g{pA))g{{k - 1 - j)pA)\\E-.E\\f Me] 

3 = 1 

< M [ ||j4u 0 || b + ^ || /> _1 (7 - e~ pA )e 1)pA ||e^e|| f T Hc T (g) 
j = i 

< Mi [|| Auoll^ + lnlll f r 



CAE) 




354 



Chapter 7. Uniform Difference Schemes for Perturbation Problems 



for all fc, k = 1, . . . , N. Using the last inequality, we obtain 

II {p (1 — d(pA)) u k-l}i \\c T (E) — Ml[\\ Au 0 \\e + \n — \\ f T \\c r (E)]- 

The estimate for ||{p” 1 (ujfe - Uk-i)}i Wc t (e) f°U° ws f rom the triangle inequality 
and the last estimate. Theorem 7.1.7 is proved. 

Now let us study the well-posedness of the difference problem (7.5) in various 
Banach spaces. 

Theorem 7.1.8. The solutions of the difference problem (7.5) in C^ a (E) obey the 
coercivity inequality 

II {p ( u k — Uk-i)} 1 ^ \\c?' a (E)~^ II {p X (1 — 9{pA)) u k-i}i || Cr ,a (E) (7.24) 

- - a) H ^ ^ c ?’ a ( E ) + II Au ohl 

where M\ is independent not only of f T , uo, ol, but also of r and e. 

Proof. Using formula (7.6), we obtain 

P -1 ( 1 - g(pA))u k - 1 = p~\ 1 - g(pA))g((k - l)pA)u 0 +[I - g((k - 1 )pA)]f k 

k-1 3 

+ 'E 9 ^ k ~ 1 _ 3)pA){fj ~ fk) = Jjp, 

j= 1 m= 1 

where 

4 = p~ l {\ - g(pA))g((k - 1 )pA)u 0 , 

J 2 k = [I-g((k-l)pA)]f k , 

k~l 
3 = 1 

Let us estimate = {J™}^ for all m, m = 1,2,3 separately. We start with 
Jf. Using estimates (7.14) and (7.23) we show that, for all fc, 1 < k < N , 

11411b < I|(/ - e- M )(M) _1 ||B^||e- (fe - 1)M ||^ £ ||^o||E < M\\Auo\\e. 

Prom this it follows that 

114 - 4+rlls < 11411 b + 114+rlla < m\Au 0 \\ E < 2M -^^\\Au 0 \\ E , 

for all r, 1 < r + 1 < N. 

Further, applying (7.15) and (7.23) we show that, for all 2 < k < k + r < N, 

114 - 4+rlls < 11(7 - e-f> A ){pA)- l \\ E ^ E 

x \\ e - [k -l) P A _ e A k +r-i) P A ^ E \\ Auo \\ E 
- M (k^ L T-l)- UV ^ B - Ml Jk^ UV ° ]lE - 
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Thus, we have proved that 



\\ Ji \\ c ?' a ( E ) < Mi \\ Auo \\ e - (7.25) 

Now let us estimate . Using estimate (7.14), we obtain that 

|| Jk IU< [1 + lk _(/C_1)pA |U->£;]||//e|U < Mill f T || c a,a^ 
for all fc, 1 < k < N. Therefore, 



max 

l<k<N 



J 2 



\e<m x \\ r 



I C?' a (E)' 



Prom this it follows that 



\\J?-J? + r\\E<\\J?\\E + M 



2 | 
1+r I 



E ^ 



< 2Afiii r 



I C?’ a {E) 



< 2 1+a Mi 



(1 + r) c 



r 



I C?' a (E) 



for all r, 1 < r + 1 < N. Since 

J 2 k+r - J 2 k = [I-e-( k+r ~^ A }(f k+r - f k ) + [e-( fc “ 1 )^ - e-^-D^]/*, 
it follows that 



II 4+r ~ 4 [1 + ll e ^ ^ 1 ' >P " 4 1 |s— »£?] H/fc+r- - fk\\E 

M\e~ {k ~ 1)pA - e-^ r -^ A \\ E ^ E y k y 
for all k, 2 < k < k + r < N. Using estimates (7.14) and (7.15), we obtain 



4+r 4 I \ E - Ml \ k + r y + (j b + r _ 1 ) Q ]ll f T llc?-“(B) 

for all fc, 2 < k < k + r < N. Prom this it follows that 

II 4 llc?’ Q (£)< Mi\\ f T II c?’ a ( E )- 



(7.26) 



Now let us estimate JJ . By the definition Jf = 0. Therefore, let us consider the 
cases 2 < k < N. Using estimate (7.15), we obtain 



fc-i 



J fc 3 |b<^||(/-e-^)e 



_ p-P A ) p -(k-i-l)pA\ 



E-+E 



II h - fk 



i= 1 



k - 1 



1=1 ' 7 



k - 1 



" C?’ a (E) ^ t o, E E II 
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The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 

tk 

f ds _t% 

J (t k - s) 1-a a ' 

0 



Thus, for all k, 2 < k < N we have established the bound 

llc?'“(£)- 



Therefore, 



114 


ii 


ii r 




a 




max II 


VI 

E 

co.4 


Mi 


l<k<N 




a 


) difference J| +r - 


-4 



r 



\C?’ a (E)- 



(7.27) 



consider separately the cases k <2r and k > 2r. If k < 2 r, then (7.27) yields 

II 4+r ~ 4 IIe^II 4+r llfi + II 4 IU^ 2 ~ll f T llc?’“(£) 



Mi 2 1+a 

< — — ii r 



a 



Cr ,a (E) 



r a {k + r)~ a . 



Now let k > 2 r. Let us represent the difference Jj? +r - as the following sums: 



/c+r— 1 

4+r “4 = ( 7 - 9(pA))g((k + r -1- j)pA)(fj - fk+r) 

j=k—r+l 

k-1 

~ “ 9 (pA))g((k - 1 - j)pA)(fj - fk ) 

j=k-r -\- 1 
k—r 

+ XV - 9 (pA))g((k + r - 1 - j)pA)(fk - fk+r) 

3 = 1 

_ tp ^ 

+ £(J - g( P A))[g((k + r - j)M) - g((k - j)p A)\(fj -/*)=£ PIT- 
j = 1 ™=1 

Let us estimate P^ , P^ , P^ and P^ separately. We begin with P^ . Using estimate 
(7.14), we obtain 

k+i — 1 

||Tfc||i?< X Wi 1 ~ 9(pA))g((k + r -1- j)pA)\\ E ^E\\fj - fk+rWs 

j—k—r 



<M[ 



(k + r) c 



+ 



fc+r— 2 

£ 

j=k—r 



(k + r — i) 



ot — 1 



111 {fk} 1 llc?’ a (E) 



(fc + r) a 
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- + II {A}l llc?'“(£) 

j* | y* - 2 

+M (*^ [ E (jfe + r-i)i-“ 111 {fk] ' 



j=k—r 

The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



/ 

tfc t r 



ds 



(t k +t r - s) 1 -"’ 



Since 



it follows that 



tk~ H tr 

/ 

tk t r 



(tk T t r s) 



M 2 



ds M /n Nrv 

S -W, 



II H IU< — r(k + r) “|| r ll c ; "(E)' 

In exactly the same manner one establishes the estimate 



||P fe 2 || E <^“(fc + r)-l r 



a 



\\C*' a (E)' 



Next, let us estimate P%. Since 



k—r 



^2(1 - 9 {pA))g{{k + r - 1 - j)pA) = g((2r - 1 )pA) - g{(k + r- 2 )pA), 
3 = 1 



we have that 



H = kK( 2r - l )P A ) - 9((k + r- 2 )pA)\(fk - /fc+r). 



Using estimate (7.14), we obtain 

ll-Pfc ||e < ||ff((2r - 1 )pA) - g((k + r- 2)pA)\\ E ->E\\fk - fk+ 



r e 



< M 



II {A} 



N 



(k + r) a 11 UK)1 11 °r' a (E )• 

Now, let us estimate P£. Using estimate (7.15), we obtain 



k—r 



P£ \\E<^2\\(I-g(pA))[g((k+r-l-j)pA)-g((k-l-j)pA)}\\ E ^E\\fj-fk ||e 
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k—r 






(E) 



k—i — 1 



< 



M ^ l S (t k -ur- ]UTllc ^ E y 



The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



t k tr 

/ 



ds 



(t k - s) 2 ~ a ' 



Since 



tk-U 



/ 



ds 



(t k ~ s ) 



2— a 



< 



tk tf 

J 



ds 



< 



1 



±— 1+a 



(t k - s) 2 ~ a (1 - a) 



it follows that 



k II E 



< 



M r a , 



1 - a k a 

Thus, we have established the bound 

Mi r a 



r 



k II E 



< 



1 — a (k 4- r) c 



I C*' a (E)' 



II C?' a (E)' 



Thus, we have shown that for all fc, 2 < k < k + r < N the following inequality 
holds: 

Mi r a 

1 " r II c^isy (7-28) 



Jbl r — Ju 11^^ / V 

k +r k 1 -a(k-\-r) c 



Estimates (7.27) and (7.28) give 



Mi 

II Jl ||c?' Q (B) < — J II r llc?'“(B) • (7-29) 

Finally, applying estimates (7.25), (7.26) and (7.29), we obtain the estimate 

II { P X (1 ~ g(pA)) u k- 1 }i \\c?’ a (E) — ^^(i _ q;) II Hc“’ Q (£;) + II ^oIIeI* 
By the triangle inequality, this last estimate and difference equation (7.5) yield 

|| {p 1 ('U>k — Uk-l)}i II Cr ,Q (E) — ^^(l _ ^ II f T II Cr ,a (E) + II ^olUl* 



Theorem 7.1.8 is proved. 
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Theorem 7.1.9. The solutions of the difference problem (7.5) in C T (E a ) obey the 
coercivity inequality 

II {P 1 { u k~Uk-i)}i llc r (£ a )+ II iP ~ 9{pA)) u k-i}i \\c T (E a ) (7.30) 

- Ml [ a (l _ a )H ^ II C T (E a ) + II ^ u oIIeJ> 

where M\ is independent not only of f r , uo, a, but also of r and e. 

Proof Using formula (7.6), we can write 

P _1 ( 1 - 9 (pA)) u k - 1 = p~\ 1 - g(pA)) g((k - 1 )p A)u Q 



k - 1 



where 



+ - g(p A ))g(( k - j)p A )fi = 4 + 4 , 

3 = 1 

4 = p _ 1 i l - g{p A )) g{( k - 

k— l 

4 = - g(pA))g((k - 1 - j)pA)fj. 

3 = 1 

To complete the proof of Theorem 7.1.9 it suffices to establish that 

II 4 I I Bo ^ M II Au 0 Iba. 



4 |k<Ma- 1 (l-a)- 1 ||/ T 



\C T {E a ) 



for all /c, k = 1, . . . , N. Using the formula 

l 



Jl = J g((k - 1 + s)pA) ds Auo, 
o 



and estimate (7.24), we obtain 



i 

4 Ik < mJ e-*( fe - 1+s )^s || Auo ||a < M || Au 0 



Estimate (7.31) is established. We have that 



fc-i i 

4 = Y1 / Ag (( k - 1 - 3 + s)pA)ds fj p. 
i= 1 o 



(7.31) 

(7.32) 
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To estimate in the norm E a we use the Cauchy-Riesz representation formula 
for the operator (A + A)~ l J\. We obtain 



A(X + A) 



-l 



J 2 



A( A + A) 



k - i j. 

■s/ 

3 = 1 n 



- 1 - j + s)pA)ds fj p 



k— 1 

= 2^i / + “ 1 ~ J + *W) 4 (z-A) _1 fj dz. 

S!US 2 j=1 

Since 2 = re ±<f5 , with |</?| < we have the estimate 

\\A(z- A)- 1 fj || B < M || A(r + A^fj \\ E , (7.33) 

on the sides Si and Then, using the inequality 

| (A + 2)- 1 \<M(X + r)-\ 
and estimates (7.24), (7.32), we obtain 



00 k - 1 

A(\ + A)-' Jl\\ E <M j 7X^7 E 

0 -? =1 0 



< 



M 

COS (f 



f T II Cr(E a ) J ( A + r ) r a " 
0 j=1 

00 

T II C T (E a ) J 



o~rp cos ( f ^ e -{ k - j)p r cos ^ 



<— II / 

COS(/? 



dr 



(A + r)r a 



for all A > 0. Therefore, 



00 

r|| A(\ + A)~' Jl Hu < ^11 /' Hcae.)J 



M 

cos tp 



f T II C r (E a ) j ( 1 + s ^ s a - Ml 01 1 ( 1 Q ) f T llc T (B a 
0 



for all A > 0. Estimate (7.32) is established. Theorem 7.1.9 is proved. 

Note that estimate (7.24), established for the difference problem (7.5), allows 
us to prove Theorem 7.1.8. Indeed, by the definition of the norm in C^ a (E), 



f T II Cr(E) - II f T llc?' Q (B) - a II f T llc T 



(E)' 
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Then, Theorem 7.1.8 implies that 

||{p- 1 (ufc-'Ufc-i)}] V || Ct{e) + || {p -1 (l-0(M)H-i}f || Ct(b) 

- f T II Cr(E) + II ^«olU 

for all sufficiently small a > 0. Choosing a in the best way, we obtain estimate 
(7.22). Furthermore, if A is the bounded positive operator in E, then from estimate 
(7.30) it follows that 

IK/ 9 1 (uk — Uk-i)}^ llc r (£;)“*~ II {P — 9(pA)) u k-i}i llc r (£;) (7.34) 

< M[( 1 + | In ||A||£_+£|)|| f T + || Au 0 \\ e\- 

Indeed, by the definition of the norm in C T (E a ), 

II f T II Cr(E) - II f T Wc T (E a ) - ^II^IIe->£?II f T II C r (E)' 

Then, Theorem 7.1.9 implies that 

\\{p~\u k -Uk-l)}i || Cr (E)+ II {P^C*- ~ 9(pA))u k -l)i II CAE) 

< r + 1 -HU 

for all sufficiently small a > 0. Choosing a in the best way, we obtain esti- 
mate (7.34). 

By Theorem 7.1.7, estimate (7.34) yields the following result. 

Theorem 7.1.10. The solutions of the difference problem (7.5) in C T (E) obey the 
almost coercive inequality 

II uT II K T (E) < M i[ll -^ w oll e + min {ln 1, 1 + | In ||j 4|| e _> e |||}|| f T || Ct(e) ], 

where M\ is independent not only of f r , uo, but also of r and e. 

Let us give, without proof, the following results. 

Theorem 7.1.11. The solutions of the difference problem (7.5) in C^ ,7 (E) (0 < 
7 < /?, 0 < /? < 1 ) satisfy the following coercivity inequalities: 

II {p-\u k -Ufc-l)}? llc T (^_ 7 ) < II f T II C?"(E) 

+MJ (I — e~ pA )p~ 1 uo - fi \\e 0 _ 1 i 

II {p-^Uk-Uk- i)}f II C ^ (E) + || {p _1 (l - g{pA))u k -i}i llc^(£) 

< ^rr^)ll f r Ilrf-(S) + "■!(' - - Air, 

where M\ is independent not only of f T ,uo, (3, 7 but also of r and e. 
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Here, the Banach space Eq ’ 7 consists of those v e E for which the norm 



Mn’ 7 = max lie £n 

1 ,U l<n<N 



1 w|| B + sup t r /3 (f„ + tr) 7 ||(e' 

l<n<n-\-r<N 



in ffir 



)A_ p - t -fA 



)H 



is finite. 

Note that the parameter 7 can be chosen freely in [ 0 , / 3 ), which increases the 
n um ber of spaces Cf’ 7 (£) (0 < 7 < /3,0 < /3 < 1) of grid functions in which 
difference problem ( 7 . 5 ) is well posed. 

Theorem 7.1.12. The solutions of the difference problem (7.5) in Cf'^iEa-g) 

(0 < 'f < P < a,0 < a < l) satisfy the following coercivity inequalities: 

II {P 1 ( u k - u k-l)}i llcf’ 7 (£ a _ 5 )+ II 1 { u k - Uk-l)}i llcr(Bf^) 



+ II {P 1 0- - 9(pA))Uk-l)l II C? n (E a -g) 

(rr^jii I’ + m m< - - ht: e , 

{p~ l (uk - Uk-l))i llc^ 7 (£ Q _a) + II {p 1 {Uk - Uk-l)}i IIc t (£ q — ,) 
+ II {P 1 (1 — 9(pA)) u k-l}l \\c? n (E a -g) 

r II c^(E a .g) + Mi\\ (I - e-» A )p -\ 0 - All^, 



< 



Mi 



a(l — a) 

where M\ is independent not only of f T , uo, a , (5, 7 but also of r and e. 

Here, the Banach space E^2p consists of those v e E for which the norm 



1 i / 3 ,'y 11 - I *- A 11 

Ha-fl = max \\ e £ W \\E a - 

1 la P l<n<N 



a — (3 



+ sup t r 0 (t n + t r y ||(e 

l<n<n+r<N 



_( t n +t r \a 

\ e > — e £ 



)w\ 



- / C* — 0 



is finite. 

Note that the spaces C^{E a -p) of grid functions, in which coercive solv- 
ability has been established, depend on the parameters a, (3 and 7 . However, the 
constants in the coercive inequalities depend only on a. Hence, we can choose the 
parameters (3 and 7 freely, which increases the number of spaces of grid functions 
in which difference problem (7.5) is well posed. 

Now let us consider the initial-value difference problem (7.5) in the spaces 
L P ^ T (E) = L p ([ 0,T] t , J5), 1 < p < 00 of all grid functions. We have not been able 
to obtain the coercivity inequality 

II {p 1 ( u k~ Uk ~ 1 )}^ II l P)T (e) II {P (1 “ 9(pA)) u k-i}i IIz, P)T (.e) 

< M[|| f T \\ Lp >t (£) -f || AuqII^], 

in an arbitrary Banach space E and for the general strong operator A. Neverthe- 
less, we can establish the almost coercivity inequality. 
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Theorem 7.1.13. The solutions of the difference problem (7.5) in L p , r (E) obey the 
almost coercive inequality 



II {p 1 ( u k^ u k~i)}i \\l p , t (e) + II {p X (1 - 9{pA))u k -\}i \\ LpAE) 

< Mi [|| Au 0 \\ E + min |ln 1 1 + |ln || A || B ^|| || f T || Lp t(b) ], 

where M\ does not depend on f T , uq, p, r and s. 

Note that if A is the unbounded positive operator in E, then 

min (in 1,1 + |ln|| A || B ^ B |j = Ini. 

Finally, let us give, without proof, the following results about well-posedness 
of the initial-value difference problem (7.5) in the spaces L P ^ T (E) = L p ([ 0, T\ r , E), 
1 < p < oo. 



Theorem 7.1.14. Suppose that the difference problem, (7.5) well posed in L Po>T (E) 
for some po, 1 < p 0 < oo. Then it is well posed in L PiT (E ) for all p, 1 < p < oo 
and the following coercivity inequality holds: 

II ( u k~ u k-l)}l IIl PiT (E) + II {p J (1 ~ d{pA))Uk-l}i II L P ' T (E) 



+ IMIc c (£ 1 _ 1/p , p ) < M{p 0 )[\\ TU 0 || Bl _ 1/pp + 
where M(po) does not depend on f T , uq, p and r and £. 



L P ,r(E) 



Theorem 7.1.15. Let 1 < p < oo and 0 < a < 1. Then problem (7.5) is well posed 
in L PiT (E a ^ p ) and the following coercivity inequality holds: 

II {p~\u k -u k - i)}f || Lp t(Bq p ) + II {p _1 (l - gipA^Uk-i}? || Lp T ( Ba p) 

1 



< M [|| AuJ, 



+ 



Ea ' p ' a(l - a) 
where M does not depend on f r , uq, p , a , r, e. 



ii r 



Lp,T (E 0ij p S ) 



Theorem 7.1.16. Let 1 < p, q < oo and 0 < a < 1. Then the difference problem 
(7.5) is well posed in L p , r (E a , q ) and the following coercivity inequality holds: 

II if llz,.,.(E 0 ,,) + II 'I 1 “ 9(pA))Uk-l}i llE p , r (£„.,) 



< W(,)[|| An„\ A + 



i / p,r (,E a q ) 



where M(q) does not depend on f T , u 0 , p, a ,rand e. 
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Remark 7.1.17. Theorems 7.1.5-7.1.16 permit us to obtain the error estimates of 
the high order of accuracy difference schemes over time and space variables for 
parabolic equations with a small parameter multiplying the time-derivative term 
in the various Banach norms. 

Remark 7.1.18. For practical computations, we have been approximating the ellip- 
tic operator A by some difference operator Ah such that exp(— pAh) is computable. 
Thus, we shall construct difference schemes with fitting operator exp(— pAh). 
Therefore for numerical solution of (7.1) it is necessary to compute by (7.5) 
exp(— pAh) with a high order of accuracy. Accordingly, the methods we have pro- 
posed are not easy to implement exactly as for a system of ordinary differential 
equations. Indeed, method (7.5) is useful, because the part of compute fitting op- 
erator exp (—pAh) with a high order of accuracy we can make independent of (7.5). 
For example, we can approximate exp(— pAh) by the formula 

RjApAh), if £ < a, 

Rf^uAh), if £> a, 

where L = [£], Luj = p, j + 1 = m (for Rjj(pAh), see Chapter 4). 

7.2 A Boundary- Value Problem for Elliptic Equations 

We consider the boundary- value problem for differential equation 

-e 2 v"{t) + Av(t) = f(t) (0 < t < T), v( 0) = v 0 , v(T) = v T 

in an arbitrary Banach space E with the positive operator A and e 
A function v(t) is called a solution of the problem (7.35) if 
conditions are satisfied: 

i. v(t) is a twice continuously differentiable on the interval [0,T]. The deriva- 
tives at the endpoints of the segment are understood as the appropriate 
unilateral derivatives. 

ii. The element v(t) belongs to D(A) for all t E [0,T] and the function Av(t) is 
continuous on the segment [0,T]. 

iii. v(t) satisfies the equation and boundary conditions (7.35). 

In Chapter 5, stable high order of accuracy difference schemes generated by 
an exact difference scheme or by Taylor’s decomposition on three points for the 
numerical solutions of an abstract boundary-value problem (7.35) for e = 1 were 
presented. Unfortunately, these difference schemes cannot be applied for the ap- 
proximate solutions of (7.35) in the general cases e E (0, oo). In this section we 
study the high order of accuracy two-step uniform difference schemes of the ap- 
proximate solutions for differential equations of the elliptic type with an arbitrary 
parameter e on the highest derivative. 



(7.35) 

e (0, oo). 
the following 
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On the segment [0 ,T] we consider again a uniform grid 

[0, T\ r = {t k = fcr, k = 0, 1, . . . , N , iVr = T} 

with step r. Let r = pe and J3 2 = A. By Theorem 3.1.2 we have the exact two-step 
difference scheme 

-p~ 2 (v(t k + 1 ) - 2 v(t k ) + v(tk- 1 )) (7.36) 

+p~ 2 [(I - exp(-pB))(v(t fe+ i) + v(t k - 1 )) 

+(exp(-2p5) - 7)w(<fc)] = f k , 

Jk = (2Bp)~ 1 (fi ! k + A,fc+i) - (25p) _1 exp(-pB)(/i i fe + i + A.fc), 

/i,fc = - [ exp(--(A - z)B))f(z)dz, 

/ 2 ,fc = - / exp(--(z - t k ~i)B)f(z)dz, 

1 < k < N — 1, v(0) = Vo, v(T) = vt 

for the solution of the boundary- value problem (7.35). Now, we consider the fol- 
lowing two-step difference scheme: 

-p~ 2 (uk + 1 - 2u*:_i + Ufc_i) + p~ 2 ( 1 - s(/>#)) (Ufc+I + Wfc-i) (7.37) 
+p~ 2 (g(2pB) - l)u k = fk, 
fk = fi,k + h,k+i — g{pB){f\ t k+\ + h,k), 

m—1 m — 1 

A,* = £ A, j f W (A- 1 ), /a, k = 53 J2 - i / 0) (A-i), 

j=o j=0 

A, ,• = (-l) j (B/e) -J J li0 + £(-l) j - l (A/e)-^- l+1 ) r i_1 /A 

i— 1 

A, j - (B/e)- j J 2 ,o - r^/il, 

i= 1 

A,o = A,o = (p5) _1 (l - g(pB)), 1 < j < m - 1, t k = kr, 1 < k < N - 1, 

</(/>£) = exp(-p5), « 0 = wo, = wi 

for the approximate solutions of the boundary- value problem (7.35). 

This problem is uniquely solvable and the following formula holds: 

Uk = (I- g(2NpB))- 1 {(g(kpB) - g((2N - k)pB))u 0 



(7.38) 
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+(g((N - k)pB) - g((N + k)pB)u N - ( g((N - k)pB) - g((N + k)pB) 

JV-l 

xp 2 E (g((N - i)pB) - g((N + i)pB)(I - ^pB))- 1 /*} 

i= 1 

N - 1 

+p 2 E - *)p£) - + *)p£)](J - g^pB))- 1 ^ l<k<N-l. 

i= 1 

Let us reduce the difference schemes (7.37) to an operator problem in the space 
F r (E) of vectors v T = Recall that the space F T (E) can be equipped with 

various norms and thus become a normed space (see Chapter 5). Thus, for instance, 
the vector space F T (E) generates the normed space C r (E) = C([0,T] r , E) with 
the norm 

II 11/^ ( — max || (Pk || pi 

II r II Cr(E) 11 

the normed space C%(E) = C^([0,T] r , E) 0 < (5 < 1, with the norm 




^ IIC T (E) 



+ max 

\<k<k+r<N-l 



</>/c+r ~ P>k || E 



1 

( rr)P ’ 



the weighted normed space C^ n (E) = C^^([0,T] ri E)^0 < 7 < /?, 0 < /? < 1 , 
with the norm 



+ max 

l<k<k+r< N — 1 



^ T |l C? n (E) ~ 
(fk+r ~ <Pk | \e 



I V Wc t (E) 

(( k + r)r) 7 ((iV — /c)t ) 7 

(rr)P 



and the normed space L p ^ r (E) = L p ([0,T] r , E), 1 < p < oo, with the norm 



N-l 



V II L PtT (E) 



= (E II Vk\\ P E T ) P - 



k= 1 



First we shall define an operator D\ acting from the space E x F T (E) x E of 
vectors w T = {wk}^ =0 into the space F r (E) of vectors v T = {vk}k=i according to 
the rule 



v T = D 2 w T ,v k = \(w k+ 1 - 2w k + W k -i),k = 1, . . . , N — 1. 
P 2 



Second we shall define an operator A r acting from the space E x F r (E) x E of 
vectors w T = {wk}^ =0 into the space F T (E) of vectors v T = {vk}k=i according to 
the rule 



A T w T ,v k = -=[(I - g(pB))(w k -i +Wfc+i) 



+{g(2pB) - I)w k ], k = 1, . . . , N — 1 . 
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Next, let us introduce the continuation operator II(uo,^Ar), which acts from E x 
F t (E) x E to F r (E) according to the rule 

n(u 0 ,Ujv)(^i, • • -,un- 1) = (^0,^1, . • .,Un-UUn)- 

Then, clearly, the difference problem (7.37) is equivalent to the operator problem 

-Dln(u 0 ,u N )u T + A T U(u 0 ,u N )u r = f T . 



Here f r is defined by the formula 






The last operator problem will be considered in the space F T (E). From its unique 
solvability for any u 0 , u N G E and f T G F r (E) it follows that its solution u T 
defines a continuous additive and homogeneous operator u T (f T ,uo,un)- 

We will study stability and coercive stability of the boundary- value problem 
(7.37) in the difference analogues of Banach spaces. Since 

fk = fi,k + /2,/c+i _ g{pB)(fi j k+i + /2,/e), 1 < k < N — 1, (7.39) 

we have that if f T G F r (E ), then = (/i,i, • • • , /i,at-i, / i,iv) £ F T (E) x E and 
/J = (/ 2 ,i, . . . ,/ 2 ,iv-i,/ 2 ,Ar) € F t (E) x E. Note that F r (E) is the vector space 
whose elements are ordered (N - l)-tuples of elements of E. The space F r (E) can 
be equipped with various norms and thus become a normed space (see Chapter 5). 
Nevertheless, F r (E ) x E is the vector space whose elements are ordered iV-tuples 
of elements of E. In a similar way one obtains that the space F T (E) x E can be 
equipped with various norms and thus become a normed space. We will use the 
same notation for both cases. For instance, the vector space F r (E) generates the 
normed space C r (E) = C([0,T] r , E) with the norm 



V Hc T (£) 



max 

l<k<N-l 



tyk \\e 



and the vector space F r (E) x E generates the normed space C r (E) = C([ 0, T] r , E) 
with the norm 



^ \\c r (E) ~ 



max 
1 <k<N 



Vk || E' 



Theorem 7.2.1. For the solution of the difference problem (7.37) the following 
estimate is valid: 



max Uk 
l<k< n- 1 



< 



M 

1 - exp (—Sp) 



{ || ^0 || E + II U N 



(7.40) 



+p2 [ l<k<N^ Bh ' k 11 + 1 iV 11 Bh ’ k 11 1} ’ 

where M is independent not only of ff, f% , uq, un, t, but also of e. 
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Proof. Using formula (7.38), we can write 

u k = w k + gk, (7-41) 

where 

w k = ( I-g(2NpB))- 1 {(g(kpB)-g((2N-k)pB))u 0 

+(g((N - k)pB) - g((N + k)pB)u N }, 

g k = -(I - g(2N P B))- 1 (g((N - k)pB) - g((N + k)pB) 

N- 1 

xp 2 5] (g((N - i)pB) - g((N + i)pB)(I - g(2pB))- 1 

i—l 

N—l 

V E - i)pB) - g((k + i) P B)\(I - g(2pB))- 1 f i . 

i= 1 

Let us estimate Wk and gk separately. We begin with Wk . Using the estimate 

|| B a exp(-tB) \\e^e< Mt~ a exp(—5t), 8 > 0, a > 0,t > 0, (7.42) 

we obtain 

II W k II E < || (I ~ g{‘^NpB))~ 1 (g(kpB) - g({2N - k)pB)) || e^.e|| u 0 || E 
+||(/ - g(2NpB))- 1 (g((N - k)pB) - g((N + k)pB))\\ E ^ E \\ u N \\ E 

- M i_e-2N P A H u ° H E + II UN H 

for all k, 1 < k < N — 1. Since 

1 ^ 1 
\ _ e ~2Np8 — ^ P<5 ’ 

we have that 

max ||wfe || E < M- — h_-[|| Uo || E + || Un || E \- 
i<k< n-i l-e~P° 

To complete the proof of Theorem 7.2.1 it suffices to establish that 

\\9k\\ E <M YTETs I H B f^ II + wbx n || 5/ 2 , fe II ] (7.43) 

for all fc, 1 < k < N — 1. Using formula (7.38), identity (7.39) and Abel’s formula, 
we can write 

g k = (I - g(2NpB)y 1 (g((N - k)pB) - g((N + k)pB) (7.44) 
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N 



i - 1 



xp 2 J>((JV - i)pB)h,i - g((N + i - 1 )pB)f 24 ] +p 2 Y, g({k + i - 1 )pB)]f 2<i 

2=1 

k N 

~P — — fc — l)pB)f2,i] = gl + 9ki 



2 — 1 






where 



AT 



9l = (I - g(2NpB))- 1 (g((N - k)pB) - g((N + k)pB)p 2 - i)pB)f hi 

2—1 

k 

-p 2 '}2g{{k-i)pB)f Ui , 

2=1 

N 

gl = -(I~ g(2NpB))-\g((N - k)pB) - g((N + %S)p 2 £ <?((^ + * - 1 )pB)f, 



2=1 



N 



N 



+P 2 £ 9((k + i ~ 1 )pB)\f 2ti - p 2 £ ~k~ 1 )pB)f 24 . 



2=1 



i=k - (-1 



Let us estimate g\ and g\ separately. We begin with g\. Using estimate (7.42) and 
||(/ - g(2NpB))~\l - g(2kpB))B- 1 \\ E ^ E < M(8) 
for all fc, 1 < k < AT, we obtain that 

II 9k II E < H(/ - g(2NpB)y 1 (g((N - k)pB) - g((N + k)pB))B^\\ E ^ E p 2 



N 



£ II g(( N - i)pB) II e^eWB fi,i II e + P 2 J2 II 9((k ~ *)pB)||^||/ 1 . 



i II E 



2=1 



2=1 



N 



< 



^£< 

3 = 1 



S(N-j)p n 2 



p max II Bfi j || E 

1 <j<N 11 J M£/ 



for all fc, k = 1, . . . , N — 1. Using the last inequality and (7.8), we obtain 

II al II E < M l _\- p 6 P 2 II Bfij \\ E } 

for all fc, k — 1, . . . , N — 1. In a similar way one establishes that 

IlSfc II E - M i_ l f -pi P 2 II B hi lb ] 

for all k, k = 1, . . . , N — 1. Prom these estimates follows estimate (7.43). This 
completes the proof of Theorem 7.2.1. 
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We say that the difference problem (7.37) has an ra-th order of accuracy 
in F r (E) on the solutions v(t) of the boundary- value problem (7.35) if the error 
vector 






satisfies the estimate 



II {v(t k )-u k }^ 1 \\ Ft(e) < Mr m , 

where M is independent not only r, but also of e. 

Stability inequality (7.40) permits us to obtain the estimate of convergence 
of (7.37) in C r (E). 

Theorem 7.2.2. Suppose that the function f(t) has m derivatives and 

\\f {m) (t)\\ E <M,0<t<T. 

Then for the solution of the difference problem (7.37) the following convergence 
estimate is valid: 

II {vitJ-u^-'WcAE^MT™, (7.45) 

where M does not depend on r and e. 

Proof. The components Zk = v(tk) - Uk of error vector z T = {zk}i satisfy the 
relations 



-p 2 {z k + 1 -2z k -i+z k -i)+p 2 (1 -g(pB)) (zk+i+Zk-^+p 2 (g(2pB)-l)z k = a k , 
Q'k — {2pB) 1 ifli ,k + ^2,fc+i — g(pB)(ai^k+i + &2 ,fc))> 



0.1, k = T' 



,k=T 



/ ^ k m— 1 

exp(-(f fc - s)e~ 1/2 B)f(s)ds - ^ Ji, j f M (t k - 1 ), 

t*-, 

/ tk m—1 

exp(-(s - t k -i) £~ 1/2 B) f(s)ds - ^2 ^ 2 , j f 1 ) 

t,„ , 3=0 



1 < k < N — 1, zq = 0, zn = 0. 
Prom this and the stability inequality (7.40) it follows that 



max Zk e 
l<k< N - 1 



(7.46) 



< M [ max ||ai & || E + max \\Ba 2 ,k || e\ 

1 — exp ( — op) 1 <k<N 1 <k<N 
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Therefore to this end it suffices to estimate and {a> 2 ,k}i in C T (E). Using 

Taylor’s formula, we obtain 

m — 1 

ai,k = t - 1 / exp (~(t k - s)e~?B)f(s)ds - E J h i f U) (t k - 1 ) 

tL i J=° 

m — 1 

= E r_1 / ex P(~(^ - s ) ds/ W) 

'=° tE 

S 

+ r _1 J exp (-(t k - s) e~% B) j (s - z) m (z) dzds — y 

*fc-l tfc-1 

m—1 

i=o 

A simple calculation shows that 

m ~ 1 -j 

E r_1 / exp(-(t fe - s) £ _ 5£)(s - ds/ (j) (t k - i)tj 

'=° t fc .x 

m — 1 

3=0 

Therefore, we can write 



s 

ai,k = T ' j exp (~(t k - s) e~ 1/2 B) J (z - s) m ~ 1 f {m ' > (z)dzds/(m - 1)!. 

tk — 1 tk — l 

In a similar way one shows that 

tk s 

a- 2 ,k =r~ 1 J exp(-(s-t k -i) e~ 1/2 B) J (z-s) m ~ 1 f ( ' m ' ) (z)dzd$/(m- 1)!. 

tk — 1 tk—l 



Then, using the triangle inequality and estimate (7.40), we obtain 
mM ||ai } fc He < M 5p~ 1 ( 1 - exp(-<5p))r m 



and 

||a 2 ,ik ||e < M Sp~ 1 ( 1 - exp(-£p))r m . 

From this and estimate (7.46) follows estimate (7.45). Theorem 7.2.2 is proved. 
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Note that for the convergence estimate || {v(t k ) — Uk}i || Fr ^ E ) < Mr m it 
suffices to obtain the stability inequality in F r (E). 

Prom formula (7.38) one derives the following results. 

Theorem 7.2.3. For the solution of the difference problem (7.37) the following 
estimate is valid: 

ii wir 1 ii LpA e) < ii) {[ 11 u ° 11 £ + 11 un 11 e 

+P 2 [II {Bfi,k}i \\l PjT (e) F\\{Bf2 t k}i IIl P)T (£;)]}’ ^ — P < 00 > 
where M is independent not only of ff, ff , uq, un, t, p but also of e. 

Theorem 7.2.4. For the solution of the difference problem (7.37) the following 
estimate is valid: 

II II c?*{E) ^ ! _ exp(-(5p) f II u ° II E + II UN II E 

+p 2 [II {Bh,k}l II Cr'°(E) II {Bfz,k}l llc?’“(B)]}’® — 01 - 

where M is independent not only of ff , ff, uo, u^, t, a but also of e. 

The proofs of Theorem 7.2.3 and 7.18 follow the scheme of the proofs of 
Theorems 7.1.3 and 7.1.5 and rely on formula (7.38) and estimate (7.42). 

Now let us study the well-posedness of the difference problem (7.37) in various 
Banach spaces. 

Theorem 7.2.5. The solutions of the difference problem (7.37) in C^ a (E) (0 < 
a < 1) obey the coercivity inequality 

|| DlU(u 0 ,u N )u T \\ c? , a{E) + || A T U{u 0 ,u N )u T \\ c? , a{E) 

- M {q.(1-q:)^ llc?- a (E) 

+ || {Bf2,k}\ |lc?’ a (E)] + 2 _ exp(-(fy>) ^ E + II^IU]}, 

where M is independent not only of ff, ff, uo, un, t, a but also of e. 

Proof Using formula (7.41), we obtain 

p~ 2 (u k+ 1 - 2 u k + u k - 1 ) = p~ 2 {w k+ 1 - 2 w k + W k -i) (7.47) 

+P 2 (fl'fc+i — 2 g k + g k ~ i), 1 < k < N — 1. 

Let us estimate {p~ 2 (w k+ 1 - 2 w k + and {p~ 2 (g k+ 1 - 2g k + 

3fc-i)}f _1 separately. 
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Using formula (7.38), we obtain 



P 2 (wk+i — 2wfc + Wk~i) 

= (I - e~ 2NpB )~ 1 (I - e _pB ) 2 p _2 (e _(fc_1)pB - e -( 2 JV- fe -i) pB)uo 

+ (/ - e _2iVpB ) _1 (7 - e -pS)2 p -2 (e -(iV-fc-l)pB _ e -( W+fc _i)p B) ^ 



= t •'T. 

m = 1 

where 



Jfc 1 = (/ - e~ 2NpB )~ x {I - e- pB ) 2 /0 - 2 (e-( fc - 1 ) pB - e -(2Ar-k-i)pB )u0) 

J fc 2 = (/ - e^ 2NpB )~ 1 (I - e -pB)2 p -2 {e -(N-k-i) P B _ e - {N+k -i) pB)uN ' 

Let us estimate JJ n = for any m = 1,2 separately. We start with 

Using estimate (7.42), we show that, for 1 < k < N - 1, 

I WIU < IIP - e- 2s, ' lS )- , || M ||(/ - e-' B )(^)- , |||^ E 

- I _ e -2Np5 M U o||e < ^ _ e _ p g ll^olls- 
Prom this it follows that 

ll^i — ^l+rlls < Ikills + ll^i+rlls < 2 M||Awo||e < 2M -~^-^\\Au a \\ E 

- Ml[ JT^ + {N r - i)JW Au oW^ 

for 1 < r + 1 < iV — 1. By Lemma 5.1.1, one has the inequality 

1 1 exp —kpB) — exp {—(k + r)pB}\\ E ^ E < M — ~ (7.48) 

(k + r) 

for any l<fc<fc + r<iV — 1 and 0 < a < 1, where M does not depend on a, /c, 
r and r. 

Further, applying (7.42) and (7.48) we show that, for 2 < k < k + r < N -1, 

\\ J k - JUA\e < ||(7- e- 2NpB )-A\ E ->E\\{I - e ~ pB ){pB)~ 1 \\ 2 E _ >E 
x [||e _(fc_1)pB - e~ {k+r ~ 1)pB \\ E ^ E 

+ l| e _( 2J v_ fc _i )pB _ e-(2jv-fc-r-i)p B |! B ^ B ]|| Atlo || E 
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- M ^{k + r-l) a + {2N -k-l) a ^ Au °^ E 

- Ml[ (fc^ + (iv^ ]ll ^ ol|£ - 

Thus, we have proved that 



Pi’ll C?' a (E) < Mi\\Auo\\e- 
In a similar manner we can show that 

1 1 <72 \\c?’ a (E) < Mx\\Au N \\ E - 



Therefore, 

II {p~ 2 (w k+ 1 - 2 W k + Wfc-l)}i Ilc?'“(£) ( 7 - 49 ) 

£ r^wii^i- + n A ‘»w- 

Let us estimate {p~ 2 (g k+ 1 - 2 g k + g k - i)}j. ~ . Using formula (7.44), we obtain 
p- 2 (g k+1 - 2 g k + 5fc _!) =(/ - 5 (2iVp5))- 1 ( ff ((iV - fc - l)pB) - g((N + k- \) P B) 

N - 1 

x(J- </(pB)) 2 £ 5 ((iV - i)pB)(f hi - f hN ) 

i= 1 

fc-1 

+ - g(pB)) 2 g((k - 1 - *)pB)(/ lli - h, k ) 

2=1 

-/i,fc+i + (2 - g{pB))h, k + (I- g(2NpB))- 1 (g((N -k - 1 )pB) - g((N+k - 1 ) P B) 

N k - 1 

x (I - g(pB)) 2 J29((N - i)pB)f hN + £(/ - <?(pB)) 2 <?((fc - 1 - i)pB)f hk 

i— 1 2=1 

-{I - g(2NpB))~ 1 (g((N -k- 1 )pB) - g((N + k - 1 )pB) 

N - 1 

x(7 - ^B)) 2 ^ <?((JV + * - l)pB)(/ 2ii - / 2 , At) 

2=1 

N 

+(I - g(pB)) 2 ^g((k + < - 2 )pB)\(f 24 - f 2>1 ) 

2—1 

N 

-( I-g(pB )) 2 </((*- fc - 2)pB)(/ 2ii - / 2 , fc+1 ) 

2— fc+2 

-/ 2 ,fe + (2 - g(pB))f 2 ,k+i -(I- 9 { 2 NpB))~ l 




7.2. A Boundary- Value Problem for Elliptic Equations 



375 



x (g((N - k - 1 )pB) - g((N + k - 1 )pB)(I - g{pB)f 

N N 

x £ g((N + i - 1 )pB)f 2 , N + (I~ 9(pB )) 2 9« k + i ~ 2 )P B )]f 2 ,i 

i = 1 i — 1 

N 6 

-(I-g(pB)) 2 £ 9{{i~k-2)pB)f 2 ^ l = Y. P k^ 

i=k + 2 m= 1 

where 



P fc J = (/ - g(2NpB))- 1 (g((N - k - 1 )pB) - g((N + k - 1 )pB) 



N~ 1 

x(7 - fif(pS)) 2 ^ fif((iV - i)pB)(f hi - /i,jv), 

2=1 



fc -1 

•Pfc = XV " 9 (pB)) 2 g((k - 1 - i)pB)(fi,i - /i, fc ), 

2=1 



^ = -/i,/c+i + (2-g(pB))/i ;fc + (/-9(2iVpB))- 1 
x (s((JV - fc - l)pP) - g((N + k - l)pB) 



N k - 1 

x (7 - ^ T ?)) 2 £ 9 ((JV - - 9 ( pB )) 2 g((k - 1 - t ) pB )/ i , fe , 

2=1 2=1 

P fc 4 = -(7 - g ( 2N P B ))- 1 ( g((N - k - 1 ) pB ) - g((N + k - l ) pB ) 

N—l 

x (7 — g ( P B)) 2 9((N + i ~ l ) pB )( f 2 ,i - f 2 , N ) 

2=1 

N 

+(7 - g ( P B)) 2 £</((* + * - 2 ) pB )\{ f 2 ,i - / 2 , i ), 

2=1 

N 

Pk — “(7 - g ( pB)) 2 £ fl ((t - fc - 2 )/> B)(/ 2li - / 2lfc+1 ), 

2 = fc -|-2 

p | = -/ 2 ,* + (2 - g { pB )) h, k+1 -( I - g { 2NpB ) y l 
x ( g((N - k - l ) pB ) - g((N + k - l ) pB)(I - g ( pB)) 2 

N N 

xJ2g((N + i - l ) pB ) f 2 ,N + ( I - g ( pB)) 2 Y , 9((k + i - 2 ) pB )\ f 2,1 

2=1 2=1 

N 

-{ I - g { pB)f X 9 (( i - k - 2 ) pB ) f 2 , k + i - 

i = k-\-2 
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Let us estimate P ^ = {P™}^ = i for any m = 1,2, 3, 4, 5,6 separately. We start 
with Pf. Using estimate (7.42), we show that, for 1 < k < N — 1, 

II Pk He < ||(/-e- 2JVpB )- 1 (/-e-^)5- 1 || £ ^ E 

X || e -(W-fc-l)pB _ e -(N+k-l) P B || e ^ £ 

N - 1 



£ii('- 

i—\ 

N—\ 



P B ^ e -( N ~i)P B 



\e^e \\Bfri - Bfi^ | \e 



<"[£ 



(tjv - t*) 1 " 



Bfl II C?’“ 



(E)- 



The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



tjV 

/ 



ds 



(t N - s) 1 -"' 



Since 



tN 

/ 



ds 



( tN - s) 1 ' 



fa 

l n 
a ' 



it follows that 



Pk \\e< ^11 Bfl \\ C ^ {E) . 



Thus, for 1 < k < N — 1 we have established the bound 

M, 



max || Pi \\e< —II Bfi 
l<k<N-l k a 1 



I Cr ,a (E)' 



(7.50) 



Now let us estimate the difference P^ +r — Pi forl<k<k + r<N — 1. We will 
consider separately the cases k < r, N — k < 2r and k > r, N — k > 2r. If k < r, 
then (7.50) yields 



II P k+r ~ P k I|e<|| P k+r He + II P k b 

< ^Hl || c? ,« {E) r a (k + r)-° = ^|| Bfl || c? ,« 

If N - k < 2r, then (7.50) yields 

WPUr-Pkh^WPUr He + || Pk He 

1\T ol + ct ft/f 

< -^—11 Bfl \\ c? .« { Ef a (N - k)~ a = -^\\ Bfl || c? . 



(E) 



t?(tk + tr) a ■ 



(E^v^N-tk) “ • 
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Now let k > r and N - k > 2r. Let us represent the difference P£ +r - as the 
following sums: 

H+r - Pk = (I- 9 {^N pB))~ l {g{{N -k-r- 1 )pB) - g((N - k - 1 )pB) 

N - 1 

+g((N+k-l)pB)-g{{N+k+r-l)pB)(I-g(pB)) 2 ^ g{(N -i)pB)(f hi - f hN ). 



i— 1 



Further, applying (7.42) and (7.48) we show that, for2<k<k + r<N-2, 
II Pl +r - Pk We < Il(/ - e~ 2NpB )~ 1 (I - e~ pB )B~ 1 \\ E -,E 

x [||(e _ ^~ fe_1 ) pB _ e -(N-k-r-l)pBj ■■ 



e " ) \\ E->E 

+ ||(e-(*+ fc +’- 1 )p* - e -(JV+fe-i)pBj 

E II (I-e- pB )e-( N ~* pB || e^e ||S/ m -P/i,jv ||b 

2—1 



<M[ 



+ 



(N — r) a (k + r) a> " (t N - U) 



N - 1 

E 



ruz^W Bfl Wc?’ c 



( E ) 



Mi 

< -^-|| Bff \\c?’ a (E)t? (tk + U) a {tN - tk ) 



Thus, for l<k<k + r<N — 1 we have established the bound 

II Pk+r ~ Pk IU< “^"11 Bfl II C?’ a (E)tr(tk + U) ~ tk)~ 
Prom this and estimate (7.50) it follows that 

Mi 



PI 



I C ?' a ( E ) - 



a 



Bfl 



\C?' a (E)- 



In a similar manner we can show that 



Mi 



\\Pl\\c^(E) < -^11 Bfl || c? ,a (B) . 

Now let us estimate Pf. Using estimate (7.42), we show that, for 2 < k < N - 1, 

II P l k IU < 11 / - e - pS || E ^||/ - g ( pB )\\ B ^ E \\ fi , k-i ~ fi , k\\E 

k - 2 

+||(7 - e~ pB )B~ 1 \\E^ E J2 IK 7 - e~ pB )e~ t ' k ~ 1 ~ i ' >pB \\ B ^ E \\Bf h% - Bf x , k \\ E 



M 



2=1 

k—1 



- q E ( 4 _ t .)l-JW Bfl II C ?’ a ( E )- 
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The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



/ 



ds 

(t k - s) 1_Q ‘ 



Since 



tk 

J 



ds 

C tk-s y~ a 



a 



it follows that 



M 



Pi \\e< -II Bfl || c? .c 



(E) 



for 2 < k < N — 1. Since Pj 2 =0, it follows that 



M, 



max II Pi || e< — 1| BfT \\ r oc, a(F) 

i<k<N-i 11 k 11 a 1 Cr {e) 



(7.51) 



Now let us estimate the difference P| +r — P% foi 1 < k < k + r < N — 1. We will 
consider separately the cases k < r, N — k < 2r and k > r, N — k > 2r. If k < r, 
then (7.51) yields 



p2 r>‘2 \\_^\\ u‘2 || _ i II T)2 



k+r 



Pi\\E<\\Pi +r \\E+\\Pi\\E 



tut ol+a j\/r 

< — II Bfl || c? ,» {E) r a (k + r)- a = ~^\\ Bfl \\ c ^ {B) t?{t k + t r )~ a . 



a 



If N - k < 2r, then (7.51) yields 

Mi2 1+Q 



P 2 k+r -Pi\\ E <\\P 2 k+r \\E + \\Pi\\E 



< 



M- 



Bfl II c ?'«(E/ a (N - k)~ a = -±|| Bfl || c ^ (E) t a r {t N - t k y a . 



a " "~ T v ~ y ' ' a 

Now let k > r and N — k > 2r. Let us represent the difference P%+ r — P% as the 
following sums: 



k+r — 1 



p k+r ~ p k= £ V ~ 9 {pB)fg{{k + r - 1 - i)pB)(f hi - f hk+r ) 



i~k—r 



k-1 

- £ ( I-g(pB)) 2 g((k-l-i)pB)(f hi -f hk ) 

i=k—r 
k—i — 1 

- £ (I - g(pB)) 2 g((k + r -l-i)pB)(f hk+1 - fi, k ) 

1=1 
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k—r—l 4 

+ £ ( I- 9 (pB)) 2 [g((k + r-l-i)pB)- 9 ((k-l-i)pB)}(f hl -f hk ) = 22RT , 



1=1 

where 



m=l 



k+r—1 

R l = 9{P B )fg{{k + r - 1 - - h,k+r), 



i=k—r 



k—1 

R l = - E - 9(pB)) 2 g((k - l - i)pB)(f hl - f hk ), 

i=k—r 
k—r — l 

R l = ~ 22 _ 9{pB)) 2 g{{k + r - 1 - i)pB)(f ltk+1 - f hk ), 

i= 1 

k—r—l 

R i= 22 ( 7 - 9{pB)f[g{{k + r - 1 - - 5 ((fc - 1 - i)pB)](f hi - f hk ). 

1=1 

Let us estimate R™ for any m = 1,2, 3, 4 separately. We start with Using 
estimate (7.42), we show that, for 1 < k < N - 1, 



fc + 7 1 



RUe< 22 W~e- pB )e-^ r - l -^ B \\ E . 



i=k—r 



x ||7 - e pB \\e^E \\fl,i - fl,k+r lie 
Al 1 k-\-T — 2 

“ (t k +t r ) a K a (t N -t k+ r- 1)“ + . 

A;+r— 1 

“ (tfc + tr)“ ^ 

The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



tk~ 1“ 

/ 

J {tk -\~t r ~ 

t k tr 



ds 

s) 1 ~ a (tN ~ s) a ' 



Since 

tfc+tr 

[ 

J {tk + tr 

tk-t r 

it follows that 



ds 

sy-*(t N — $) a 



< ( 2 t r ) a {tN - tk - t r ) a , 

a 



II Rl IU< — ^ — (2 t r ) a {t N -t k -t r ) a {t k +t r ) a || fi \\c?’ a {E) 
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Thus, we have established the bound 

|| Rk I \e< tr(tN ~ tk)~ a {tk + t r )~ a || fi || c?' a (E) m 
In a similar manner we can show that 

|| Rk ||e< - tk)~ a {tk + t r )~ a || fi || c a,a^. 

Since 



R^i 1 - 9{pB)){g{^rpB) - g((k + r- l)pB))(f hk - /i,fe+ r ), 
it follows that 

II Rl \\e< \\e- 2rpB - ||^ £ ||/ u - f 1>k+r \\ E . 

Using estimate (7.42), we obtain 

|| Rk IU< Mt*(tN - tk)~ a (tk + t r )~ a II fi II C?, Q (£)- 
Now let us estimate R Using estimates (7.42) and (7.48), we obtain 

k—i — 1 

II -Rfc ||e< Y II i 1 ~ 9 (pB)) 2 \g((k + r- 1 -i)pB) - g((k - 1 -i)pB)} \\ E ^ E 

i = 1 



k—r—1 



fi,i - h,k IU< M-^[ Y 



ti (t k -ti) 2 - a (t N -u) c 



fl llc?’“(B)- 



The sum enclosed in the right-hand side square brackets is the lower Darboux 
integral sum for the integral 



tk tr 

/ 



ds 



(t k - s) 2 ~ a (t N - s) a ' 



Since for k > r and N — k > 2r we have the bound 

tk t<p t k t r 



/ 



ds 



< 



(tk — s) 2 a (tN ~ S) a (t]\f 



[ 

— t k + t r ) a J 



ds 



(tk ~ s) 



2— a 



< 



1 



(1 — a)(tjy - t k + t r ) a 



tz 1+a < 



1 



(1 - a) (tp/ - t k ) a 



-l+a 



it follows that 



R 



M 



h lle^ T^a t *( tN ~ tk ^ ^ II c?- a (E )■ 
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Thus, we have established the bound 
M2 a 

II Ri IIe< -t k )~ a {t k +ir) _ “|| /r II 

Thus, we have shown that for any 2<fc<fc + r<iV-l the following inequality 
holds: 

II Pk+r ~ Pi IU< a( ^ a f r(tN ~ t k )~ a {t k + t r )- a || || c? ,a (B) . (7.52) 

Estimates (7.51) and (7.52) give 



II pr || ^ || lt || 

II ^2 II C?’“(E) < _ a ) II J 1 II C?’ a (E) 

In exactly the same manner one establishes the inequality 



II P 5 II C?’ a (E) < ^ _ a ) II H llc?-“(B) • 

Now let us estimate PJ . Since 

Pl = ~fi,k+i + (2 - g(pB))f hk + (I- g(2NpB))- 1 (g((N -k- 1 )pB) 

-g((N+k-l)pB)(I-g(pB)){I-g(NpB)f 1 , N + (I- 9 (pB))(I-g((k-l)pB)f 1 , k , 

it follows that 

II P 3 \\c^^{E) < M \\ fl || Cr ya (E) • 

In exactly the same manner one establishes the inequality 

II jyr II / Ml II fT II 

II P 6 II C?'~{E) < II h \\Cr’ a (E) • 

Finally, combining the estimates for P^ = {P™}£~i\ m = 1, 2, 3, 4, 5, 6 , we obtain 
the estimate 

II {p Gfa+l — %9k + 9k-l)}i II Cr ,ol (E) 

M 

- a (l _ a )lll II C?’ Q (£) + II BfZ llc?’“(B)]- 
Using the last estimate and (7.49), we obtain 

|| {/? (^fc+l 2^^ -|- 'Ufc—i))-^ Her ' a (E) 

— ^{ a (i _ [II Pfl llc?'“(£) + II Pfl II Cr' a (E)} 

1 

1 — exp(— Sp) 



III Auq\\e + P«aHU}- 
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By the triangle inequality, this last estimate and the difference equation (7.37) 
yield 



|| A T U(u 0 ,u N )u T \\ c? , a{E) 

~ M ^a(l- a) ^ Bfi II c?’ a (E) + II BfZ II c? 

+ l-exp(-^) [ 11 AU ^ E + H^ll^ 



(£)] 



Theorem 7.2.5 is proved. 



Theorem 7.2.6. The solutions of the difference problem (7.37) in C r (E a ) (0 < a < 
1 )obey the coercivity inequality 



II D 2 T n(u 0 , UN )u r \\ CAEa) + || A t H(uo,un)u t \\ Ct ^ e ^ 

< {3/1,4? lie « , + II {3A,4? 11 



+ 



'a(l - a) 
1 



'C T (E a ) 

a uo\\e a + ||^«jv|| b J}, 



c T (E a ) J 



1 — exp (Sp) 

where M is independent not only of ff, f%, uq, un, t, a but also of e. 



The proof of Theorem 7.2.6 follows the scheme of proof of Theorem 7.1.9 and 
relies on the formula 

p~ 2 (u k + 1 - 2 u k + Uk- i ) 

= (7 - e~ 2NpB )-\l - e~ pB ) 2 p~ 2 {e~^ k ~ x ^ pB - e -(2Ar-fc-i)pB )uo 

+ (/ - e~ 2NpB )- X {I _ e -pBj2 p -2( e -(N-k-l)pB _ e -(N+k-l)pBj UN 

+(/ - g(2NpB))- 1 (g((N -k- 1 )pB) - g((N + k- 1 )pB) 

N k- 1 

x(7 - g(pB)) 2 ^2g((N - i)pB)f u - £(J - g(pB)) 2 g((k - 1 - i)pB)f hi 

i= 1 z=l 

-/i.fc+i + (2 - d(pB))fi,k -(I- g(2N P B))- 1 (g((N - k - 1 )pB) -g((N+k - 1 )pB) 

N N 

x (/ - ^(pB)) 2 '*Tg((N + i- l)pB)f 2 ,i + (I - g(pB)) 2 ^ g((k + i - 2 )pB)\f 2 ,i 

i=l i= 1 

N 

-(I-g(pB)) 2 9((i-k-2)pB)f 2 , i -f 2ik + (2-g(pB))f 2 ,k + i 

i=k + 2 

and estimates (7.42) and (7.48). 
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Theorem 7.2.7. The solutions of the difference problem (7.37) in C r {E) obey the 
almost coercivity inequality 

|| D^U(u 0 ,u n )u t \\ Ct{e) + || A T U(u 0 ,u N )u T \\ Cr{E) 
<M{min{lni,l + |ln||B|| E _ tE |||}[|| {Bf 1<k }i || Ct(e) + II {Bf 2 ,k}i llc T (E)] 

+ l-exp(-M [l1 AU ^ E + l|j4uw|i£;]} ’ 

where M is independent not only of f{, f% , uo, un, r but also of e. 

Proof. By the definition of the norm in C^ ,a (E), 



< 



M , 



IC?'“(E) ^ I* 



ii r lie, (e, < ii r 

Then, Theorem 7.2.5 implies that 

II D t YI(uq,un)u ||c t ( E ) T || A. t YI(uq, 



Cr(EY 



1 



<^{^t[II {%} i lk (E) 



i 



rtll Au o >\ \e + \\ Au n\\e\} 



+ 11 Hc.^l + r-expMp) 1 

for all sufficiently small a > 0. Choosing a in the best way, we obtain the estimate 



|| DIH(u 0 ,u n )u t \\ Ct{e) + || A T U(u 0 ,u N )u T \\ Cr{E) 

< M,{ ln±[|| ll Cr (E) + II W 2 ,k}? II Ct(£) 

+ 1 - exi(“M l " AU ° 11e + Pu/v|le]} - 

By the definition of the norm in C r (E a ), 



ii r \\ Ct( e) < ii r \\cAE a) < ^iisii^ii r iic^- 

Then, Theorem 7.2.6 implies that 

|| D 2 t U{u 0 ,u n )u t \\ Ct{e) + || A r Il(uo,u N )u T \\ CAE) 



< M{-\\B\\ e ^e[\\ {Bfi,k}i llcv(£) 

+ || {Bf 2 ,k}i llc T (£)] + 1 _ exp til Au o\\e + Uu n \\ e ]} 
for all sufficiently small a > 0. Choosing a in the best way, we obtain the estimate 
|| dIU(u 0 ,u n )u t \\ Ct{e) + || A t U(u 0 ,u n )u t \\ Ct{e) 
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< M{( 1 + | In \\B\\ e ^e\)[\\ {Bfi,k}i II Ct (e) + II { B h,k}\ IIc t (e)] 
1 



+ 



1 - exp(-Sp) 



^•^oIIe + ll^-^wll#]}- 



Theorem 7.2.7 is proved. 

Note that if A is the unbounded positive operator in E, then 



min { ln 7- 1 + l ln ll B IU-.e|} = ln ~- 



Let us give, without proof, the following results. 

Theorem 7.2.8. The solutions of the difference problem (7.37) in Cf r, (E) (0 < 
7 </ 3 , 0<(3< 1 ) obey the coercivity inequalities 



DlU(u 0 , un)^ 

+ II W 2 , fe }f | 



< 



Mi 



+ Mi 



NC t (B (3 _ 7 ) - PQ _ pj 

CriEp-J 

[|| (I-e- pB ) 2 p- 2 u 0 -f hl 



II Cr(Ep^) 



1 - exp (—Sp) 

+ \\{I - e~ pB ) 2 p~ 2 u N - f 2 ,N || e /3 _ 7 ], 



\Ep- 



D r Il(uo,U]Sf)u ||(7^>'y^£;) T || ^rn^o^iv)^ ll^-'Y^) 



< 



[II {Bfl,k}i llcf’ 7 (£) + II {Bf2,k}i llcf’ 7 (£)] 



[| (I-e pB ) 2 p 2 ^o-/i,i 



i _ exp (—Sp) 

+ |(7 - e~ pB ) 2 p~ 2 u N - / 2 ,iv|o ’ 7 ] 5 



\Pii 



where M\ is independent not only of ff, no, un, t, (3, 7 but also of e. 

Here, |u;|q ’ 7 denotes that the norm of the Banach space £q ’ 7 consists of those 
v £ E for which the norm 



\w 



1 / 3,7 

lo 



11 —^B 11 

max e e w\\e 

l<n<N-l 



+ sup t T P (t n +t r ) 1 (t N -f„) 7 ||(e ( n t r )B _ e ?B 

l<n<n+r< N — 1 



is finite. 
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Theorem 7.2.9. The solutions of the difference problem (7.37) in C^{E a -p) (0 < 
'y < (3 < a,0 < a < 1) obey the coercivity inequalities 



D 2 TI{uq, u N)u T \\ c i3n^ Ea _^ + || A T U(uo,UN)u T \\ c 0, y ^_^ 
Cr{E^2 P ) 



+ || D 2 U(uo, un) 



< 



Mi 



a(l - a) 
+ M X 



Wc° \E a _ g ) + II {BhAl 



l\(I-e-'y ?-*«<, -h/f_ 



1 - exp (Sp) 

+ |(7-e-^)V 2 ^-/ 2 ,iv& ) 



/3,7 
a— (3 



D^n(u o ,U J v)u T || c 0.7 (£ ; a _ /3) + II A T U.(u 0 ,U N )u T \\ c g,y {Ea _ i3) 
+ II D t T1(uo,Un)u \\c T (E a -^) 



Mi 

T~- 

+ M X 



- ^T^) [l1 {5/l ’ fc}f ^Ba-,)+ I' II <*-(*«.-„)] 

— r " ,T -e pB ) 2 p 2 uq — /i ; i || c T (E a - 1 ) 



+ ll(/- 



1 - exp(-<5p) 

,- P BV2-2 



) P U N - / 2 , 



N 



r (£ a - 7 )]]? 



where M x is independent not only of f{, f%, u 0 , u N , r, a, 0, 7 but also of e. 

Here, \w\^2p denotes that the norm of the Banach space E^-p consists of 
those v G E for which the norm 



\w 



a—f3 



max 

l<n<N- 



w \\ E a ~ B 



+ sup t r P(t n +t r y(t N -t n )' 1 \\(e- {h ^ hL)B -e“^ B )u;|| B „ 

l<n<n-\-r<N — 1 a ^ 

is finite. 

Note that the spaces of grid functions C^(E a -p), in which coercive solv- 
ability has been established, depend on the parameters a, (3 and 7 . However, the 
constants in the coercive inequalities depend only on ot. Hence, we can choose the 
parameters /? and 7 freely, which increases the number of spaces of grid functions 
in which difference problem (7.37) is well posed. 

Let us consider now the boundary-value difference problem (7.37) in the 
spaces L PtT (E) = L p ([Q,T] t ,E), 1 <p< 00 of all grid functions. 

Theorem 7.2.10. The solutions of the difference problem (7.37) in L P<T (E) obey 
the almost coercive inequality 

|| DfU(u 0 ,u N )u T \\ LpT{E) + || A T U(u 0 ,u N )u T \\ LpAE) 
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< M{min{ln -1, 1 + | In ||5 ||e— e|||}[|| {£/i,fc}f \\ LpAE ) + II i B h,k}i II l PiT (e)\ 

+ l-exp(-M [l1 AuJe + Pwiv|l£;]} ’ 

where M is independent not only of ff, uo, un, t, p but also of e. 

Recall that if A is the unbounded positive operator in E , then 

min | In -, 1 + |ln || B j = In -. 

Finally, let us give, without proof, the following results about well-posedness 
of the boundary-value difference problem (7.37) in the spaces 

Lp, r {E) = Lp([ 0, T] r , E), 1 < p < oo. 



Theorem 7.2.11. Suppose that the difference problem (7.37) is well posed in 
L Po ^ r (E) for some po, 1 < po < oo. Then it is well posed in L P , T (E) for any 
p, 1 < p < oo and the following coercivity inequality holds: 

|| D 2 T U{u 0 ,u N )u T \\ LpAE) + || A T n(u 0 ,u N )u T \\ LpAE) 

1 



+IKIIc t (e 1 _ 1/PiP ) < M(p 0 )[— 



exp(-Sp) 



[II u o\\e 1 _ 1/PiP + ll u Jv|| Bl _ 1/j) p ] 



+ -^[11 { 5 / u }f ii Lpit( b) + ii m*}? n L 



r{E)i 



where M(po) does not depend on ff, f% > u o, un, r, p but also not on e. 

Theorem 7.2.12. Let 1 < p < oo and 0 < a < 1. Then problem (5.29) is well posed 
in Lp^ r (E a ^ p ) and the following coercivity inequality holds: 

II D*n(u 0 ,u N )u T \\ LpAEa p) + II A T U(u 0 ,u N )u T \\ Lp AEa p) 

1 



< M 



1 — exp(-Sp) ^ ^olk P + 11^11, 



+ 



M 



N 



a(l -a) LN ^ B h,k}i I^p.t (E a , p ) + II iil p , t (£ q , p )J> 

where M does not depend on ff, u$, un, t, p, a but also not on e. 

Theorem 7.2.13. Let 1 < p, q < oo and 0 < a < 1. Then the difference problem 
(5.29) is well posed in L p ^ T (E a , q ) and the following coercivity inequality holds: 



D 2 T n(u 0 ,u N )u T \\ Lp AEa q) + || A T U(u 0 ,u N )u T \\ Lpr{Eaq) 
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< M(q)[ 



1 — exp(-Sp) 



An 



0 II Ea , q 






+ 



{Bf h kK 



N 



p-l U ' 11 L p ,r(E a}q ) 



+ 11 {Bhk}? W LpAEa Jb 



where M(q ) does not depend on , /J, i^o, u^, t, p, a but also not on £. 



Remark 7.2.14. Theorems 7.2.5-7.2.13 permit us to obtain the error estimates of 
the high order of accuracy difference schemes for elliptic equations with a small 
parameter multiplying one-derivative term in the various Banach norms. 



7.3 A Cauchy Problem for Hyperbolic Equations 

We consider the abstract Cauchy problem for hyperbolic equations 

£ 2 v"(t) + Av(t) = f(t) (0 < t < T),v( 0) = vo , i/(0) = v f Q (7.53) 

in an arbitrary Banach space E with the positive operator A and e £ (0, oo). 

A function v(t) is called a solution of the problem (7.53) if the following 
conditions are satisfied: 

i. v(t) is twice continuously differentiable on the segment [0, T]. The derivatives 
at the endpoints of the segment are understood as the appropriate unilateral 
derivatives. 

ii. The element v(t) belongs to D(A) for all t £ [0 ,T] and the function Av(t) is 
continuous on the segment [0,T]. 

iii. v(t) satisfies the equations and the initial conditions (7.53). 

Suppose that the function f(t) is not only continuous, but also continuously 
differentiable on [0,T], £ D{A) and £ D(A%). Then by formula (6.2), we 

have that the formula 



v(t) = c(-)v 0 + s(~)v' 0 + \ [ s(- — -)f(s)ds (7.54) 

£ £ £ z J £ 

0 



gives a solution of problem (7.53). Here 

t e ii A 1 / 2 , A 1 /* i± A l/2 _ ii^l/2 

c( i, . V . sit) . — £ — 

Suppose further that in an arbitrary Banach space E the assumptions 
\\c(t)\\E^E < M, \\A* s(t)\\E^E < M, 0 < t < 00 



are valid. 



(7.55) 
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In Chapter 6, stable high order of accuracy difference schemes generated 
by an exact difference scheme or by Taylor’s decomposition on the three points 
for the numerical solutions of an abstract initial-value problem (7.53) for e = 1 
were presented. Unfortunately, these difference schemes cannot be applied for the 
approximate solutions of (7.53) in the general cases e E (0,oo). In this section 
we study the high order of accuracy two-step uniform difference schemes of the 
approximate solutions for differential equations of the hyperbolic type with an 
arbitrary parameter 6 on the highest derivative. The stability estimates of the 
solutions of these difference schemes are obtained. 

On the segment [0, T] we consider again a uniform grid 

[0,T] r = {tk = kr,k = 0,1,..., N,Nt = T} 

with step r. Let r = pe and B 2 = A. By Theorem 3.1.1, we have the following 
exact two-step difference scheme: 

T 

v{t k+ 1 ) - 2 c(-)v(t k ) + v(t k - 1 ) 



= 4(/ g( ffc+1 z )f(z)dz+ ( s( Z tk 1 )f(z)dz}, 

£ Jt k £ Jt k - 1 e 

1 < k < N - 1, v(0) = vo, 

v(t) - u(0) = (c(I) - j)v(0) + s(^K(0) + 4 / s(!—^)f{z)dz 

£ £ £ Jo £ 

or 

p~ 2 (v(t k+ 1 ) - 2 v(t k ) + v(t k - 1 )) = 2 p~ 2 {c(^) - I)v(t k ) + 'T~ 1 £ 2 /fc, 

~ ~ T ~ T ~ 

fk = /l,fc+l “1“ ^( — )f2,k c( — )/l ,/e, 

5 £ 

7i,k = {e 2 ?)- 1 [ s(— — -)f(z)dz, f 2 ,k = (s 2 ?)- 1 f c(- — -)f(z)dz, 

Jtk-! £ Jt k -! £ 

l<k<N-l, 

T T ~ 

u 0 = v 0 , Ui = c(-)v(0) + s(-)u'(0) + t/i ; i. 

Applying this exact two-step difference scheme, we can construct the high order 
of accuracy difference schemes 

p~ 2 (u k+ 1 - 2 U k + Uk- 1 ) = 2 p -2 (c(-) - I)u k + T -1 £ 2 /fc, 

T T 

fk = fl,k+l + s(-)f 2 ,k ~ c(-)/l,fc, 



(7.56) 
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T T 

u 0 = Vo, Ui = c(-)u( 0 ) + s(-)v'( 0 ) + r/i i, 

£ £ 

771— 1 

/i,fc = M) -1 [/(*fc) - c(p)/(tfc_i)] - {tA)- 1 5j7 (i+1) (ifc-i), 

j=o 

m— 1 

/2,fc = -(e 2 T) _1 *(p)/(*fc-i) + (^ 2 7 _1 X! c i/ (j+1) ( t fc-i)» 

5o = s(p),B 1 = £ 2 ^- 1 (l- c (p)), 

= (e 2 ^4 _ 1 ) J -B 0 - ^(e 2 ^"* 1 ^^, 2 < 2j <m — 1 , 

B 2j+1 = (s 2 ^ 1 )^ - < 2j + 1 < m - 1, 

7=1 ' ' 

Co = £ 2 A-‘(l-c(rt), 

for the approximate solutions of the initial- value problem ( 7 . 53 ). 

This problem is uniquely solvable and the following formula holds: 

u k = c(kp)v 0 + s(kp)v 0 (7-57) 

k 

+ X] - m )p)fi,rn + s((k - m)p)/ 2 , m }r, 1 < k < N. 

771=1 

Actually, formula (7.57) is true for k = 1. Let k = 2. Then using the formula 
u 2 + u 0 = 2 c(l)tti + r[/i ,2 + s(^)/ 2 ,i - c(l)/i a ], 

we obtain 

U 2 = -v 0 + 2 c(l)(c(l)v( 0 ) + s(l)u'( 0 ) + r/ 14 ) + r[/i j2 + s (-)/ 2;1 - c(l)/ u ] 

£ £ £ £ £ 

= c(2p)v(0) + s(2p)v'(0) + r[/i , 2 + s(p)f 2 ,i + c(p)/ u ] 

2 

= c( 2 p)v( 0 ) + s(2p)v'(0) + r ^ {c ((2 - rn)p)f hm + s ((2 - m)p)/ 2>m }. 

771=1 

Thus, formula (7.57) is true for k = 2. Applying mathematical induction, one can 
easily show that it is true for every k. Namely, assume that formula (7.57) is true 
for k — 1 and k. Using the formula 

T T T 

u k- 1-1 + u k- 1 = 2 c( — )u k + r[/i 5 fc +1 + s(-)/ 2 ,/c — c(-)/i 5 fc], 
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we obtain 



Uk+l — —Uk-\ + 2 c(p)uk + T[/i ? fc+i + s(p)f 2 ,k — c (p)f l,k\ 



k - 1 

= -{c((k-l)p)v 0 +s({k-l)p)v , 0 +'^2{c((k-l-m)p)fi i m+s((k-l-m)p)f2,m.}T} 

m— 1 
k 

+2c(p){c(kp)v 0 + s(kp)v o + ^ {c((fc - m)p)fi tm + s((k - m)p)/ 2)m }r} 

m=l 



+r[/i,fc+i + s(j)f 2 ,k ~ c(j)fi,k\ = {2 c(p)c(kp) - c((k - l)p)}v 0 

+{2 c{p)s{kp) - s((k - l)p)K 



k— 1 

+ £{2c(p)c((* - m)p) - c((k - 1 - m)p)fi trn {2c(p)s((k - m)p ) 

771=1 

-s((fc - 1 - m)|0)/2, m }r} 

J- 

+2c(-)f hk T + r[/i )fe+ i + s(/9)/ 2 ,fc - c(/o)/i,fc] 

= c((fc + l)/t>)v(0) + s((k + l)/o)v'(0) 

fc+1 

+T + 1 - m )p)f l,m + S (( fc + 1 - ^)p)/2,m}- 

m=l 

Thus, formula (7.57) is true for k + 1. Therefore, formula (7.57) is true for all k. 
Let us investigate the stability of the exact two-step difference scheme (7.56). 

Theorem 7.3.1. For the solution of the exact two-step difference scheme (7.56) the 
following stability inequality holds: 

max y^/ell# < M[ max[|/i fell# + £ max \[A~^ f 2 ,k\\E (7.58) 

0<k<N 1 <k<N l<k<N 



+£ || A 2 Vq || E + II ^0 ||e]j 

where M does not depend on e, r, fi t k, h,k, 1 < k < N and vo, v ; 0 . 

The proof of Theorem 7.3.1 is based on formula (7.57) and estimates (7.55). 
Stability inequality (7.58) permits us to obtain the estimate of convergence 
of (7.56) in C r (E). 
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Theorem 7.3.2. Suppose that the function f(t) has m+1 derivatives and 

\\f {m+1) (t)\\ E <M,0<t<T. 

Then for the solution of the difference problem (7.56) the following convergence 
estimate is valid: 

II Mh) - «*}" II Ct (E) < ( 7 - 59 ) 

where M does not depend on t and e. 

Proof. The components z k = v(tk) — Uk of error vector z T = {z k }i satisfy the 
relations 

p~ 2 {z k+ 1 - 2 z k + Z k - 1 ) = 2 p~ 2 {c(p) - I)z k + T~ 1 e 2 a k , 1 < k < N - 1, 

z 0 = 0 , £i=ra u , 



where 

a k = ai jfc+ i + s(p)a 2 , k ~ c(p)a lik , 1 < k < N - 1, 
ai,fe — jfi,fc - CL2,k = /2,/c - /2,/c, 1 < A: < AT. 

Prom this and the stability inequality (7.58) it follows that 

max II Zfc II e < M [ max Hai/eH^ + e max |U _ ^a 2 ,/c || e]- (7.60) 

1 <k<N' l<k< N i<k< n ’ 

Therefore to this end it suffices to estimate {ai^}i and {a 2 ^}i in C T {E). Inte- 
grating by parts and using Taylor’s formula, we obtain 

Oi.fe = (M -1 f s(- — -)f(z)dz- {{rA)~ l [f{t k ) - c(p)/(t fc _i)] 

m — 1 

-M ) _1 XI 4 / 0 + 1 ) 4 -i)} 

j=0 



pt k j . m ^ 

= -M ) -1 / c(^—^)f(z)dz + M ) -1 X £j/° + 1 ) (*k-l) 

"'^-i J=0 

m ~ 1 /M 1 1 Q 1 

= - XM) _1 / c ( )(s-4-i)' ? dsf^ +1) (t k - 1 ) — 



-(rA)- 1 J tk cC-^jZ) j (s- z )mf(m+l) dzds _L 

tk-1 

m— 1 

+M)- 1 X^-/ (j+1) (*fc-i)- 

J=0 




392 



Chapter 7. Uniform Difference Schemes for Perturbation Problems 



A simple calculation shows that 

-(tA) -1 [ c(— — -)(s-t k -iy ds/ (j+1) 

Jt fc _x £ J ! 

m — 1 

= -(rA)- 1 ^^/ (j+ 1 ) (tfc- 1 ). 

3=0 

Therefore, we can write 

a h k = -(tA)- 1 [ c(— — -) / (z- s) m ~ 1 f ( ' m+1) {z)dzds/(m- 1)!. 

Jt k -i £ t J 

tk-1 

In a similar way one shows that 

a 2 , k =(Te 2 )~ 1 [ s (- — -) / {z- s) m ~ 1 f (m+l) (z)dzds/(m- i)!. 

Jtk-i £ J 

tk-1 

Then, using the triangle inequality and estimate (7.55), we obtain 

max \\cli k We < M r m 

l<fc< N ’ 



and 

max \\d 2 k We < M e~ l r rn . 

1 <k< n ’ 

From this and estimate (7.60) follows estimate (7.59). Theorem 7.3.2 is proved. 

Remark 7.3.3. Theorem 7.3.2 permits us to obtain the error estimates of the 
high order of accuracy difference schemes for hyperbolic equations with a small 
parameter multiplying time-derivative term in the various Banach norms. 

Remark 7.3.4. Applying this approach we can construct the high order of accu- 
racy uniform difference schemes for three singular perturbation problems involving 
second-order differential equations in a Banach space E. The equations are 

e 2 v"(t) + v'(t) = Av(t) + f(t), 

e 2 v"(t) - iv'(t ) = Av(t) + f(t), 
e 2 v"{t) + v'(t) = ( e 2 A + B)v(t) + f(t), 

where A, B are linear, generally unbounded operators in E. In each case, the usual 
initial conditions are given: 



v(0) = voV(O) = Vq 




Chapter 8 

Appendix: Delay Parabolic 
Differential Equations 



Chapter 8 is devoted to study of the initial- value problem for delay partial differ- 
ential equations of the parabolic type. A sufficient condition for stability of the 
solution of this initial- value problem is given. The stability estimates for solutions 
of the first and second order of accuracy difference schemes for approximately 
solving this initial-value problem are presented. The stability estimates in Holder 
norms for solutions of the initial- value problem of the delay differential and differ- 
ence equations of the parabolic type are obtained. 

8.1 The Initial- Value Differential Problem 

In the present section we consider the initial- value problem for linear delay differ- 
ential equations 



/ ^ + Av (t) = B(t)v(t-u),t>0, f , 

\ v(t) = g(t)(-w <t< 0) 1 j 

in an arbitrary Banach space E with the unbounded linear operators A and B(t) 
in E with dense domains D(A) C D(B(t)). Let A be a strongly positive operator, 
i.e., —A is the generator of the analytic semigroup exp{— tA}(t > 0) of the linear 
bounded operators with exponentially decreasing norm when t — > oo. That means 
the following estimates hold: 

||exp{-fyl}||£;_ E < Me~ st ,\\tAexp{-tA}\\ E ^E < Me~ 6t ,t> 0 (8.2) 

for some M > 1, 5 > 0. Let B(t) be closed operators. The operator function B(t) 
is strongly continuous on D(A). 

A function v(t) is called a solution of problem (8.1) if the following conditions 
are satisfied: 



i. v(t) is continuously differentiable on the interval [—a;, oo). The derivative at 
the endpoint t = — u is understood as the appropriate unilateral derivative. 
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ii. The element v(t) belongs to D(A) for all t G [-u;,oo), and the function 
Av(t) is continuous on the interval [— cj, oo). 

iii. v(t) satisfies the equation and the initial condition (8.1). 

A solution v(t) of the initial-value problem (8.1) is said to be stable if 

ll«(*)IU< max ||flf(i) \\e (8.3) 

—cj<t<0 

for every t, —lj < t < oo. We are interested in studying the stability of solutions 
of the initial- value problem under the assumption that 

\\B(t)A~ 1 \\E^E < 1 (8.4) 

holds for every t > 0. We have not been able to obtain estimate (8.3) in an 
arbitrary Banach space E. Nevertheless, we can establish the analog of estimates 
(8.3) where the space E is replaced by the fractional spaces E a (0 < a < 1) under 
a stronger assumption than (8.4). Stability estimates for the solutions of the first 
and second order of accuracy difference schemes for approximately solving this 
initial-value problem are presented. The stability estimates in Holder norms for 
solutions of the initial- value problem of delay differential and difference equations 
of the parabolic type are obtained. 

The strongly positive operator A defines the fractional spaces E a = E a (E, A) 
(0 < a < 1) consisting of all u G E for which the following norms are finite: 

\\u\\E a = sup ||A 1-a Aexp{-AA}u||£. 

A>0 

First, we consider problem (8.1)when A -1 and B(t) commute, i.e., 

A~ l B(t)x = B(t)A~ l x, x G D(A). (8.5) 

Theorem 8.1.1. Assume that the condition 

l|B(tM"W<^ (8.6) 

holds for every t > 0, where M is the constant from (8.2). Then for every t > 0 
we have 

IK*)||e q < max \\g{t)\\ Ea . (8.7) 



Proof Using the formula 



v(t) = exp{— L4}<7(0) + f 
o 



exp { — (t 



— s)A}B(s)g(s — uo)ds 



(8.8) 
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the semigroup property, condition (8.5) and estimates (8.2), (8.6), we obtain 

A 1_ "Pexp{-AA}u(i)|| £ < A 1_a || J 4exp{-(A + f) J 4}g(0)|| E 



t 

+ A- / Pexp{- 



A + 1 — s 



^}||b-.£;||-B(s)^ 1 || E-^E 



xPexp{-^-tl — -.4}#(s -w)|| B ds 



A 1- " l — a f 

- (a + ty-° ll5(0) IIb “ + J (a +t- s ) 2 -“ o<r<i 

0 



M A j -“2 2 -“ 

— ds max ||s(s-w)|| Ba 



—uj<t<0 

for every t, 0 < t < u and A, A > 0. This shows that 



— u<t<0 



(8.9) 



for every £, 0 < t < u. Applying mathematical induction, one can easily show that 
it is true for every t. Namely, assume that inequality (8.7) is true for t, (n - 1 )u < 
t < ncj, n — 1, 2, 3, . . . , for some n. Letting t = s + nuo , we have 

dv 

— + Av = B(s + nuj)v(s + (n - l)w), 0 < s < w. 

Using estimate (8.9), we obtain 



max Ns-w)||£! a < max IHi)^ 

nuj<s < {n+l)LJ —(n—l)LJ<t<nu> 

for every t, ncu < t < (n + l)u, n = 1, 2, 3, — and A, A > 0. This shows that 

IKOIba < max ||c/(i)ll£c, 

—uj<t<0 



for every £, nu; < t < (n + 1 )cj, n = 1, 2, 3, — This result completes the proof of 
Theorem 8.1.1. 

Now, we consider problem (8.1) when 

A~ l B{t)x ^ B(t)A~ l x,x G D(A) 

for some t > 0. Note that A is a strongly positive operator in a Banach space 
E iff its spectrum or (A) lies in the interior of the sector of angle </?, 0 < 2tp < 7 r, 
symmetric with respect to the real axis, and if on the edges of this sector, S\ = 
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[z = pexp(ip) : 0 < p < oo] and S 2 = [z = pexp(—iip) : 0 < p < 00 ] and outside 
it the resolvent (z — A)~ l is subject to the bound 



(z-A) 



-ii 



E^E 



< 



Mi 



(8.10) 



l + \z\ 

for some Mi > 0. First of all let us prove two lemmas. These will be needed in the 
sequel. 

Lemma 8.1.2. For any z on the edges of the sector, 

Si = [z = pexp(i(p) : 0 < p < 00 ] 

and 

S 2 = [z = pexp(-iip) : 0 < p < 00 ] 
and outside it the estimate 



|| A(z-A) x\\ E < 



Mf M a ( 1 + Mi) l ~ a 2 ( ^~ OL ^ a 



WE a 



a(l — ce)(l + \z\) a 

holds for any x G E a . Here and in the future M and M\ are the same constants 
as in estimates (8.2) and (8.10). 

Proof Applying the formula 



x 



/•OO 

= / Aexp{—rA}xdr, 

Jo 



and using the semigroup property, we can write 

pN 

A(z — A)~ 1 x= / A(z — A)~ 1 Aexp{—rA}xdT 
Jo 

T T 

+ / (z — A)~ 1 Aexp{ — -A}Aexp{—-A}xdr. 

Jn 2 2 

Using estimates (8.2), (8.10) and the definition of the spaces E a , we obtain 

pN 

\\A(z - A )' 1 x^e < / \\A{z - A)- l \\E-+E\\Aexv{-i'A}x\\EdT 
Jo 

poo 

+ / ||(2-/l) _1 ||£;~i?mexp{— -A}\\ E ^ E \\Aexp{--A}x\\ E dT 

JN LI 

( p N poo ypyp o2-a r a-2 \ 

f (1 + Ml )T a -'dT + J N dr\\\x\\ Ea =m)ME a . 



Here 



ip(N) = (1 + Mi) — + 



N a MM 1 2 2 ~ a N a ~ l 



a (|z| + 1)(1 - a) ' 

Taking the minimum of the function ip(N) over all N, 0 < N < oo, we obtain the 
statement of Lemma 8.1.2. 
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Lemma 8.1.3. Let for all s >0 operator B(s)A ~ 1 - A~ 1 B(s) with domain which 
coincide with D(A ), admit a closure Q = B(s)A ~ 1 - A~ 1 B(s ) bounded in E. Then 
for all r > 0 the following estimate holds: 

\\A~ 1 [Aexp{-rA}B(s) - B(s)Aexp{-rA}}x\\E 



< 



i{a + l)M°M 1 1+a (l + 2M\)(1 + M 1 ) 1 - a 2( 2 - a )°||Q||^ g ||g|| Eo 

T l ~ a/ Ka 2 {\ - a) 



Here Q = A~ l (AB(s) - B(s)A)A~ 1 . 

Proof Applying the Cauchy-Riesz formula, we obtain the representation 



l dzx 



Aexp{-rA}x = — ^ / exp {-rz}A(z - A) 1 c 

2m J 

S1US2 

= -— J exp {-rz}dzx + -^: J exp{-Tz}z(z - A)~ l dzx 

5 iU 5 2 S1US2 

for every r, r > 0. Prom this it follows that 

J 4 _1 [ J 4exp{-r J 4}5(s) - B(s)Aexp{-rA}]a; 

= - J exp{-rz}zA~ 1 [(z - A)~ 1 B(s) - B(s)(z - A) _1 ]dzx 

S 1 l)S 2 

= - h J exp{-rz}z(z - A)~ l QA(z - A)~ l ]dzx. 



S1US2 



Making the substitution z = + iy,- oo < y < oo and using integration by 

parts, we can write the formula 



e 

27T 

e 

2nr 



A 1 [Aexp{-rA}B(s) - B(s)Aexp{-rA}]x 
11 1 

/ exp(-Ti2/)( b iy)( b iy - A)~ 1 QA( b iy - A) _1 dyx 

J - oo T T T 

f°° 1 11 

/ exp(-T*2/)( — + - A) -1 [Q - ( — + iy )( — + iy - A)~ l Q 

J - 00 r r r 

11 1 
-( 1- *y)Q( b iy - A) -1 ], 4( b iy- A)~ 1 dyx. 

T T T 

By Lemma 8.1.2 and performing the change of variable ry = p, and using esti- 
mate^. 10), we obtain 

||A _1 [Aexp{-rA}J5(s) - B(s)Aexp{-rA}]x\\E 
e 1 

<2 —J \eM-Tiy)\\\{-- + iy-A)~ 1 \\ B „ E {l + 2M 1 )\\Q\\ 



E^E 



x||A( \-iy-A) 1 dyx\\ E 

T 
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<_e_ r dy 

~ 2ttt J_ 00 (Jj. +y 2 ) k TT 

;; (1 + 2Mi)||g|| E ^M 1 1+a M Q (l + M 1 ) 1 ~ a 2^ 2 ~ 0: ) a ||a;||g Q 

a(l - a) 

_ e r°° dp 
7TT 1 ~ a J 0 (l+p 2 ) 1 ^ 

(1 + 2M 1 )||Q|| j ;^ g M 1 1+a M a (l + M x y- a 2^- a ) a \\x\\ Ea 

a(l — a) 

< e(l + a)(l + 2M 1 )||Q|| g ^ E M 1 1+a M a (l + Mi) 1 - a 2( 2 ~ a ) a ||a;lU a 

- 7rT 1 ~ a a 2 (l - a) 

Lemma 8.2 is proved. 

Suppose that 

\\A-'(AB(t)-B(t)A)A-'\\ E „ E ( 8 . 11 ) 

7r(l - a) 2 a 2 e 

~ eM 1 +«M 1 1+Q ( 1 + 2 Mi)(l + Mi) 1 - a 2 2 + a - a2 (l + a) 

holds for every t > 0. Here and in the future e is a some constant, 0 < e < 1. 

Theorem 8.1.4. Assume that the condition 

P =T MI^ < {1 ~ t ?p-I C> (812) 

holds for every t> 0. Then for every t > 0, estimate (8.7) holds. 

Proof Let 0 < t < u and A, A > 0. Then using formula ( 8 . 8 ), we have that 
X 1 ~ a Aexp{—XA}v(t) = A 1 -a Aexp{ — (A + t)A}g(0) 

t 

+A 1_a J exp{— - — ^ — -A}B(s)Aex p{-^-^ — -A}g(s - u)ds 
o 

t 

+A 1- “ / exp{-^-t^ — -A}[i 4 exp{-Lt| — -A}B{s) - B(s)A 

0 

x exp{-^-t^ — -A}] 0 (s - w)ds 
= h + h + 7*3 , 

where 

h = A 1 _a Aexp{-(A + t)A}g(0), 
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t 

I exp{- 



A + 1 — s 



A + t — s 



h = A 1 “ /ex pf- 11 -^ — -v4}£(s),4exp{-^-^ — -A}g(s - u)ds, 



h 



l 

= A 1- " J exp{- 



A+ ! S ^}[^ ex P{~ A + ! S A}B{s) - B(s)A 



x ex P{-^-^ — ~ A }] 9 (s - w)ds. 

Using estimates (8.2), (8.10) and condition (8.12), we obtain 

ll/ilk = A 1 -“|| J 4exp{-(A + 0^}ff(0)|| £ 

s (ITi) 13 ” 1,9(0)11 s (a + (>■-<» -S!R, ll9(t)llE - 



t 

\Me < A 1 ”* J \\AeM-^^m E ~E\\A^W) 



\E^E 



x Mexp{-^l — -^(s-u^HEds 



/ MX 1 ~ a 2 2 ~ a 

(A + t-^- <ls .5 a ?J l9(s ~‘" )llis - 

0 

for every t,0 < t < to and A, A > 0. Now let us estimate I 3 . By Lemma 8.1.3 and 
using estimate (8.11), we can obtain 



1 

Ush < A 1 -" f ||Aexp{- 



A + t — s 



Al}|| 



E*-+E 



X II A ^AexpJ-Ltl — -A}B(s) - 5(s)^exp{-Ltl — -A}]g(s - uj)\\ E ds 

< A 1_Q e(l + a)M 1+ “M 1 1+a (l + 2M l )(l + Mi) 1 ““2 (2 - a)a 
rt U-'iABis) - B(s)A)A-m E „ E 2 2 - a \\g(s - co)\\ E< 



/ 



(A + t - s) 2 ~ a 7 ra 2 (l - a) 



ds 



< max \\A~ 1 (AB(s) — B(s)A)A~ 

0 <S<UJ 



I E^E 
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e(l + a)M 1+a Ml +a { 1 + 2M 1 ){1 + Mi) 1 -“2( 2 - Q )“2 2 - a 

X / ~ ~ ! 7 TTZ ' CLS 



f 



(A + t — s) 2 ~ a 7ro^ 2 (1 - a) 



x _ma| o |t9WIU„ < _gj| 0 lls(<)ll E .(l - 



)e 



for every t, 0 < t < cj and A, A > 0. Using the triangle inequality, we obtain that 
A 1- “||x4exp{— Ax4}v(f)||£ < max ||fir(0l|£ a 

— U!<t<0 

for every t, 0 < t < lu and A, A > 0. This shows that 



IKOIIbc < max || 5 (t)|| Ea 

—uj<t<0 



for every t, 0 < t < u. In a similar manner with Theorem 8.1 applying mathemat- 
ical induction, one can easily show that it is true for every t. This result completes 
the proof of Theorem 8.1.4. 



8.2 The Difference Schemes 

Using the first and second order of accuracy implicit difference schemes for dif- 
ferential equations without delay, we have the following difference schemes for 
approximate solutions of the initial- value problem (8.1) 

{ r( U k ~ 'U'k—l') T A Ufc — BhUk—N, Bfc = B(tk ), 

tk = fcr, 1 < k, Nr = uj , (8.13) 

Uk = g(tk),t k = kr,-N < k < 0, 

f ^{Uk-Uk-l) + (A+±TA 2 )u k = \{I + %A)B k (u k -N + Uk-N-l), ( n 14 x 

{ Bk = B(t k - \ ), tk = fcr, 1 < k, u k = g(tk),t k = kr , —N < k < 0. ^ ' 

Theorem 8.2.1. Assume that all conditions of Theorem 8.1.1 are satisfied. Then 
for the solution of difference scheme (8.13) the estimate 

IKIIe q < m&x \\g(t k )\\ Ea (8.15) 



holds for any k> 1 . 

Proof Let us consider 1 < k < N. In this case 

k 

u k = R k g{ 0) + Y,&- i+1 B j g(t j - N )T, 

3 = 1 

where R = (1 + rA)~ x . Using the formula 

oo 

~ k — Ti TTT / t k_1 exp(—t) exp(—rtA)dt, k > 1, 

[k - 1)1 J 
o 



(I + r A) 



(8.16) 
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condition (8.5) and estimate (8.6), we obtain 



A 1 a \\Aexp{-XA}uk\\E < A 



1 — a 



(fc-l)! 

oo 

J i fc_1 exp(— i)Pexp{— (rt + \)A}g(0)\\ E dt 



k oo 

+A i - Q ^ r _i_ J j.k-] eX p(-i)||Aexp{- 



(rt + A)^4 






x \\A exp{- ^ Tt + X ^ A }g(tj- N )\\ E dt 



OO 



+A 



l — a 



1 - a 
M2 2 ~ a 



J. oo 

v— 1 f u_a / x M2 a dt 

^■ T W=~} j! J ‘ ^- V + A)*- 11 ^-" 111 ' 8 - 

.7 — 1 n 



- J -iv 1 <1 C <o ll ^ fc)l|£ “’ 



where 



J 



(tr + A) 1- 



+A i_a (l — a) 



OO 
0 

/c 00 

'f t T whyJ tt ~ ,eM - t> i 



dt 



- (tr + A) 2 - Q ' 

J-l 0 

We shall calculate J. Making the substitution k—j = m and using Taylor’s formula 
and integration by parts, we obtain that 



oo 

J = Al ~”(FW t '" exp( - t) 



dt 



k l 

+^-“(1 — /rexpH) 

m=0 * n 



(£r + A) 1_a 
dt 



(tr + A) 2_q 
dt 



= A 1 ~ a ,, 1 ,s, f t^expi-t). 

(k-l)\J FV '(Jt + A) 1 -" 

0 

oo 

+A 1-< *(1 — a) J exp(()[l — 



£ 1 exp(-£)<i£ dt 

] exp (-t) 



(tr + X) 2 ~ a 
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(k-iy 



oo 

J i fc_1 exp(— t) 



( tr + A) 1- 



(k~ 1) 



OO 

! / * fe_lexp P^ 



(tr + A) 1 



Therefore, 



A 1 "Pexpf-A^UfcHe < max \\g(t k )\\ Ea 

— N<k<0 



for every fc, 1 < k < N and A, A > 0. This shows that 



Mk < _max <o 115(^)11^ 



(8.17) 



for every fc, 1 < k < N. Applying mathematical induction, one can easily show 
that it is true for every k. Namely, assume that estimate (8.15) is true for the 
fc, ( n — 1 )N < k < nN , for some n = 1,2,3, Letting k = ra + nN, we have 

(^m 1) T N j 1 ^ Tn ^ -AT . 

r 

Using estimate (8.16), we obtain 

IKHe q < Il u m-Af||£ e , 

for every A:, nN < k < (n + l)iV, n = 1, 2, 3, . . . , and A, A > 0. This shows that 

IKIUo < \\g(t k )\\E a 

—Lu<k<0 

for every k,nN < k < (n + 1)AT, n = 1,2,3, — This result completes the proof 
of Theorem 8.2.1. 

Theorem 8.2.2. Assume that all conditions of Theorem 8.1.4 are satisfied. Then 
for the solution of the difference scheme (3.13) the estimate (8.15) holds for any 
k > 1. 

Proof. Let us consider 1 < k < N. Using the formula (8.16 ), we can write 

oo 

X 1 ~ a Aexp{-XA}uk = A 1-Q \ [ t k ~ l exp(-£)Aexp(-(r£ + X)A)g(0)dt 

( k ~ 1)! J 

o 



+Al °]C r (jfe- j)\ / fk i exp(-t)exp(-^^A}^A 
3=1 y o 
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. rt + A . . . . 7 

x exp( — A}g(tj- N )dt 

k 00 

+A 1 " Q ^r^-yj J t k ~ j expi-^Aexpi-^-^AjA- 1 

j =1 ' 0 

x[exp (- Tt ^ X A}ABj - BjAexp{- Tt + ^ A}\g(tj- N )dt = T 1 +T 2 + T 3 . 
Using estimates (8.2), (8.10) and assumption (8.12), we obtain 



||7i||e < A 1 a ^ _ j t k 1 exp(-t)||Aexp{-(rt + X)A}g(0)\\ E dt 
0 



(fc-1)! 



OO 



Lib 

7 rr - : max \\q(tk)\\E 

(tT + A) 1 -" -N<k < 0 " v “ 



rC 

j t k -jexp(-t)\\Aexp{- T -±±±A}\\ E ^ E 
1 =1 0 

q-+ I \ 

xWB.A-'WE^WAexpi l-A}g(t j _ N )\\ E dt 

b 00 

A Q (1 — Q;)(l— G) 1 f k—i ( 1 \ ^2 2 a dt . 

- M2 2 ~ a ^ T (k-j)\ J 1 6XP ^ - ^ (tr + A) 2 -“ ll®^- JV )ll £ « 

j- 1 0 

k 00 

< A‘-“(l -0.1(1- e)£ T (t37 )i /t^expH)- + *,_„ _m <i?<o l| 9 (t t )|U. 

j- 1 0 

for every fc, 1 < k < N and A, A > 0. Now let us estimate X3. By Lemma 8.1.3 
and using estimate (8.11), we can obtain 



k 00 

IIT 3 IU < j t k -i exp(— t)||j4exp{- 



rt -b A 



ST-f j \ ^4 I \ 

x||yl - 1 [ylexp{ — A}Bj - BjAex p{ — A}}g{tj- N )\\ E dt 

k 

< V- 



x / t k i exp (— t) 



e(l + a)M“M 1 1+ “(l + 2Mi)(l + M M2 2 ~ a dt 



na 2 (l - a) 



(tr + A) 2 



X \\9{tj-N)\\E, 
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k 00 

<A 1 -“(l-a)€^r^-yy J t k ~ ] exp(-t) 



dt 



( tT + A) 2- " -N<k< 0 



max || 5 (t fc )|| 






i- 1 0 

for every fc, 1 < k < N and A, A > 0. Using the triangle inequality, we obtain that 
A 1_ "Pexp{-AA}u fc || B < max J\\g(t k )\\E a 



-N<k< 0 



for every k,l < k < N and A, A > O.This shows that 



IKIba < 

— N<k<0 



for every k,l < k < N. In a similar manner with Theorem 8.2.1 applying math- 
ematical induction, one can easily show that it is true for every k. This result 
completes the proof of Theorem 8.2.2. 

Now we consider the difference scheme (8.14). We have not been able to 
obtain the same result for solution of the difference scheme (8.13) in the spaces 
E a under the assumption for the difference scheme (8.13). Nevertheless, we have 
asymptotic stability of the solution of the difference scheme under the supplemen- 
tary restriction of the operator A. From the strong positivity of the operator A it 

follows that there exists the bounded operator (I + tA + )~ 1 ? defined on the 

whole space E. 



Theorem 8.2.3. Let condition (8.5) be satisfied. Suppose that the following esti- 
mates hold: 



|| (I + tA)(I + tA+^ ^ ) 1 \\ e^e < 1 , 



tA (tA ) 2 

||(/+- T )(/ + rA)(/ + rA+^)- 1 | 



E^E < 



1 + V2 



and 



\\B(t)A^\\ E ~E< 



(1 -<*) 



-, t > 0 . 



M2 1-a (l + y/2) ' 

Then for the solution of difference scheme (8.14) estimate (8.15) holds 
k> 1 . 



(8.18) 

(8.19) 
for any 



Proof. Let us consider 1 < k < N. In this case 

k . 

u k = R k g{ 0) + J2R k ~ j+1 (i + T Y) B M t i-N + g(tj- N -i))T, (8.20) 
j=l 

where R — (I + r A + ^ r ^ )~ 1 . Using formula (8.16) and estimates (8.2) and 
assumptions (8.18) and (8.19), we obtain 

A 1 - a ||^exp{-AAl} Ufc || £ < ||((/ + tA)(I + tA + ^-)-') k \\ E „ E 
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(Al a j k - 1)! / <fc lex PH)P ex P{-( rt + A)^4}fir(0)|| E dt 

0 



+X 1 ~ a Y / T\\(I + tA){I + tA + 

3 = 1 






x HU + _ 2 _ )(^ + r "4)(-^ + rj 4 + ^ ^ ) 1 ||j5,_£; 



(* 



oo 

J t k ~ J exp(-t)\\Aexp{- 



rt + A 






x||^exp{-^-^y4}^(5(t j _jv) + 5(t i _j V _ 1 ))|| £ ;<ft 



< 



OO 

X '~°( khyj tt - lex rt- t \,r +V“ I|9(0>IIe - + 



(1 + ^ 2 ) 1 - 



a 



2 M2 1 "“(l + v/2) 



1 f xk 7 / M2 2 a dt 1, 1 / 

: L r (jfeTj)T J 1 eX PH) + A) 2-a II 2 + g(*J-AT-l))lk 

•7 = 1 0 



where 



oo 

J = Al "“(k 1 T)!/ ( ‘‘‘ lexp< “‘ ) 



dt 



(tr + A) 1 ' 



/e 00 

+A 1 -"(l-a)^r ir L^ j t k -i exp(-t) 

i - 1 o 



dt 



(tr + A) 2_a * 



Therefore 



A a pexp{-AA}^||£; < max ||^(t /c )|| £ ; Q 

— iv <fc<0 



for every fc, 1 < k < N and A, A > 0. This shows that 

IKk < _nua <0 \\9{tk)\\E a 

for every fc, 1 < k < N. In a similar manner as with Theorem 8.2.1 applying 
mathematical induction, one can easily show that it is true for every k. This result 
completes the proof of Theorem 8.2.3. 

Now, we consider the difference scheme (8.14) when 

A~ l B(t)x ± B(t)A~ 1 x,x e D(A) 



( 8 . 21 ) 
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for some t > 0. Suppose that operat or B^A -1 — A~ 1 B( t ), with domain which 
coincides with D(A ), admits a closure B(t)A~ l - A~ 1 B(t ) bounded in E and that 
the following estimate 



\\A-'(AB(t)-B(t)A)A-i\\ E „ E < 



7r(l— a) 2 a 2 (l+q) 1 

eM 1 +<*Ml+ a 
x (l + >/2) 1 e 

(1 + Mi ) 1 _ q : 2 2 + q_q2 



( 8 . 22 ) 



holds for every t > 0 and some e G [0, 1]. 



Theorem 8.2.4. Let assumptions (8.18) ; (8.19) and (8.22) be satisfied. Suppose that 
the estimate 



\\A-iB(t)\\ E „ E < 



(l-o)(l-e) 

M2 2 ““(l + y/2) 



(8.23) 



holds for every t > 0. Then for the solution of difference scheme (8.14) estimate 
(8.15) holds for any k> 1. 



Proof. Let us consider 1 < k < N. Using formula (8.16), we obtain 



A 1 Q j4exp{— XA}uk = ((7 + tA)(I + tA + 



M) 2 r ufc 
2 ’ 1 



OO 

x A 1-0 ?- — —— — [ t k ~ l exp(-t)Aexp{ — (rt + X)A}g(0)dt 
{k - 1)! J 
o 

+A 1 -^r((7 + r^)(/ + rAl+^)- 1 ) fc ^(/+^)(7 + rAl)(7 + rAl + ^)- 1 

3 = 1 

OO 

x {k^]y. j ex p(-0 ex p{- (r * 

0 

x>lexp{- ^ rf ~^ A ^ }^(ff(fj-jv) + g{tj- N -i))dt 

+A 1 - a ^r((7 + rA)(7 + rA+^)- 1 ) fc ^(7+^)(7 + r J 4)(7 + r^ + ^)- 1 

3 = 1 

OO 

0 



x[exp{- ^~** A ^ }AB,- - g^exp{- ^^ A ^ }]^(ff(t j _jv) + ff(tj_j V -i))dt 

= Pi + + ^3 • 
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Using estimates (8.2), (8.22) and assumptions (8.18), (8.19), (8.23), we obtain 
IIPilU < \\((I + tA)(I + tA + 



xAl a ' (k-l ) ! J ** lex P( _f )P ex P(-( rt + A )^)fi r (°)llE^ 
0 






OO 

y J * fc - 1 exp(-t) 



7 TTj — max ||o(ifc)||£ , 

(tT + A) 1-a -N<k< o" yV 



\\P 2 h < A 1 - 0 £ r\\(I + tA)(I + r.4 + 



X \\(I + ^)(I + rA)(I + tA + 



x (*TTj)T / ** Jex P( _t )ll Aex P{“^^^}lls-Bp _1 5jlU-B 
0 

x Pexp{— +gftj-Af- 1 ))b<ft 

< (l + y/2) A^l-aXl-g) 

2 M2 1 -“(l + V2) 

k 00 

ST' 1 /.fc-i , M2 2 ~ a dt M 1 

x Z^ r 77: — 7 m / 4 J exp(-^) ||-( g ft J _ JV )+g(t j -^-i))|U a 



^J r (fc-i)! J 

j-i 0 



(tr + A) 2_a 2 



< (1 -a)(l -e)]^ 



1 [ j.k-i ( ,\ / ^ 1 a dt I. , 

/ t Ti TT / * J exp(—t )7 rrr; max o(tfc) We 

“ ( k-j)\J v '(tr + A) 2 " a -iv<fc<o l|yv 

J ~ 1 0 



for every fc, 1 < k < N and A, A > 0. Now let us estimate P3. By Lemma 8.1.3 
and using estimate (8.11), we obtain 

k 

\\Ps\\e < A 1_c * £ r ll ( 7 + tA )V + ^ + ^V 1 )^ II E~E 



x ll(^+ ~^)(I + t A)(I + tA+ ^ ^ ) ^I^H-tf; 



(k~ j)\ 



OO 

j J t k ~ 3 exp(-^)||^4exp{— ^ ~^^^ }||g->g 
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X 11-4 '[Aexpi- ^ 1 + 2 X ^ A }Bj - BjA 
x exp {- (rt ±iM }]l( g (^- jV ) + gfr-N-MEdt 

- A ( 2 +V ^ 



OO 

J t k ~i exp(— t) 



e(l + o)M a Ml +a ( 1 + 2Mi)(l + M 1 ) 1 -“2( 2 - a ) Q M2 2 ~ a dt 

2-a 



7ra 2 (l — a) 



(tr + A) 



xdlfl^j-jv) + 9(tj-N-l)\\E a 



k 00 

J t k ~i exp(-i)- 



dt 



™^J\9(tk)\\E a 



(tr + A) 2-a -N<k<o 

for every fc, 1 < k < N and A, A > 0. Using the triangle inequality, we obtain that 
A 1-a ||i4exp{-Ai4}« fc ||f; < J max \\g(tk)\\ Ec , 

-N<k< 0 



for every fc, 1 < k < N and A, A > 0. This shows that 



|K||e q < _ “^* <0 llff(*fc)lba 



for every fc, 1 < k < N. In a similar manner as with Theorem 8.2.1 applying 
mathematical induction, one can easily show that it is true for every k. This result 
completes the proof of Theorem 8.2.4. 

In applications, we consider the initial- value problem on the range {0 < t < 1, 
x = (xi,...,x n ) G R n ,r = (r*i, . . . , r n )} for 2m-order multidimensional delay 
differential equations of parabolic type, 



( du(t,x ) 



at ) + S a T( x ) dx? -»dxl n + bu{t,x) 

\r\=2m 

b{t){ 52 a -r{x)^T^$ +5u(t-u,x)),0 < t < co,x <E 

\r\=2m 1 

[u(t,x) = g(t,x ), —uj < t < 0, x G R n , | r |= r\ H h r n 



(8.24) 



where a r (x), b(t ), g(t,x) are given sufficiently smooth functions and S > 0 is the 
sufficiently large number. We will assume that the symbol [£ = (£i , . . . , £ n ) £ R n ], 

A l(0= ^2 a r( x ) {itlY 1 ■ ■ ■ (itnY n 

\r\=2m 
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of the differential operator of the form 



A* = ^2 a-r{x) 

\r\=2m 



dM 

dxl 1 • • • dx r n 



(8.25) 



acting on functions defined on the space R n , satisfies the inequalities 

0 < Mi|£| 2m < (-1 ) m AJ(0 < M 2 |£| 2m < oo 

for £ ^ 0, where | £ |= ^/|^i| 2 H b |£ n | 2 - Problem (8.24) has a unique smooth 

solution. This allows us to reduce the initial-value problem (8.24) to the initial- 
value problem (8.1) in a Banach space E with a strongly positive operator A x = 
A x + 51 defined by (8.25). Let us give a number of corollaries of the abstract 
Theorems 8.1.1 and 8.2.1. 



Theorem 8.2.5. Assume that 



sup \b(t)\ < 

0<t<oo 



l-a 
M2 2 ~ a ' 



Then the solutions of the initial-value problem (8.24) satisfy the stability estimates 

sup ||v(i,.)||c 2 ”*“ ( R" ) < M 2 (a) max ||fif(f,.)|| C 2 m a (R n),0 < a < T 
o<t<oc -u<t< o im 

where M 2 (a) does not depend on g(t,x). Here C £ (M n ) is the space of functions 
satisfying a Holder condition with the indicator £ E (0, 1). 

The proof of theorem 8.2.5 is based on the estimate 

II ex P{“^ :r }||c(]R^)^C(E^) < M, t > 0, 

and on the abstract Theorem 8.1.1, on the strong positivity of the operator A x in 
^(R 71 ), and on equivalence of the norms in the spaces E a = E a (C(R n ),A x ) and 
C 2ma (R n ) when 0 < a < A- ( se e Chapter 4). 

Let us define the grid space RJJ(0 < h < ho) as the set of all points of the 
Euclidean space R n whose coordinates are given by 

Xi = Sfh, si = 0, ±1, ±2, . . . , i = 1, . . . , n. 

To the differential operator A x = A x + SI defined by (8.25) we assign the difference 
operator A^ by the formula 

A%u h (x) = J2 bh MD r h u h {x) 

2m<\r\<S 

of an arbitrary high order of accuracy that approximates this multidimensional 
elliptic operator A x which acts on functions v% defined on the entire space RJJ. We 
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shall assume that for \£ k h\ < 7 r the symbol A x (£h,h) of the operator satisfies 
the inequalities 

(-1 ) m A x (£h, h ) > M 3 |C| 2m , | argA x (£h, h)\ < <f> < tt. 



With the help of A x h we arrive at the initial- value problem 

/ (u h (t,x)Y + Alu h (t,x) = b{t)Alu h {t-LV,x),t>0,xeRl, , , 

\ u h (t,x) = g h (t,x) = g(t,x)(-w <t <0),x eM.%, ' 

for an infinite system of ordinary differential equations. Now, we replace problem 
(8.26) by the first-order of accuracy in t difference scheme 

[ H u k (*) - «fc-i(*)) + A h u k( x ) = b (tk)A x h u%_ N (x), 

ltk = kr,l< fc, Nt = uj,x e RJJ, (8.27) 

[u%(x) = g h (t k ,x),t k = kr,-N < k < 0,x G RJJ. 



Theorem 8.2.6. Assume that all the conditions of Theorem 8.2.5 are satisfied. Then 
for the solution of difference scheme (8.27) the estimate 

^sup ||4|| C 2 ma(R n } < M 2 {a) _max o llsjt IIc*»"(r;*)»0 < a < 



holds. 

The proof of Theorem 8.2.6 is based on the estimate 



ex P{ _ ^^}||c(R^)^c , (E^) < M,k > 0, 



and on the abstract Theorem 8.2.1, the positivity of the operator A x h in C'(RJJ), 
and on the fact that the E a = E a (C(M%), A^)-norms are equivalent to the norms 
C 2rna ( RJJ) uniformly in h for 0 < a < ^ (see Chapter 4). 
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Chapters 1 and 2 

The material in Chapter 1 and Chapter 2 was written on the basis of lecture notes 
that were used in a graduate course at Fatih University. 

Chapter 3 

Chapter 3 is based on the paper [35q]. 

Chapter 4 

The role played by coercive inequalities in the study of boundary- value problems 
for elliptic and parabolic partial differential equations is well known (see, e.g., [4a, 
6a-b, 107a, 108a, 174a]). 

Coercivity inequalities for the solutions of an abstract differential equation of 
parabolic type were established for the first time in [154a]. The Cauchy problem 
for such an equation was considered in various spaces F(E) of functions defined 
on the segment [0,T] with values in a Banach space E , and it was established 
that a necessary condition for coercivity is the strong positivity of the operator 
coefficients A(t). This condition is also sufficient in the spaces C^ a (E). In the 
case of the spaces L P (E ) with p E (l,oo) the following extrapolation result was 
established: for the Cauchy problem to be coercive in L P (E) for all such p it suffices 
that it be coercive for some po E (1, oo). 

As noted above, in contrast with L P (E ), in the spaces Cq' ,a (E) an uncon- 
ditional coercivity inequality holds, and in connection with this there arises the 
question of whether the same is valid for the ordinary Holder space C a (E). In [16u] 
it was shown that the coercivity inequality in C a (E) holds under the additional 
assumption that A(0)vo - / (0) E E a . 

The coercivity inequality was established in the two-parameter series of 
spaces Cq^(E) with 0 </?<l, 0 < 7 </?, under the additional assumption 
that A(0)t>o — / (0) E Ep-ry. Furthermore the spaces of smooth functions Cq n {E), 
in which coercive solvability has been established, depend on the parameters f3 and 
7. However, the constants in the coercive inequalities depend only on (3. Hence, we 
can choose the parameter f3 freely, which increases the number of function spaces 
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in which problem (4.1) is well posed. Moreover the coercivity inequality was es- 
tablished in the three-parameter series of spaces Cq n (E a -p) with 0 < a < 1, 
0 < 7 < /? < a, under the additional assumption that A(Ofyo - / ( 0 ) G E a - 7 . 
Furthermore the spaces of smooth functions Cq n (E a -p), in which coercive solv- 
ability has been established, depend on the parameters a, /? and 7 . However, the 
constants in the coercive inequalities depend only on a. Hence, we can choose the 
parameters (3 and 7 freely, which increases the number of function spaces in which 
problem (4.1) is well posed [16h, 351, 94a]. 

Earlier an unconditional coercivity inequality was established in the spaces 
Wp(E) with l<p<oo, 0 < a < 1 [ 11 a, 89a], as well as in the spaces L p (E ajP ) 
with 0 < a < 1, 1 < p < 00 [154g, 69a-b, 35d, 135a]. 

Finally, let us mention the paper [64a], in which an unconditional coercivity 
inequality in L P (E) was established under the assumption that the imaginary 
powers are bounded (in some restrictions of the space E). 

The application of this result to parabolic partial differential equations al- 
lowed one to obtain a series of new coercivity inequalities involving different norms 
with respect to t and the space variables. 

In this book we do not discuss results on the well-posedness of the nonlocal 
boundary-value problems for parabolic and parabolic-elliptic equations, for which 
the reader is referred to the papers [16t, 23a-b, 24a, 31b, 36c]. 

The material in Section 1 was written on the basis of the papers [106a, 154a, 
154g, 154m, 16u, 16h, 351, 94a, 69a-b, 35d, 135a, 162a]. 

The construction of the discretization with respect to time for parabolic equa- 
tions was initiated in Rothe’s paper [133a]. When the study of the discretization 
with respect to t for the abstract Cauchy problem is applied to parabolic partial 
differential equations, it also covers the case of the full discretization with respect 
to time and space variables. 

To prove stability, in a number of works (see [la, 3a, 114a, 115a, 139a, 
140a, 141a, 142a, 171a-b] and the references given therein) difference schemes 
were treated as operator equations in a Hilbert space, and the investigation was 
based on the symmetry properties of operator coefficients. This led to Instability 
estimates. 

Of great interest is the study of stability in the C-norm. In [10a, 12a, 76a, 
144a-d, 163a-b, 177a] the corresponding estimates were obtained for the simplest 
difference schemes approximating the Cauchy problem for parabolic equations and 
systems with constant coefficients and one space variable. The proof is based on 
estimates of parabolic difference Green function (fundamental solutions). In the 
case of parabolic equations with variable coefficient and more than one space 
variable, stability in the C-norm is known to hold only for difference schemes that 
satisfy a maximum principle (see [115a, 141a]). 

An important type of stability is the coercive stability (well-posedness) of 
difference schemes. There are no coercive estimates in the C-norm, because they 
do not hold for the corresponding differential equations. The coercive stability 
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of difference schemes of first order of accuracy was apparently studied for the 
first time in [158a, 158b] for the first boundary-value problem for second-order 
parabolic equations in L 2 . A more general sharp- angle inequality for parabolic 
difference operators was established. Then followed the works [10a, 65a, 87a, 99a, 
158b, 158c], where coercive inequalities in the L 2 - and L p -norms were given. In 
[154d] difference schemes are treated as operator equations in Banach spaces. In 
a Banach space there is no notion of symmetry and for this reason the study of 
stability relies on the positivity property of the operator coefficients, expressed 
in terms of properties of their resolvents. In this way in [154d] coercive estimates 
were established in difference analogues of Holder spaces with weight with respect 
to the time variable. Enlisting the theory of positive operators turned out to be 
effective in the investigation of such difference schemes in difference analogues 
of Bochner spaces (see [127a, 127b]). The coercivity inequality in the difference 
analogue of the Bochner spaces L p (r,E) holds for any p E (l,oo) whenever it 
holds for at least one po E (1, 00 ), i.e., here we have a result analogous to that in 
the differential case [154a]. 

An unconditional coercivity inequality in the spaces L q (r,E' a q ) (0 < a < 
1 , 1 < q < 00 ) was obtained in [35d, 35e]. One is led to asking whether a coer- 
civity inequality holds for the Rothe difference scheme in the difference analogue 
of the usual Holder space C a (r , E). The answer turns out to be affirmative under 
the additional restrictions A(0)uo — f\ E E' a . This result is a particular case of the 
assertion that the difference problem is coercive in the two-parameter family of Ba- 
nach spaces Cq n (E) with 0 </?<l, 0 < 7 </?, under the additional assumption 
that A(0)uo — fi E Ep-y Furthermore the spaces Co’ 7 (t, E), in which coercive 
solvability has been established, depend on the parameters (3 and 7 . However, the 
constants in the coercive inequalities depend only on f3. Hence, we can choose the 
parameter (3 freely, which increases the number of spaces in which a Rothe differ- 
ence scheme for problem (4.1) is well posed. Moreover the coercivity inequality was 
established in the three-parameter series of spaces Cq ’ 7 (t, E a -p) with 0 < a < 1 , 
0 < 7 < (3 < a, under the additional assumption that A(0)uo — /1 E E' a _ . 
Furthermore the spaces Cq ’ 7 (t, E' a _p), in which coercive solvability has been es- 
tablished, depend on the parameters ce, (3 and 7 . However, the constants in the 
coercive inequalities depend only on a. Hence, we can choose the parameters (3 
and 7 freely, which increases the number of spaces in which a Rothe difference 
scheme for problem (4.1) is well posed [16h, 351, 94a]. 

The utilization of Pade approximants for computational purposes has a long 
history. The approximants Ri,i(z) and # 2 , 2 ( 2 ) were first applied by Euler to cal- 
culate the scalar exponential. The fact that these approximants are attributed to 
Pade is based on his 1892 dissertation, in which he studied and tabulated them. 
In recent years we have seen a sharp rise in the interest in classical methods of ra- 
tional approximation of analytical functions, primarily in Pade approximants and 
their application to physics and engineering problems. For a detailed exposition 
of these investigation we refer the reader to [43a]. 




414 



Comments on the Literature 



Apparently the first study that uses rational approximation of exp{— tA} in 
the case of a positive (unbounded) self-adjoint operator A was carried out in the 
paper [171a], which deals with approximation on the positive half-line. 

That study was continued by a number of authors [58a, 139a, 171b]. In ap- 
plications to problems of mathematical physics this resulted in stability and con- 
vergence estimates for difference schemes in L<i- 

The application of the approximants Rj^rA) in the construction of difference 
schemes in the case of an unbounded strongly positive operator A acting in an 
arbitrary Banach space E has been systematically developed by several authors 
(see, e.g., [7a-c, 16a-d, 16g, 16p, 16r, 32a, 35a-b, 35e-h, 351-m, 37a, 54a, 55a, 56a, 
60a, 77a, 81a-b, 91a-c, 95a, 97a, 124b, 127c-e, 130a, 154d-f, 154i, 155a-b, 85a, 
104a, 125a, 173a]). In [161, 54a, 95a] difference schemes were studied for a class of 
operators that generate not only analytic, but also strongly continuous semigroups. 
Most of the results of the stability and coercive stability in the Banach spaces of 
the single-step difference schemes of a high order of accuracy generated by Rj / (r A) 
for parabolic equations were considered in the book [351]. The application of these 
results to the initial-value problem for parabolic equations allowed one to obtain 
a series of new coercivity inequalities in difference analogies of various norms with 
respect to t and x for the solutions of difference schemes of a high order of accuracy 
in time and space variables. 

However, the theory of a high order of accuracy single-step difference schemes 
for parabolic differential equations with variable operator coefficients have received 
less attention than parabolic differential equations with coefficients independent 
of time. Most of the results of the stability and coercive stability in the Banach 
spaces of the single-step difference schemes of the first and second order of accu- 
racy generated by the Pade approximants for first-order differential equations in 
the case of an unbounded strongly positive operators A(t) acting in an arbitrary 
Banach space E were obtained in the papers [16e, 35c, 126a, 1 54i— j , 161a]. The 
application of Pade approximants for parabolic equations with variable operator 
coefficients A(t) was continued by a number of authors [143a-b, 178a]. The differ- 
ence schemes of the third, fourth and fifth order of accuracy were constructed and 
investigated. In applications to problems of mathematical physics this resulted 
in stability and convergence estimates for difference schemes in L 2 . In [42a, 49a, 
100a, 143a] Runge-Kutta difference schemes were studied for parabolic equations 
with variable operator coefficients A(t). 

The application of the Pade approximants to the Cauchy problem for para- 
bolic equations with variable operator coefficients A(t) acting in an arbitrary Ba- 
nach space E relies on the approximate formulas for expressions 

1 f tk 

v(tk,t k - 1 ) and - / v(t k ,s)f(s)ds. 

T 

Unfortunately, in the general case of operators A(t) the explicit formula for 
v(tk,tk- 1 ) does not exist. Therefore, in this case we cannot use approaches of the 
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construction of Pade difference schemes for parabolic equations with coefficients 
independent of time. 

The single-step difference schemes of a high order of accuracy generated by 
an exact difference scheme for parabolic equations with variable operator coeffi- 
cients A(t) acting in an arbitrary Banach space E were presented for the first time 
in [35j] . They were based on a series of interesting properties concerning the semi- 
group exp{— S j4(£)} ( s > 0) and the fundamental solution v(t,s) of (4.1). These 
properties and series of interesting estimates for R^^rA^k)) and u(k,m) permit 
us to study the stability and the coercive stability of presented difference schemes. 
That study was continued in [16o, 16q] . Furthermore the high order of accuracy 
difference schemes generated by Taylor’s decomposition on two points for the ap- 
proximate solutions of the Cauchy problem for parabolic equations with variable 
operator coefficients A(t) acting in an arbitrary Banach space E were presented. 
The well-posedness of these difference schemes in various Banach spaces were stud- 
ied. The stability and coercive stability estimates in Banach norms for solutions of 
high order of accuracy difference schemes of mixed type boundary- value problems 
for parabolic equations were obtained. 

The study of high order of accuracy difference schemes in the case of strongly 
positive operators A(t) allowed us to establish not only the stability, but also 
the coercive stability in difference analogues of Banach spaces. The application 
of these abstract results to mixed type boundary-value problems for parabolic 
equations relies on the following facts: the strong positivity of an elliptic difference 
operator A^ x in the Banach space Eh , the well-posedness of the resolvent equation 
of A^ x in Eh or in E f a p (Eh, A^ x ), 1 < p < oo, the structure of fractional spaces 
E^{Eh,A^). 

The strong positivity of the wider class of differential operators has been 
studied by a number of authors [4a, 5a, 89b, 101a, 103a, 154c, 154k, 159a-b, 
160a-b]. 

The strong positivity of elliptic difference operators in Hilbert norms was 
studied in many works (see, e.g., [114a, 140a, 141a]). Such a study is based on the 
self-adjointness and positive definiteness of the principal part of the operators A^ x . 

Considerably less studied is the strong positivity or simple positivity of dif- 
ference operators in Banach norms. For second-order elliptic operators and the 
simplest difference scheme, positivity in the C^-norm follows from the maximum 
principle (see [140a, 144a-b]). 

The strong positivity in difference analogue of weighted Holder space for an 
elliptic difference operator A^ x of second order of accuracy that approximates an 
elliptic operator without mixed derivatives was established in [154d]. 

The strong positivity of the simplest multidimensional second-order elliptic 
difference operator in the L v ^r and C^-norms was established in [7a— c] . The most 
thorough study of the strong positivity in the C^-and C^-norms of a wide class of 
operators that approximate elliptic operators of arbitrary order in R n was carried 
out in [35e, 152a-d]. The situation is different for difference operators that ap- 
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proximate boundary-value problems for an elliptic equation. The positivity in the 
Ch- and C%- norms of difference operators of this type was studied in a number of 
particular cases [7a, 28a, 28c, 61a-c]. 

For the well-posedness of the resolvent equation of A^ x in Eh or in 

^(Eh'A?), 1 <p < oo 

we refer the reader to Chapter 5 of the present work. 

Finally, let us comment on the structure of fractional spaces. It is estab- 
lished that for any 0 < a < 1/2 m and 1 < p < oo the norms in the spaces 
Ea,p(Lp{Rh)^h X ) an d Wp ma (Rh) are equivalent uniformly in h. This fact corre- 
sponds to the following equality, known in interpolation theory (see [166a]): 

Ef a>p {L p {ir),Al x ) = W? ma (R n ), 0 < a < 1/2 m, 1 < p < oo, 

which in turn follows from the equality D(A t,x ) = Wp ma (R n ) for a 2mth-order 
elliptic operator A t,x in L p (R n ), 1 < p < oo, via the real interpolation method. 
The alternative method of investigation adopted in [16o, 351], based on estimates 
of fundamental solutions of the resolvent equation for the operator A 1 ^, allows us 
to consider also the cases p = 1 and p — oo. 

This book does not touch upon the results of [19a, 26a, 27a, 36a-b, 36d, 29a, 
44a-c] on the theory of the single-step difference schemes for nonlocal boundary- 
value problems. 

Section 2 is based on the papers [16o, 35j]. The results of Theorems 4.25-4.32 
and 4.40-4.45 and the difference schemes (4.114), (4.115), (4.16) appear here for 
the first time. 

Section 3 is based on the paper [16o]. The results of Theorems 4.59-4.62 
appear here for the first time. 

Chapter 5 

Coercivity inequalities for the solutions of an abstract differential equation of ellip- 
tic type were established for the first time in [154c]. The boundary- value problem 
for such an equation was considered in various spaces F(E) of functions defined 
on the segment [0, T] with values in a Banach space £7, and it was established that 
a necessary condition for coercivity is the positivity of the operator coefficient A. 
This condition is also sufficient in the spaces Cqj?(E). In the case of the spaces 
L P (E) with p G (l,oo) the following extrapolation result was established: for the 
boundary- value problem to be coercive in L P (E) for all such p it suffices that it 
be coercive for some po G (1, oo). 

As noted above, in contrast to L P (E ), in the spaces Cq^(E) an unconditional 
coercivity inequality holds, and in connection with this there arises the question 
of whether the same is valid for the ordinary Holder space C a (E). In [16j] it 
was shown that the coercivity inequality in C a (E) holds under the additional 
assumptions that Av o - / (0) G E a and Avt - f (T) G E a . 
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The coercivity inequality was established in the two-parameter series of 
spaces C^p{E) with 0 </?<l, 0 < 7 </ 3 , under the additional assumptions 
that Av o - / (0) G Ep-^ and Avt - f ( T ) G Ep^. Furthermore the spaces 
of smooth functions CqP(E), in which coercive solvability has been established, 
depend on the parameters (3 and 7 . However, the constants in the coercive in- 
equalities depend only on (3. Hence, we can choose the parameter (3 freely, which 
increases the number of function spaces in which problem (5.1) is well posed. 
Moreover the coercivity inequality was established in the three-parameter series 
of spaces (E a -p) with 0<a<l, 0 < 7 </?<a, under the additional 
assumptions that Av 0 — / (0) G E a - 7 and Avt — f (T) G E a _ 7 . Furthermore 
the spaces of smooth functions C^p (E a -p), in which coercive solvability has been 
established, depend on the parameters o, (3 and 7 . However, the constants in the 
coercive inequalities depend only on a. Hence, we can choose the parameters (3 
and 7 freely, which increases the number of function spaces in which problem (5.1) 
is well posed [16j, 16o]. 

Earlier an unconditional coercivity inequality was established in the spaces 
L p (E ajP ) with 0 <o<l, l<p<oo [89b]. 

The application of this result to elliptic partial differential equations allowed 
one to obtain a series of new coercivity inequalities involving different norms with 
respect to all variables. 

In this book we do not discuss results on the well-posedness of the local and 
nonlocal boundary-value problems for elliptic equations, for which the reader is 
referred to the papers [9a, 16w, 21a-b, 28d, 34a, 84a-b, 86 a, 145a-c, 148a]. 

The material in Section 1 was written on the basis of the papers [16j, 16o, 
154c, 154m, 89b]. 

The coercive stability of difference schemes of the second order of accuracy 
was apparently studied for the first time in [ 120 a] for the first boundary- value prob- 
lem for second-order elliptic equations in L 2 . Then followed the works [12a, 169a, 
170a, 66 a-d, 179a, 134a, 158a-c, 78a-b, 117a, 118a-b], where coercive inequalities 
in the L2- and L p - norms were given. In [154 d] difference schemes are treated as 
operator equations in Banach spaces with the positive operator coefficient. In this 
way coercive estimates were established in difference analogues of Holder spaces 
with weight with respect to the one space variable. Enlisting the theory of positive 
operators turned out to be effective in the investigation of such difference schemes 
in difference analogues of Bochner spaces (see [127a, 127c]). The coercivity in- 
equality in the difference analogues of the Bochner spaces L p (t,E ) holds for any 
p G (l,oo) whenever it holds for at least one po G (l,oo), i.e., here we have a 
result analogous to that in the differential case [154c]. That study was continued 
in [128a-c, 129a, 154h, 1541, 28b, 35j]. 

The applications of the Pade approximants in the theory of the high order 
of accuracy two-step difference schemes for elliptic differential equations have re- 
ceived less attention than parabolic differential equations. The two-step difference 
schemes of a high order of accuracy generated by an exact difference scheme for 
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elliptic equations with the operator coefficient A acting in an arbitrary Banach 
space E were presented for the first time in [16j]. The series of interesting esti- 
mates for Rj t (rA^) permit us to study the stability and the coercive stability of 
presented difference schemes. That study was continued in [16o, 16n]. Furthermore 
the high order of accuracy difference schemes generated by Taylor’s decomposition 
on three points for the approximate solutions of the boundary- value problem for 
elliptic equations with the operator coefficient A acting in an arbitrary Banach 
space E were presented. The well-posedness of these difference schemes in vari- 
ous Banach spaces were studied. The stability and coercive stability estimates in 
Banach norms for solutions of the high order of accuracy difference schemes of 
mixed type boundary- value problems for elliptic equations were obtained [35k]. 
That study was continued in [16i, 16o, 16s, 35n, 81c, 82a]. 

The study of the high order of accuracy difference schemes in the case of 
positive operator A allowed us to establish not only the stability, but also the 
coercive stability in difference analogues of Banach spaces. The application of these 
abstract results to the mixed type boundary- value problems for elliptic equations 
relies on the following facts: the positivity of an elliptic difference operator A \ in 
the Banach space the well-posedness of the resolvent equation of A\ in Eh or in 
E f a p (Eh , (A^) 2 ), 1 < p < 00 , the structure of fractional spaces E f ap (Eh , (A^) 2 ). 

For the positivity of the wider class of differential and difference elliptic 
operators we refer the reader to Chapter 4 of the present work. 

Finally, let us comment on the structure of fractional spaces. It is established 
that for any 0 < a < 1/2 and 1 < p < 00 the norms in the spaces E f (Eh , (A^) 2 ) 
and EL, p (Eh,A^) are equivalent uniformly in h. Therefore for the structure of 
fractional spaces E f aiP (Eh, (Afyi) we refer the reader to Chapter 4 of the present 
work. 

Section 2 is based on the papers [16j, 16o]. The results of Theorems 5.23-5.48, 
5.32-5.46 and 5.51-5.57 appear here for the first time. 

Section 3 is based on the papers [16o, 16s, 35k, 35n]. The results of Theorems 
5.67-5.68 and 5.70-5.73 appear here for the first time. 



Chapter 6 

The method of operators as a tool for investigation of the solution to hyperbolic 
differential equations in Hilbert and Banach spaces, has been systematically de- 
veloped by several authors (see, e.g., [2a, 75a, 85a, 104a, 125a, 154b, 156a, 173a]). 

A large cycle of works on difference schemes for hyperbolic partial differential 
equations (see, e.g., [16f, 124a, 124c, 124d] and the references given therein), in 
which stability was established under the assumption that the magnitude of the 
grid steps r and h with respect to the time and space variables are connected. 
In abstract terms this means, in particular, that the condition T||Ah|| — > 0 when 
r — > 0 is satisfied. 
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Of great interest is the study of absolute stable difference schemes of a high 
order of accuracy for hyperbolic partial differential equations, in which stability 
was established without any assumptions in respect of the grid steps r and h. 
Such type stability inequalities for solutions of the first order of accuracy difference 
scheme for differential equations of hyperbolic type were established for the first 
time in [157a]. The new first and second order of accuracy difference schemes 
approximately solving the abstract initial- value problem for hyperbolic equations 
in a Hilbert space were presented in [30a, 35o]. Applying the operator approach, 
stability estimates for the solution of these difference schemes were obtained. In 
[16f] the high order of accuracy two-step difference schemes generated by an exact 
difference scheme for the numerical solutions of this problem were presented. The 
convergence and stability estimates for the solutions of these difference schemes 
were established. 

This book does not touch upon the results of [17a, 25a-b, 30b, 30c, 31a, 38a- 
d, 39a] on the theory of difference schemes for nonlocal problems for hyperbolic, 
hyperbolic-parabolic, hyperbolic-elliptic equations. In this book we do not discuss 
results on the difference schemes of the Goursat problem for hyperbolic equations 
and the Cauchy problem for systems of differential equations of first order, for 
which the reader is referred to the papers [14a, 15a, 33a]. 

Sections 1 and 2 are based on the paper [16f]. The results of Theorems 6. 4-6. 9 
appear here for the first time. 

The results of Section 3 appear here for the first time. 



Chapter 7 

The role played by asymptotic methods in the study of the solution of various 
problems for elliptic, parabolic and hyperbolic partial differential equations with 
a small parameter in higher-order derivatives is well known (see, e.g., [75a, 101a, 
104a, 111a]). 

Of great interest is the study of stability uniform difference schemes for partial 
differential equations with a small parameter in higher-order derivatives (see, e.g., 
[16v, 40a, 52a, 53a, 67a, 73a-b, 96a, 98a-c, 149a, 150a, 151a, 164a]). 

In Chapters 4, 5 and 6 the stability of a wide class of difference schemes 
for partial differential equations was investigated. However, it can be shown that 
these difference schemes for partial differential equations with a small parameter 
in higher-order derivatives are not uniform in e convergence. This is a very disap- 
pointing result and it raises the question whether there are any difference schemes 
which are uniform in e convergence. 

The high order of accuracy single-step uniform difference schemes of the 
approximate solutions of the Cauchy problem for the abstract parabolic differential 
equations in an arbitrary Banach space E with the strongly positive operator 
A and an arbitrary e positive parameter multiplying the derivative term were 
investigated in [16k] and generated by the exact single-step difference scheme, 
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which is presented in Chapter 4. The well-posedness of these difference schemes 
in various Banach spaces were studied. That study was continued in [16o]. 

The two-step uniform difference schemes of a high order of accuracy for the 
approximate solutions of the boundary- value problem for abstract elliptic differen- 
tial equations in an arbitrary Banach space E with the positive operator A and an 
arbitrary e positive parameter multiplying the derivative term were investigated 
in [16m] and generated by the exact two-step difference scheme, which is presented 
in Chapter 5. The well-posedness of these difference schemes in various Banach 
spaces was established. That study was continued in [16o]. 

In [22a-b] the high order of accuracy two-step uniform difference schemes 
generated by an exact difference scheme of the approximate solutions for differ- 
ential equations of hyperbolic type with an arbitrary parameter e on the highest 
derivative were presented. The stability estimates of the solutions of these differ- 
ence schemes under the assumptions 

\\c(t)\\E-+E < \\A* s(t)\\E->E < M, 0 < t < 00 

in an arbitrary Banach space E were established. These estimates for the wider 
class of differential operators in Banach and Hilbert spaces have been studied by 
a number of authors (see, for example, [75a, 102a, 125a] and the references given 
therein). 

The material in Section 1 is written on the basis of the papers [16k, 16o]. 
The results of Theorems 7.8-7.14 appear here for the first time. 

The material in Section 2 is written on the basis of the papers [16m, 16o]. 
The results of Theorems 7.22-7.27 appear here for the first time 

The material in Section 3 is written on the basis of the papers [22a-b]. 

Chapter 8 

The operator approach for theory and numerical solutions of the initial- value prob- 
lem for evolution differential equations has been studied extensively by many re- 
searches (see [8a, 41a, 50a, 51a, 57a, 68a, 70a, 71a, 72a-b, 74a, 79a, 80a, 81c, 82b, 
83a, 112a, 119a-c, 121a, 122a, 123a, 124e, 131a-b, 132a, 146a, 147a-b, 167a, 168a, 
169a, 175a, 176a-b] and the references therein). 

Methods for numerical solutions of the delay ordinary differential equations 
have been studied extensively in a large cycle of works (cf., e.g., [13a, 18a, 18b, 20a, 
46a, 47a, 59a, 165a, 181a] and the references therein) and developed over the last 
two decades. In this literature, stability of solutions of the difference schemes of 
the initial- value problems for delay ordinary differential equations was considered 
under the necessary condition of stability of the differential problem. However, the 
theory and numerical solutions of delay partial differential equations have received 
less attention than delay ordinary differential equations. 

The role played by the operator approach in the study of the solution of 
various problems for delay partial differential equations is well known (see, e.g., 
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[35p, 62a]). In [35p] the initial- value problem for delay differential equations of 
parabolic type was considered in the spaces C(E a ) of functions defined on the 
segment [0, oo] with values in a Banach space E a and the stability inequalities 
were established under the stronger assumption than the necessary condition of 
the stability of the differential problem. The stability estimates for the solutions of 
the first and second order of accuracy difference schemes for approximately solving 
this initial-value problem for delay differential equations of parabolic type were 
presented. Stability estimates in Holder norms for solutions of the initial-value 
problem of the delay differential and difference equations of parabolic type were 
obtained. 

The material in Sections 1 and 2 is written on the basis of the paper [35p]. 
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